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1 �  
����� Lagrange ����� n ���!�� n �������� t ������

Lagrange ��� Hessian �������������������� �� !���"
#!$%�&"������� �� ��#�$�!� Einstein "$�'"����"
#!"$$��()%� ������!*%%��

)%���+%&,&'�'-( �(�"�������!.%( Hessian ��
�/�")������)�� ��"*#*�Hessian��������0+( Hessian
���/,+,$�-%�&1'��(.� Hessian ���/�&23&�)*�/01
2,$�+3 Legendre -4�Lagrange��-� Hamilton ���./ Hamilton �����
� Hamilton ��� Euler-Lagrange014,56�5�)%�� � Hamilton ���7Æ
2*6-�%7)3�*�6-�"8./26-� Euler-Lagrange01�)86-�31
,+'-�4.( ',+&�95)6-06� Dirac 06� Dirac 06��%77'
)8Æ901#�:/0:�12�Æ901#�8�������()831,+'-�
( ';!&�

&1( ;�9<�&'�'-( 7( ( ;34:�( ;;;'(<=)%�

���565%��=78>��06> 8 [1] ��<=6� Dirac 06>=�'�)%2
6- Hamilton ��? 8 [2] ��< Groebner ?� Dirac 06>=)8 Hamilton ���6

* �����������9@@A (KYQD200502) ?@A:A
;B<=B2006-04-11, ;CBCB<=B2007-04-09.
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-? 8 [3] �<=6� Faddeev-Jackiw 06>=�'�)%26-� Lagrange ���3�
06 7( ( ;3�!�

G8E'?06(26- Hamilton ��$F)%�!. ?DE6�?H3�G3F
")������� 6 3.1. E' 6 3.1, I+%( Hessian ���/�FH7("J�
������K.���������E'LG,M6�)3 Hamilton ���H�01�
I'$N@( ?���� ��)3ÆO Hamilton ���!6-�26-� Hamilton �
��  6 3.1 �?H3�E'?06�G3FI�)6-� 6�E'II� 67(!
J)36-�./ Hamilton ���H�01�4.E'?APBJK6�7((26-�
H�01$&"Q� 5�15�)8�II� 6�PRE'LG,M6�APM6� 
K�31��C+801�N@�L=SM( D:EF�3�I� 6 Æ ( ;3�

!�ILN7E'( ;<=O)% Hamilton ���
G8M)%LG,PN����01� QG*�' q, p TH�*���!����

�' qi, pi, i = 1, 2, · · · , n; q̇, ṗi, i = 1, 2, · · · , n PRTH*6(��)U�+%566J�
�3!I�:I�O��RTH)��

2 Hamilton %&' Dirac ()
 S**P�*Q������H�01'��!� qi, i = 1, 2, · · · , n, ���� q̇i, i =

1, 2, · · · , n ��� t ���

A =
∫ t2

t1

L(q, q̇, t)dt, (1)

L(t, q, q̇) �� Lagrange ��� L(t, q, q̇) ;9VR: L(q, q̇). �� Hessian ��

[wij ] =
[

∂2L

∂q̇i∂q̇j

]
(2)

�,K,IT$�U��� Lagrange������������ ��� ���7Æ2*
6-���26-�����E'-PS"�7(./H��?G01 Euler-Lagrange01

d
dt

( ∂L

∂q̇i

)
=

∂L

∂qi
, i = 1, 2, · · · , n. (3)

T@�'

pi =
∂L

∂q̇i
(t, qi, q̇i), (4)

KE' Legendre -4
Hc = piq̇i − L, (5)

Lagrange�� L -: Hamilton�� Hc, :U���� Hamilton���)%26- Hamilton
���9506� Dirac 06� Dirac T@J:$ ≈ �K:$ �[4], E' Possion VM�)
3�*�6-�KW6-P�X"P�XYP�2QV&"Q)% Dirac VM�ÆO-4�
'W $� (4) 7(W:"�!�-4� Hessian ��R�!�-4� Jacobi �����
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Hessian ������Z[Z��J"� q̇i, i = 1, 2, · · · , n 7(;[,TH��� Hessian �
������L*�/� R, 93( �Z (4) 7(83 R � q̇, K./ n − R �01

pr = gr(q, p), r = R + 1, 2, · · · , n. (6)

(6) ��!6-�*�;R:Z,4, θr(q, p) = 0. W83� R � q̇ � (6) N@ (5), ./
� Hc ��ÆO� Hamilton ���T@[W λr, r = 1, 2, · · · , n − R, λr �\J���7.!

