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1 " #
������������������$����� [1]. ��� ��!�"���

��#�����% � Kelley[2], Hamouda[3], Akhmetov, Lavrentievm ! Spigler[4], Bell
! Deng[5] � Adams, King ! Tew[6] "#!"&"$%#$�%���$&'%(��&�
� [7−8], ')&'�&�� [9−13], *+,�&('�� [14−15], -(,�&))('�� [16],
$&'*+�� [17−18] !$&',*.+�� [19−24]. -/����������.0,#

-%# 1$&'*+,�& Dirichlet ��

ε2L[u] = f(x, u), x = (x1, x2, · · · , xn) ∈ Ω ⊂ Rn, (1)

u = g(x), x ∈ ∂Ω , (2)

.( ε �2�3/4 Ω 5 Rn (�6�78 ∂Ω 5 Ω �01(� /

L ≡
∑

0≤µ,σ≤1

(−1)µDµ(aµσ(x)Dσ), Dj =
∂

∂xj
, j = 1, 2, · · · , n,

Dα = Dα1
1 Dα2

2 · · ·Dαn
n , α =

n∑
j=1

αj ,

2 xα = xα1
1 xα2

2 · · ·xαn
n , 94 aµσ 015 C∞(Ω) (�2'34 L 5� Ω 3�)*+,�

n∑
0≤µ,σ≤1

ξµaµσ(x)ξσ ≥ λ|ξ|2 := λ

( n∑
i=1

ξ2i

)
, ∀ ξ ∈ Rn, x ∈ Ω , λ > 0,

* 44*5��56 (40676016, 10471039), 44+657��8:�9;7 (973 ;7) (2003CB415101-

03, 2004CB418304), ,4���:<;=>;7 (KZCX3-SW-221) <��8Æ?@A= E- ���9:�9;7
(N.E03004) -.;B>
C?<=@2005-04-15, CADB?<=@2006-08-31.
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f ! g 5.CJ�D)�@8AE�01�2'34#
FK�� (1)–(2), LBCD.0��

ε2B1[φ, u] = (φ, f(x, u)), x ∈ Ω , ∀φ ∈ C∞
0 (Ω), (3)

(φ, u) = (φ, g), x ∈ ∂Ω , ∀φ ∈ C∞
0 (Ω), (4)

.(
B1[φ, u] ≡

∑
0≤µ,σ≤1

(Dµφ, aµσDσu) = (φ, L[u]),

2 C∞
0 (Ω) 5M Ω (E6FN34G5 C∞(Ω) �/H IGH B1[ν, u] 5-&'OH J

OH� u, v � Ω (6�GÆK0� Sobolev IJ H1(Ω) /E66PK

‖φ‖j =
{ ∑

α≤j

∫
Ω

|Dαφ(x)|2dx
} 1

2

, ∀φ ∈ C1(Ω), j = 0, 1,

QL (u, v) �ÆK0� H1(Ω) (�AL#

2 012345M678
RS01

[H1] N�OTMU v ! u �%4 Cj1, j = 1, 2, DU ∀ v, u ∈ H1

|B1[v, u]| ≤ C11‖v‖1 · ‖u‖1, |B1[v, v]| ≥ C21‖v‖2, ∀ v, u ∈ H1;

[H2] N�2%4 δi, i = 1, 2, NP

−δ2 ≤ ∂f

∂u
≤ −δ1 < 0, ∀u ∈ R;

[H3] 94 aµσ, 0 ≤ µ, σ ≤ 1, � Ω (63� C2, /

|aµσ(x) − aµσ(y)| ≤ C2(|x − y|), µ = σ = 1, ∀x, y ∈ Ω ,

.( C2(|x− y|) → 0, Q |x− y| → 0.
VW 1K+

9: 1 �01 [H1]–[H3] 1 .0('�� (3)–(4) N�X��, uε ∈ H1(Ω).
; RS OP��34 u0 ∈ H1(Ω), CD.0&'('��

ε2B1[φ, u] = (φ, f(x, u0)), x ∈ Ω , ∀φ ∈ C∞
0 (Ω),

(φ, u) = (φ, g), x ∈ ∂Ω .

