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TWO KINDS OF HAMILTONIAN DEGREE SEQUENCES

Zuy Yowonn & Liv ZueNwowG |

I. IntropucTiON
It is well known thar to identify whether a gr;ﬂph 15 hamiltenian is a puzzlling problem.
Though there are several sufficient conditions for a graph to be hamiltonian, they all imply tha
the graph contains many cdges. In an undirected graph, therc are two important sufficient
conditions for a graph to be hamiltonian, onc given by Chﬂn.'um and the other by Bondy and
Chvital™, Most of the sufficient conditions for a graph to 'be hamilttoitsii are so far contained

in them.

Ohur paper prm-.nr;. twa kinds of graphical degree sequences which ensure the graph to be
hamiltonian, but they do not satisfy the condition gwenby Chyvdral, a.nd one of them does not
satisfy the condition given by Bondy and Chvaeal.

In-urdcrmtmi}fourmunlﬂlﬂu. we introduce some copcepes first.

Al graphs considered in this paper are simple. A graph is said to be hamiltonian if it
contains 2 hamiltonian cycle, otherwise it is called nonhamiltonian. A graph is said to be maximal
nonhamiltenian if it is nonhamiltonian and G + (u,v) is hamiltenian for any two nonadjacent
vertices w and ¢ in G, where (#,#) denotes an edge with end points w and ». o

Lemmn 1.9 jf G = (V, E) ir nonhamiltonian, then there svisty a maximal nonhami-
J'l'a-mau gnpﬁ G— (Vs E), such that ECE.

Lﬂm!. 29 Let Plu, v) be a bamiltonian chain of gmp# G, with u and v as its end
points, If d(w) + 2(v) = n, then G is hamilronian, where d(x) denotes the degree of
veriex x and n the number of vertices of G.

Lemma 3™ G i marimal nsonkamilionign. 1§ d{u) 4+ d(2) = n for any verfices d
.md' v in G, thea (u,v) €E.

A nmmgttw-e integer sequence = == {d,, d';,“ ry da)is ﬂlled a degree Wﬁm if there
exists a graph with = a8 is degree sequence.

Adegrusequmﬂe:-ﬁ(d;,d,,'”,d,) is said to be hﬂm:]mnun if all graphs with =
as their degree, sequence are hamilrenian. ;

. Two Main Resvurs
r—1, l<i<r-—12,

di==+ rs r—l=i=r,
n—r—1, rd4+l=i=n,
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.

where 3= r <= [n/2], Then x = (d,s dys+++, d,) is Aamiltomian

Proof. Suppucthuunntumanﬂthm:mmanmhmlmmgnph G = (¥, E) with

x as its dégiee sequence. Let v . 1 R R
Se=lo|lrveV,d(e)=n—r—1}

and G(S) denore the subgraph of G generated by S, 'Let & ~— (V,£) be the maximal non-

hamiltonian graph of G, By lemma 3 and r << [n/2], G(S) is a complete subgraph of G.

Set L

T={o¢|v€S and w€V — § such thar (w, #v) € E},

Then :

2 |T|<r,

In fact, the subgraph G(V—5) of G generated by ¥ —5 mmum r(r — tjfz
edges, but by the amumption, the sum of degree of vertica m VWV —Sin Gis r(r — 1)+
2 andthmthmuatlmmuedgummng\rmm.imthummml’-s,wh;h
mplies thar |T] =22,

Furthermore, da(ﬂ};n—rfar:ﬂrmTuG(S)ua.mplm:gnphmd]TjB
2, where dg(#) denotes the degree of vertex v in G, From lemma 3 we know that (u, ¢),
(w'y v) € B for all v€ T, whire » and &’ are vertices With degree # in' G, This implies
that dg(s) Zmn—r+ 1 for all ¥ €T, Again by lemma 3, (x,0) € E for all x€ ¥V —
S and vET, ) P . "

If1r|;ar+1,then:s(w);ar+1fu:m;mp—s,%thpuuhaaa
complete graph by lemma 3. This contradicts that G is fonhdmiltonisn.

2) There exists 3 verter 2 in V — 5 such that dg(«=) =, 41, = -1 ¢ ond

Since dz(r) =a—r+ 1 forall # in ?:', (=, #)G-.E for all x€ F’-—.Sa:.d vET,
Thercfore there are txactly | T| = r edges connecting veitices in ¥ — § and the vertied fn T
in G, Among those odgds, there are at most |T| - (|7] —1) odges in G, Thus