Hamilton ���H�01
Hp ≈ Hc + λrθr, (7)

q̇i ≈ ∂Hc

∂pi
+ λr

∂θr

∂pi
, ṗi ≈ −∂Hc

∂qi
− λr

∂θr

∂qi
. (8)

!6- (6) %7M+:/0:�(�� t )U$,N2:\�7. n − R �01

θ̇b(t, q, p) = 0. (9)

 T& Poisson VMQ�O\�� g(t, p, q) ( t )U7(R�

ġ =
∂g

∂t
+ [g, H ] + λr[g, θr]. (10)

(9) N@ (10), K]G��*

λs[θs, θr] ≈ ∂θb

∂t
+ [θb, H ]. (11)

(11) ��� λ �Æ901#�*�����P]G �LG,�=����������P
]GI�U^'��*Q"�U8�83 λ KN@! Hamilton ���H�01?�P]G
�U^'�M*U8�I�"_BR#*�I]I,)%�=�������������
��/�3����/:I� λb *8�S�*#�O\�?�������/`�3��

��/��*a�6-^T�a�6-;%7M+:/0:�./a��� λ �Æ901�

�S01^:a�Æ901#�V_b3G�U$��+_b�F/V*a�6-^T�8
3 λ N@! Hamilton ���H�01�./ Hamilton ��� Hamilton H�01�a6-
��]6-�3�Qc7( *PQW>-� Dirac 06�deXU317(_f [4,5]. )
3Y`6-Q�7((��$&"Q�)%�

3 -./)0 Hamilton 12
E' Dirac 06)% Hamilton ���!.%ZJ Hessian ���/�")�����

��"*#*� Hessian ���"������ZJ*�/,+,$�-%)%Z (4) 83
q̇, ;I/5����� ��)+%)3�*�6-�)86-�+%7')8�����
�Æ901#�:/0:�( 31,+`a�4.( ';!&�Z3"a7(W3� 
Dirac 06�� Hamilton H�01��'�Tb, (4) ��� t, q, q̇, p, ṗ �LG,�?DE

6 [6,7] �"_�Vb�c"LG,�06� I]�56W?DE6� Dirac 06:>=)
% Hamilton ���!.�E'?DE6G3"� 6�")���������C+( 
Hessian ���/����������7(FH)3 q̇ �[,Tb,�./H�01���

�� ��7()3!6-�S](26-� Hamilton ��� )3!6-�?H3T@
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[W�?DE6�):/0:� Poisson VM�>=�[3"�a 6�)3Y`]6-�
a 6I+)8Æ901#�KE'LG,M6( Hamilton ���I% )3[WQV
,2@H �)3�*�6-Q�W*6P�X"P6-�XYP6-�K� 67( (
 ;3�!�L=�SM( D:�Æ!J./:U�>��

OG56.G3 6�V\] 6��Z9�(������ 6 3.1 ÆcFHG3H
�01?(�� ���.' 6 3.1 )3!6-� Hamilton ���2Q' 6 3.2 )3�
*�]6-�KE'LG,M6�)3H�01� Hamilton ���"QE' 6 3.3 <6-
P�X"P6-�XYP6-�K� 6P�^�_dO�!�ILdR1ghNe,+/

5�4.S*1ge';!0f�+%����0f�56' Re THLG,M6 [6,7].
3Æ 3.1
45 Lagrange �� L;
46 Hamilton �� Hc, !6- Pc, H�01 ṗ, q̇;
Step 1 GJ"�g>

q1 < · · · < qn < p1 < · · · < pn < q̇1 < · · · < q̇n; (12)

Step 2 ( ���'

pi =
∂L

∂q̇i
(i = 1, 2, · · · , n), (13)

Kf Ps = {pi − ∂L
∂q̇i

|(i = 1, 2, · · · , n)}. i@ Step 3;