M01 � Hilbert IJ H1 ( IGH5
F [v] = ε2B1[v, u] = (v, w),

/Q<
(φ, u) = (v, g), x ∈ ∂Ω
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�U�6�S3 F [v] VWKX� u. P

F [v] = (v, f(x, u0)),

YN�X��.0, u1 ∈ H1(Ω), /Q<
ε2B1[φ, u1] = (φ, f(x, u0)), x ∈ Ω , ∀φ ∈ C∞

0 (Ω),

(φ, u1) = (φ, g), x ∈ ∂Ω .

XZTFU 1 uj−1 ∈ H1(Ω), GCD

ε2B1[φ, uj ] = (φ, f(x, uj−1)), x ∈ Ω , ∀φ ∈ C∞
0 (Ω),

(φ, uj) = (φ, g), x ∈ ∂Ω ,

YLBYP�, uj ∈ H1(Ω). U�P���34Z {uj|uj ∈ H1(Ω), j = 0, 1, · · ·}. M01
[H1]–[H3] !/ [1] [ 3\34Z�6�]Z V�� (3)–(4) N�X��.0, u ∈ H1(Ω)
Q< lim

j→∞
(φ, uj) = (φ, u), ∀φ ∈ C∞

0 . WW#

3 23>?@A?
CD (3)–(4) �^X�&

(φ, f(x, u)) = 0, x ∈ Ω , ∀φ ∈ C∞
0 (Ω). (5)

M01 (5) N�X�, w0.
VY_�� (1)–(2) �`Z[�,#1

u =
∞∑

i=0

wiε
i.

\3HF] (3), G[\a] ε �^_bc`#CD� w0 5�& (5) �, P εi, i = 1, 2, �
94�F4!5a#VP

(φ, fu(x,w0)w1) = 0, x ∈ Ω , ∀φ ∈ C∞
0 (Ω), (6)

(φ, fu(t, x, w0)w2) = B1[φ,w0] + (φ, h0), x ∈ Ω , ∀φ ∈ C∞
0 (Ω), (7)

.( h0 5 w0 �d[34#M (6), VP w1 = 0, M (7) VPX��01, w2.
5$P�e��,�[��fH ̂ g�@8 Ω �(�_�Y_(�`h2a#5a 

S� Ω �(� ∂Ω _�i]bZBb9 (ρ, φ)[9]. �#j�bZBb91 � ∂Ω �c8
0 ≤ ρ ≤ ρ0 (ρ0 5<c3�%4) A dd*+,k/ L �IGH5

L = a11
∂2

∂ρ2
+ L,

.(
a11 =

∑
0≤µ,σ≤1

(−1)µDµaµσDσ,
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2 L 5Oe ∂2

∂ρ2 a�dd&'k/#
%efCf�Cg [9]

τ =
ρ

ε
, (8)

G1

uε ∼
∞∑

i=0

wi(x)εi +
∞∑

i=0

vi(τ)εi. (9)

CD� (8), \3HF] (3)–(4), G[\a] ε �^_bc`#$l� wi, i = 0, 1, 2, �h5
�& (5)–(7) �, P εi, i = 0, 1, 2, �94�F4!5a VP

(
φ,
∂2v0
∂τ2

)
+K0[φ, v0] + (φ, f(x,w0) − f(x,w0 + v0)) = 0, ∀φ ∈ C∞

0 (Ω), (10)

(φ, v0) = (φ, g) + (φ,−w0), ρ = 0, (11)

(
φ,
∂2v1
∂τ2

)
+K1[φ, v1] − (φ, fu(t, x, w0 + v0)v1) = (φ, h1), ∀φ ∈ C∞

0 (Ω), (12)