> da(s) — ; ds(®) =+ |T| = |TI(T|I = 1)
rEF-1 sEV=§
which means that the difference of the degree of each vertex of ¥ — S in & and in G is at
least |T1 — [T|(|T| — 1)/r on average. Let
| AT = r- 171 = |71 - (17| — 1),
Obviously, f(|T'|) is a concave function, and its minimum valuc must reach the boundary,
It is coough to consider the cases |T| = 2 and |T| = r,

a) |T| =12,

In this case, f(|T|) = 2r — 2, there must be at least one vertex w in ¥V — §, such
that dz(u) — dg(u) =2 as 2/r <1, which means that df(u) = r + 1,

b) |T| =r

In this case, (| T|) = 7 It is easy to see that there is a verter n in ¥V — § such that
dg(u) =r+ 1,
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Frnmih:c:.nua)_md b), we may ¢onclude that there if & vertex win V' — § such thar
dg{u) = r 4 1. By lemma 3,(u,v) € E for all vin S, Therefore, T = S by the definition
of T and |T| = |§| = n—r =>r, which is contrary o |T| =<r, The contradictiop
proves that G is hamiltonian,

It can be verified that the condition _uf theoremn 1 does not satisfy Chvatal’s one,

Theorem 2, Let

4 {r-'i’ IGII‘EF.
, g n—ry, r+l1=i=n, )
I anse3r —2 and 3= r < /2, then === (dy, day-++, d,) it hamiltonian.

Proof. Let € = (V,E) be a graph with = as its degree sequence and
S=lvleeV,dole)=n—r},
Casze 1. G(S) is a complete graph.
We can partition ¥V — § into three pams, Cp, C; and C, where
Co={ulueV — 5§ and (%, v} & E for any #€ S},
C,= {u|u€V — 8§ and u is adjacent to exactly one vertex in §},
C=V—=35—{CUcC}L
I |Cl 20 or |C] 2 o |€,] =2 and both vertices in €, are adjacent, there is a
hamiltonian chain L in G(Cyl) €,) such that the end points of L, & and my, are adjacent to
at least two vertices ¢ and gy in CUJS5, and v adjacent to u; and »; adjacent w0 w;, Thus we
can easily construct a hamiltonian cycle since for each vertex o in §, there is exactly one edge
connecting ¢ with a vertex in ¥ — §,
If | Cy] =0 and | C,| == 2 and both vertices of C, are not adjacent, then each vertex in
- €, is adjaccnt to a vertex in § and a vertex in €, Thercfore it is not difficult to construct 2
hamiltonian cycle of G since each vertex in § is adjacent. to only one verex im ¥ — §,
Case 2. G(S) is not a complete graph.

If G were nonhamiltonian, let G = v, E) be a maximal nonhamiltonian graph of G.

Bglmﬂﬂjmmuhﬁtmnwmﬁuumd# in § such that
) =n—r+1 ad (W) =n—r+1,

T—{r|rES.'d‘&{r')3n—r'+l]',
Evidently| T'| == 2 and by lemma 3 (u, ¢) € E for all u€ V — S and v€ T, ¥ |T| =,
G is a complete graph, which is contrary to that G is nonhamiltonian. Thus 2 < |T| = r—1,

Since (u, v) € E for all u€ V—S and v € T, there are exactly r « |T| edges connect
ing the vertices in ¥ — § with those in 7, Thus

2 45— D de@ = | T =TI = [TI(T| = 1) = |T|{r = |T]),

fEF-§ rEF-§
which means that the difference of the degree of cach vertex of ¥ — S in G and in G is at
leaw |T| — [T|%/r on average. It shows that there is at least one vertex w in ¥ — § such
thar dg(w) = r. Lat
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fIT) = |THr— T}, 2<|T|<r—1,
Obviously g(|T|) is a comcave function, whose minimum value must reach the hnnn:h:,-_
Thus, it is enough to consider the cases [T|'= 2 and |T| == r — 1,
1) |T| =2

(a) If there arc two vertices & and & in V' — Slu:hthﬂdﬁ(u’)}rlndﬂﬁ(u);#r,
then dz{p) =mn—r + 1 for all #€5, Therefore T == 5§ by the definifon of ‘T and
|T| == | S| = # — r =>r, which is contrary to |T| =r—1,

(b) If there is only ene vertex w in ¥ — S such that dz(u) =r, then 1 < p(2) =
2(r —2) < r, which means r =3, and all verticsin ¥ — § — {w} can not be adjacent to
any vertexin § — T, Sincedg(u) =r— 12 |8| = |T| =n— 7 — 2 and r << n/2, then
m = 7,which is contrary to o # 3r — 2,

2} [T{=r—1,
{a) There are two vertices & and & in I"——.’E.:u.:hth:t
J;(I)Br and JE(:I”JB!,
Thcprmfllnmﬁutuduml)fa)
(b)']."h:r::lmljmmumV—Sﬁmhthztiﬁ(u)Er

Its proof is similar to the case 1) (b), We can cbesin n-ir—Z, whu:h c.nntﬂdlm
n#®3r—2,
N2<|T|<r—1,
Obvioudy, there are at least two vertices &' and o mv § oach thar
dg(w') = r and dg(u") = r,
Thus the proof is similar to the case 1) (a).

From 1), 2) and 3) above, we can conclude that G is, hamiltgnian.

It can be werified’ that the condition of theorem 2 pérther satifies Chvatal’s nor the one
given by Bondy and Chvital.
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