Step 3 gj (3.1) G3�g�) Ps �BJK�g$ CS;

Step 4 ( Hamilton �� Hc

Hc = Re(piq̇i − L, CS), (14)

Step 5 )H�01

q̇i =
∂Hc

∂pi
, ṗi =

∂Hc

∂qi
. (15)

�*�H�01g$ Ms;

Step 6 Z CS �k3Ih q̇ �01�̀ 2/ Pc ��Pc �!6-i��� Pc �ji�

� Hamilton ����������� ��a3ÆO Hamilton �� Hc �H�01 Ms, CS

� Pc.
���������Hessian ��M/��'�J� (4)G3�!�-4�""(U��

Z[Z��J"��*� q̇  7(;83�K[,T3���������b# q̇ IÆ83�

K.Z (6) 7(W3�"803!Ih q̇ �01�)8 q̇ �31�k�N@�DE�31�

  6 3.1 ��'?DE6) (4) �BJK CS, )BJK;�N@�DE�31�>��S
*06�"L��8�I]�N@�DE31� GJ�gO&,��0+,Sc�06%

5h���BJK� CS *Ih q̇ �LG,������ ��������� CS �ih

q̇ �01���R� Hessian ���/�Iih q̇ �01R�!6-� Dirac 06��8
3 q̇, KN@ (7), +3 Legendre -4 Lagrange �� � Hamilton ���E'BJK�7(
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!/583 q̇.   6 3.1 ��V*Sd83 q̇ K'N@�4�'LG,M6�LG,M6�

k;�N@����� Hc R� Hamilton ��?� �� Hc �ÆO Hamilton ���
78 3.1  6 3.1 ��BJK CS h q̇ �01��e$� Hessian ���/�4Ih

q̇ �01�!6-�

9 W (4) R:
pi = fi(q, q̇), i = 1, 2, · · · , n. (16)

(16) 7(W:� p � q̇ 2��!�-4�-4� Jacobi ��R� Hessian ���L Hessian
���/� R, = R = n ��!�-4�""-4�Z[Z��J"��*� q̇  7([,T

3?= R < n ��!�-4I�""-4�Hessian��j R×R ���W� wαa = ∂pα

∂q̇a
,

I�W���(U�-47(W:�""-4�If"*9�Lk-4�

pa = fa(q, q̇α, q̇j), a = 1, 2, · · · , R, α = 1, 2, · · · , R, j = R + 1, 2, · · · , n. (17)

(17) � q̇j ;W$_��0�-4 (17) � Jacobi ,K,�����*

q̇α = gα(q, pa, q̇j). (18)

W (18) N@ (16), 7.

pa = fa(q, q̇α, q̇j) = fa(q, gα, q̇j), a = 1, 2, · · · , n, (19)

(19) �T$,?Sl n − R ��

pr = fr(q, pα), r = R + 1, 2, · · · , n, (20)

(20) Iih q̇, ��Z (20) �)7(83 q̇, m Hessian ���/� R gl� (20) �!6-�
(LG,PN� Euler-Lagrange01�3�)!6-�31�DE�2@�31�E'?D
E6)BJK�31;�DE�2@�31�./�H�01�!6-�3�U$�>�

�"n���(�BJK CS �h q̇ �01��� Hessian ���/�"L�Ih q̇ �01

R�!6-�

 6 3.1 G3FE'?DE6"J�������K.E'LG,M6) Hamilton �
��K� 67( ( ;3�!�K.Qc;, Dirac 065h�

������ ��  6 3.1 �?H3�E'OGG3� 6 3.2, 7()3 Hamilton
���H�01�]6-�L Hessian ���/� n − R, T@[W µ = (µ1, µ2, · · · , µR), .
/! Hamilton ���H�01

Hp = Hc + µrφr, (21)

q̇i ≈ ∂Hc

∂pi
+ µr ∂φr

∂pi
=

∂Hp

∂pi
, ṗi ≈ −∂Hc

∂qi
− µr ∂φr

∂qi
= −∂Hp

∂qi
. (22)

