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1. Inrrommicrion

In this article, all graphs are finite, undirected, without loops or multiple edges; maost
of the graph-theory terminology used here can be found in standard texts.

The subdivision graph of K\, is denoted by S(K,.) (see Fig. 1).
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Fig. 1 The graphs S(K,,) and ¥

A graph G is (H;, «++, Hy)~free (kR =1), if G connsins no induced subgraph iso-
morphic to H;, for any #=1,---, &k, If § = 1, we simply say G 5 H -frec.

Various Hamiltonian-like properties are investigated in the square of graphs. The main
results are the following. :

Theorem A'“Y. [f G is a graph, then G is Homiltonian if and only if G* is vertex
pancyclic.

Theorem BY. If G isr a 2-connected graph, then G' is Hamiltomian.

Theorem C™. For any tree T,T? is Hamiltonian if and enly if T is S(K,,)-free.

Thus, it is of interest to study Hamiltonian properties ‘in the square of a connected
graph &, where G is not a tree and not 2-connected. New results are following on the
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class.
Theorem DY, If G is a connccted K a—free graph, then G' is vertex paneyclic,
Gould and Jacobson extended the result of Matthews., They obtained

Theorem E™. [f G is @ connected Y-frec graph, them G''is vertex pancyclic, where
the fortidden swbgraph Y i shown in Fig. 1.

Theorem F™. [f G is g connected (Kyu, S(K1), F, W)=frec graph of order n=
3, then G* is vertex poncyclic, where forbidden subgrophs F and W are shown in Fip. 1,

A 3

Fig. 2 The farbidden subgraphs F and B

The above results lead Gould and Jacobson to conclude the following conjectures™.

Conjecture 1. If G is u connected S(K,,;)—frec graph, then G*is vertex pancydic.

Conjecture 2. If G is a connected (S(K,;3), K,.)-frec graph, then &* is veriex pan-
cyclic,

It is obviows that if Conmjecture 1 ¥ proved, then Conjecture 2 is true, too.

In this article we prove Conjecture 1; by Theorem C, it is best possible in general
2. Mam Resuirs

We begin with a vseful lemma.

Lemma. [Let G e a conmected graph, but not a tree and not 2-connected. Then
there exists a cuipoint ¢ of G such thar dg(e) =3,

Proof. It & ohvious.

Theorem. If G is a connected S(K,.)-free graph, then it is vertex pancyclic, where
|v(c)] = 3,

Proof. We precesd by induction on the order of the graph.

From Theorem C, our theorem is wverified for any connected S(K,.)-frec graph G,
|¥(G)| = 7. Supposc our theorem is true for graphs whose order is less thsn n, n > 7
being a natural oumber, and let G be a connected S(K,.)-free graph and |V (G)| == n,
By Theorems B and C, we can suppose, without loss of generality, that G is* not 2-con-

nected and mot a tree.  From Theorem A, it suffices to show €7 is Hamiltonian.
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By the lemma, therc exists a cutpoint ¢ in graph G such that do(e) = 3, We denote
N[“'} = {Vl: Fas ™" " "*l}: k=3,

Now consider a sparning tree T of G containing all edges from » to the vertices of
N(¢})., Lee G; be the subgraph of & induced by v and vertices of the branch of T contai-
ning o (i = 1, 2,++, k). By the choice of the cutpoint &, we have |V(G,)| < |V(G)|—2
—n—2im=1, 2, k).

Since r is a cutpeint, there exists at least one vertex #; € N(¢) for each o, € N(#),
1 =1i,j=k, such that #; and v; belong to two components of G — ¢, respectively. Fimt
we consider the subgraph G¥* of G induced by the set V(G)U{es}(f =1, 2,---, &).
It & clear that | F(GM*)| = |V(&)] +1=p —1, and G} is 3 connected S(K,,)-free
graph. So, by the induction hypothesis, the graph (G})? contains 8 Hamiltonian circuitC¥,
Note that the degres of vertex #; in (G})' & 2, and the vertex #; is only adjucent to two
vertices ¢ and #;, Hence there exists 2 Hamiltonian path P} from ¢ to #, in graph G,
Let w; be the vertex which is adjacent to # on the Hamiltonian path F of G2, If |V(G)) | >
2, then sav; € E(G?) and va; & E(G), nemely de(wi,o)=2, viw; € E(G), ¥ |V(G))|=
1, then v, = w;, and G} is merely traceable.