(φ, v1) = (φ,−w1), ρ = 0, (13)

(
φ,
∂2v2
∂τ2

)
+K2[φ, v2] − (φ, fu(t, x, w0 + v0)v2) = (φ, h2), ∀φ ∈ C∞

0 (Ω), (14)

(φ, v2) = (φ,−w2), ρ = 0, (15)

.( Ki, i = 0, 1, 2, 5m ∂2

∂τ2 n��&'k/ hi, i = 1, 2, 5Cid[�34#
M01 Oghj�� (10)–(11), (12)–(13), (14)–(15)�h6� H1(Ω)l01�, vi, i =

0, 1, 2, NP

vi = O(exp(−riτ)) = O
(

exp
(
− ri

ρ

ε

))
, 0 < ε� 1, (16)

.( 0 < ri ≤ δ0. oi
vi = ψ(ρ)vi, i = 0, 1, 2,

.( ψ(ρ) = ψ(x) ∈ C∞(Ω), GQ<

ψ(ρ) =

⎧⎪⎨
⎪⎩

1, 0 ≤ ρ ≤
(1

3

)
ρ0,

0, ρ ≥
(1

3

)
ρ0.

pa vi 5E6(�`h2a'D�34#U� \q�jkF] (9), LBlP���
(3)–(4) , uε �ddOH[�H#

4 EFGH
1

uε =
2∑

i=0

[wi(x) + vi(x)]εi + z(x, ε), (17)
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.( z ∈ H1(Ω) /M (3)–(4) ! (16), DUE�3� ε, NP

ε2B1[φ, z] − (φ, f(x, z))

= ε2B1

[
φ, uε −

2∑
i=0

[wi + vi]εi

]
−

(
φ, f

(
x, uε −

2∑
i=0

[wi + vi]εi

))

= (φ, f(x,w0)) + {(φ, fu(t, x, w0)w1)}ε
+{(φ, fu(t, x, w0)w2) −B1[φ,w0] − (φ, h0)}ε2

−
{(
φ,
∂2v0

∂τ2

)
+K0[φ, v0] + (φ, f(t, x, w0) − f(t, x, w0 + v0))

}

−
{(
φ,
∂2v1

∂τ2

)
+K1[φ, v1] − (φ, fu(t, x, w0 + v0)v1 − h1)

}
ε

−
{(
φ,
∂2v2

∂τ2

)
+K2[φ, v2] − (φ, fu(t, x, w0 + v0)v2 − h2)

}
ε2 +O(ε3)

= O(ε3), ∀φ ∈ C∞
0 (Ω),

(φ, z) = 0, x ∈ ∂Ω .

VM01 VP
‖z‖0 = O(ε3), 0 < ε� 1.

U�LB6 1K+#

9: 3 �01 [H1]–[H3] 1 DUE�3� ε, *+,�&('�� (1)–(2) � H1(Ω) l
01E6O (16) �.0, uε mk

∥∥∥∥uε −
2∑

i=0

[wi − vi]εi

∥∥∥∥
0

= O(ε3), 0 < ε� 1,

.( w0 5.0^X�� (5)�, 
2∑

i=0

wi(x)εi 5�� (1)–(2)�`Z,��f' vi, i = 0, 1, 2,

5E6(�`h2a#
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GENERALIZED SOLUTION OF SINGULARLY PERTURBED

PROBLEMS FOR ELLIPTIC EQUATION

MO Jiaqi

(Anhui Normal University, Wuhu 241000; Division of Computational Science,

E-Institutes of Shanghai Universities, at SJTU, Shanghai, 200240)

Abstract The singularly perturbed boundary value problems for elliptic equation are
considered. Under suitable conditions the existence, uniqueness and asymptotic behavior of the
generalized solution for the problems are studied.

Key words Elliptic equation, singular perturbation, generalized solution.