OGG3)6-� 6 3.2, No' 6 3.1 �gM�
3Æ 3.2
45 ! Hamilton �� Hp, !6- Pc, H�01 Ms;
46 Hamilton �� H , Hamilton H�01 Hs, 6- Ps;
Step 1 f Dc = Pc, Z[!6-T@[W µ, KGJgM+

q1 < · · · < qn < p1 < · · · < pn < q̇1 < · · · < q̇n < µ1 < · · · < µR; (23)



4 > DCDEF� Hamilton ��
�
� 411

Step 2 ) Dc �:/0: Cc;

Step 3 ) Cc �BJK CS, Z CS h3Iih µ �LG,�g$ Ds;

Step 4 �� Ds ⊂ Dc, i@ Step 5; �� Dc = Ds ∪ Dc, ml Step 2;

Step 5 Pµ = Bc − Cs, H = Re(Hp, Pµ), Hs = Re(Ms, Pµ);

Step 6 a3 H , Hs, � Cs.
 Dirac  6��)!6-�:/0:�./��[W µ �Æ901#

⎛
⎜⎝

g11 · · · g1R

...
. . .

...
gR1 · · · gRR

⎞
⎟⎠

⎛
⎜⎝

µ1

...
µR

⎞
⎟⎠ =

⎛
⎜⎝

Ω1

...
ΩR

⎞
⎟⎠ , (24)

S� gij , i, j = 1, 2, · · · , n � Ω ��� p, q �LG,�L�����/� r, = r = R ��0

1*Q"8�= r < R ��93n$,-4� (24) 7-�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

g11 · · · g1R

...
. . .

...
gr1 · · · grR

0 · · · 0
...

. . .
...

0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

µ1

...
µr

µr+1

...
muR

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

Ω1

. . .
Ωr

Ωr+1

...
ΩR

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (25)

(� (25) * 3 _#*
1) Ωr+1, · · · ,ΩR �*�UV��01C8���V*iJo�I]I$mn?
2) Ωr+1, · · · ,ΩR Y�U�7)301�?H8�?

3) Ωr+1, · · · ,ΩR IY�U.C�UV��IpL Ωr+1, · · · ,ΩR YI�U��./a�

01
0 = Ωk, k = r + 1, r + 2, · · · , R. (26)

(26) R�a�6-�( (26) V):/0:��+_b�F/V*a�6-�)3�*�6-
Q�V83[W µ. Z3�317(W.3�)6-�31R�(3���&,n$�,-
4��k;R�N@�DE��31�)8[W+%W01# �j44,o^p4,�I
"31;�N@�DE� 6 3.2 E'?DE6�)��[W µ �Æ901#�BJK�F
HR7()36-�)3�*�6-�"8./�� µ �j44,o^p4,�)BJK�

31;�N@�Dk�31�I�(��,n$�,-4�:I��8�)BJK� GJ
�g�?H3&,��,FH&,n$-4%5h�4.7( ( ;3�!�)3�*�

6-� Dirac 06��83 µ, KN@! Hamilton ���H�01� I]� 6 3.1 "
L�V*83 µ, 4�FH'LG,M6./! Hamilton ���H�01��( 6 3.2 .
/�>�� Dirac  6�"n��

 Dirac  6��<�*�6-P�X"P6-�XYP6-�K)3[W µ,  +?
H3�7(&"Q)%���ÆO-4q'W $� 6 3.3 G3F<6-P�X"P6-
�XYP6-� 6�
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3Æ 3.3
45 6-i Ps;
46 X"P6-i Ps1, XYP6-i Ps2;
Step 1 f Ps1 = Φ, Ps2 = Φ, i = 1;
Step 2 �� i < ‖Ps‖ h3 Ps �X i �El pi, j = i + 1, h3 Ps �X j �El pj;
Step 3 �� j ≤ ‖Ps‖, ( [pi, pj], �� [pi, pj] I$�U� pi �XYP6-� Ps2 =

Ps2 ∪ {pi},i = i + 1, ml Step 2; ���i@ Step 4;
Step 4 j = j + 1, �� j > ‖Ps‖, pi �X"P6-� Ps1 = Ps1 ∪ {pi}, i = i + 1, i@