Thu we prove that if |F(G,)| = 2, then the graph G} — ¢ contsins a Hamiltonian
path P; from the vertex », to a vertex w;, where dgo(v, w;) = 1; that & w, € N(#&) (i=
1,2,---5 &), Denote Py =w;,-"-, wili = 1,2,---,k8), K |F{Gi)] =2, then P; is
only a peint, and e = a,

Denote M = {w;:1 =i =k},

MNow we consider the graph G'—v, Let o be a minimal set of paths in graph G*—o
which sansfies

(1) Each path F; belongs to set A(i=—1,2,---,%).

(2) ¥ 2,6 M is one end of 2 path Q€ A4 and there exists 2 vertex ;€ N(») such
that #; is adjacent to @ in G° — ¢, then the path Qw,vF; belongs to the set 4, where
Fi and Q are pairwise disjoint. )

(3) If a path Q€ A4 and w;€ M is onc end of the path @, and wiy € M is adjacem
to w; in the graph G* — ¢, then the path Qw.wi F; belongs to the set A, where F; is
the reverse of the path Fj, and the path P; and 0 arc pairwise disjoint.

(4) If 2 path Q€ 4 and its two ends belong to N(¢), then the path Qov;P; belongs
to the set A, where F; and O are pairwise disjoint.

From the definition of set A4, we have the following propertics:

Property (a). A+ &,

Property (b). If a path O€ A, x and y arec two ends of O, respectively, then
[x,¥}EN(r) UM, '

Property (c). If a path De 4, # and y are two ends of 0, respectively, and
suppose ¥ € M, then we claim that = € N(z),

Property (d). If Q€ A and o, & V(Q), v; € N(¢), then V(PINT(Q) = @; if
v; € V(0), then V(F)SV(Q).
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Let 0, be a longest path of the set A,

It is clear that the path Q, is not a spanning path of G! — &3 otherwise, the theorem
is true.

By Property (d), there exists path @ € 4 in graph G'-({+#}UV(0,)). Let 4, be the
subset of A in graph G — ({#}UFVF(0,)); then A, @, So we can say that 0, is the
longest path of set A,

Now, if P(0,)UV(0;) =V(G)\{¢}. It is obvious that G* is Hamiltonian by Pro-
perties (b) and (c). Otherwise, there exists 3 longest path 0,€ 4 in graph G*-({e} U
V{QIUVI(0,))., We will prove this is impossible,

Mote, by definition, that:

(1) The length of each path Qi(s = 1,2,3) is at lesst 1, namely, |¥(Q:)| = 2,

(2) There exists onc cnd belonging to M in cach path Q.(f =1, 2, 3), since cvery
path 0, i maximal.

Without loss of generality, suppose w; is an end of 0, snd #; is the vertex which is
adjacent to w; in graph G;(i =1, 2, 3).

MNow, we consider the subgraph H of € induced by set {v, v,, wy, 03, wa, 0y, w,},
¥ o€ E(G), then the puth Qe Ps€ A i longer than 0, this s impossible. So 5,0, %
E(G}. Similirl!. I?L‘-P',E‘E(G} Inﬂ ‘I’;F].ELE(G'J'

If vu;€ E(G), then wymw; is an edge of graph G* — #, and the path Qyww,F;€ 4
is longer then [,; this is impossible. So vy, is not an edge of graph G similarly, v ¥%
E(G), i##j,1=i,7=<3,

Finaly, wie,€ E(G) is likewise impossible; similarly, w,w, and aw, sre not edges of
Gl

From shove, the induced subgraph H & isomerphic to S(K,,), This is impossible,
and so G° is Hamiltonian.

The proof is complete.

3. Concrusion

Finally, we note that Gould and Jacobson made 2 mistake in the proof of Theorem F
{namely, Theorem 3 in [5]). Suffice it to say that G; is the graph in Fig. 3.

Fig. 1 The lnp]ﬂ [
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