Step 3; ���ml Step 2.
Step 5 a3 Ps1, Ps2.
: 3.1 Lagrange��� L = 1

2 (q̇1)2+q2q̇2+(1−α)q1q̇2+ β
2 (q1−q2)2 E' 6 3.1./!6

- θ = p2+(α−1)q1,���� ��ÆO Hamilton��� Hc = 1
2 (p1−q2)2− β

2 (q1−q2)2,T@
[W λ,! Hamilton��� Hp = Hc+λθ. E' 6 3.2./]6- θ′ = α(p1−q2)−β(q1−q2),
6-q�XYP6-� Hamilton ��� H = Hc + β

α (q1 − q2)(p2 + (α − 1)q1). H�01

ṗ1 =
β

α
(q1 − q2), ṗ2 =

β(1 − α)
α

(q1 − q2); q̇1 = p1 − q2, q̇2 =
β

α
(q1 − q2).

: 3.2 p'�m,2*4K6-�orW� mG3H�� Lagrange��� L = 1
2m2q̇2+

µ(q2−1), q2 = q2
1+q2

2+q2
3 , µ�r2!��E' 6 3.17.!6- pµ(= ∂L

∂µ ),ÆO Hamilton�

�� Hc = 1
2m2 p2−µ(q2−1), p2 = p2

1+p2
2+p2

3. T@[W λ,! Hamilton��� Hp = Hc+λpµ.
E' 6 3.2 ./]6- q2 − 1, 2m2q2

1 + 2m2q2
2µ − 2m2µ + q2

2p
2
1p

2
1 + q2

1p
2
2 − p2

2 − 2q1q2p1p2,
3∑

i=1

piqi, 6-q�XYP6-� Hamilton ��� H = Hc, H�01�

ṗ1 = 2µq1, ṗ2 = 2µq2, ṗ3 = 2µq3; q̇1 =
p1

m2
, q̇2 =

p2

m2
, q̇3 =

p3

m2
.

E' 6 3.1 � 6 3.2  snqR7(./3�>��

4 -;<=>?)0 Hamiton 12
 E' Dirac  6or 6 3.2 )86-�31�� p, q, q̇, ṗ  ;W$s\-'�8�

kI#-'KIs\� p m ṗ, q m q̇ 2�j )U��� )6-�31��I#)U��

KV*d!3O�-%�"8>��H�01�6-2�;j 1)U���)7( ,&
"Q� 5�I"o7(Z3"a�#WW.3O�#� # 3.1 ��6-�

p2 + (α − 1)q1 = 0, α(p1 − q2) − β(q1 − q2) = 0.

H�01�

ṗ1 =
β

α
(q1 − q2), ṗ2 =

β(1 − α)
α

(q1 − q2); q̇1 = p1 − q2, q̇2 =
β

α
(q1 − q2).

(6-)U�2@H�01�7((H�01$&"Q� 5�I"317(E'APBJ
K6O4: [8]. �k3� Euler-Lagrange 01,AP01�FH7('APBJK6)6
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-� )6-31�( :/0:+3 PossionVMO4:�0+E'APBJK)6-�:
/0:N2+3 Possion VMO4:� I]Ls9E' 6 3.1 )3!6-�! Hamiton
���H�01�t'Y]o@5g�.G3 6�2QV$Pt�\]� Red THAP
2lM6 [8].
3Æ 4.1
45 Hp, Pc, � Ms;
46 26- Hamiton H�01 Hs;
Step 1 f H = Hp, Ls = Ms, Dc1 = Pc;
Step 2 ) Dc1 �:/0:�g$ Bc. Z Bc �u36-g$ Nc, ��*a�6-3

!� Dc1 = Dc1 ∪ Nc, ml Step 2; ���i@ Step 3;
Step 3 Ls = Ls ∪ Dc2, gjY]o@5g�) Ls �APBJK�g$ DCS;
Step 4 Dc1 = Φ, Z DCS k3�*Ih q̇, ṗ �[W�01�g$ Dc2, �� Dc2 $�

Nc, i@ Step 5, �� Dc1 = Dc1 ∪ Dc2, ml Step 2;
Step 5 a3 DCS, pv�
  6 4.1 ��H�01m6-K "q�W*6 W::I01�H�01%7M+

6-�W*6K "q�="��)APBJK��?G�"� 6R�AP2lM6�A

P2lM6R�N@�6 �31���I�01�I/��AP2lM6R�LG,2l

M6�;R�N@�
f = f1q̇ + rf , g = g1q̇ + rg.

f M( g, �*
Red(f, g) = g1f − f1g = g1rf − f1rg. (27)

���u/�kM./��.,"])U�V,LG,M6�;R�&,"]6 �L
f = f1q̇ + rf , g = g1q + rg.

g .( t )U�./
ġ = g2q̇ + R, (28)

S� R Ih q̇. 2Q f gj (27) M( ġ, �*

Red(f, ġ) = g2f − f1g = g2rf − f1R. (29)

I"Q;R�:=�W q N@ f , r4 q̇, l, Red(f, ġ) s9Ih q̇. (29) VM( g.

rd = Red(Red(f, ġ), g). (30)

I�31=qOR� (30) AP2lM6�  6��t'��Y]o@5g�6-�h[W
�01 �U/��;R�N�01��(*62�M�N@�V*)UH �-%�H�

01�"/��0+7('6-�h[W�016 H�01�8�H�01IÆ6 6-

�h[W�01�):/0:;�' Possion VMO�!���(�K� 6MF'6-�
h[W�016 H�01(%�S* m 6 4.2 � Dirac  6�"n��H�01�6
- �*P��Z[?APBK6"$�k 6 *PQW7(>-�Za3�APBJK

��FH7(83[W�APBJK�;ih6-�8�F0f�6-$�"�hs�>�
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a3�APBJK�"� 5F�AP01#�FHR7()8�=2� 6 4.1 ;7(M
)6-�OGG3' 6 4.1 )8# 3.1 �>��
: 4.1 # 3.1 )3�BJK�

α(p1 − q2) − β(q1 − q2), p2 + (α − 1)q1, (31)

µα + β(q1 − q2), (32)

αq̇1 − β(q1 − q2), αq̇2 − β(q1 − q2). (33)

(31) �I�XYP6-�Z (32) 7(83[W� (33) �H�01�>��V*3! ṗ, �0
� )BJK�31� ṗ ;6 F�IZ���0G;7(8stv�h ṗ ��I�01�

8II01%7M+6- (31), �(I�H�01;R;I�6-rNF�# 3.2 �>��
# 4.1 II��0�t'FII�g�# 3.2 '��@5g�# 4.1 �Y]o@5g�+34
g [8], ;7( �"L��  6 (4.1) ��;7(FHt'@5g�# 3.2 ��t'@5g
./>�� (33) :I�8�*#6-7ÆI0[H3O�0� )APBJK�31�7
Æ;6 w�

4 A B
G8E'?06(26-� Hamilton ��$F)%� 6 3.1 7(J�"J����

���u����7(./H�01� Hamilton ��?u�� ��7)3!6-�ÆO
Hamilton ���56T@[W�&47(./! Hamilton ���(�� ����E' 
6 3.2 )3]6-�(�26-� Hamilton ���7(E'?APBJK6(H�01$
&"Q� 5�v.)8H�01,+/5�;7(FHE' 6 4.1 )36-�./ 5
�H�01�-%)G3F 6 3.3, k 67<6-P�X"P6-�XYP6-�Is�
 6 7(L=SM( D:�!�56' Mathematica D:dRF 6 (3.1)–(3.3) �1
g�E'I#1g�7G� #Æ!JG3>��*� 6�'-9Pt�w )*\�&

"Q)%�
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A NEW ALGORITHM

FOR SOLVING HAMILTONIAN CONSTRAINS

JIA Yifeng

(School of Mathematical Sciences, Capital Normal University, Beijing 100037)

CHEN Yufu

(Department of Mathematics, Graduate University of Chinese Academy of Sciences, Beijing 100049)

Abstract In this paper, the polynomial type of Hamilton system is considered. Using Wu
elimination method, a new algorithm is given to determine the system regularity. For regular
systems, the Hamiltonian and motion equations are obtained. For degenerate systems, two new
algorithms are given to solve the constraints, and the constrained Hamiltonian and constrained
motion equations are obtained. These algorithms can be executed in symbolic computation
software platform.

Key words Constraints, characteristic set, Hessian matrix.


