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1 W XY[Z
[1] \ [2] ][^[_[`[a[b[c[_[d[e[f[g[h ( i H j Hilbert k[l[m {fn}n∈Z j H c[n

A, B o[p[c[a[b[m {gn}n∈Z ⊆ H q[r {fn−gn}n∈Z j[n M o[p[c Bessel s[t[mvuxw M < A,y{z
{gn}n∈Z j H c{n A[1 − (M

A
)

1
2 ]2, B[1 + (M

A
)

1
2 ]2 o{p{c{a{b ) |{}�~ Weyl-Heisenberga{b{c{e{f{�?� Y{�{� _{d{�{�{�{|6}{�{�6�{�6�{c Weyl-Heisenberg a{b{c{e{f{m?�{�{]^ [3] w'c{g{h 4.1.2, g{h 4.1.4, [4] w'c{g{h 1, [5] w'c kadec’s- 1

4 g{h{\{� Y w'c{�{h 3.2,�{�{�{���'�{�{�?�{�{�{�{�?�{�{�{� n6�{�6 {¡6¢{e{f6£ Weyl-Heisenberg a{b{c{¤{g{¥¦6§ ~6¨6©6�
2 ª¬«¬¬®

� Y w'n Z, R
�{�{¯{°{±{�{² \{³ �{² m J

¯{° _{`{c{´ �{² m H
¯{°{µ c{¶{·{¸c6´ � c Hilbert k6l6m?u6¹6c»º!¼6j 〈, 〉.½6¾

2.1 i {xn}n∈J ⊆ H , ¿6À6Á6Â M > 0, Ã ∀x ∈ H , �
∑

n∈J

|〈x, xn〉|2 ≤ M‖x‖2,

y6z6Ä
{xn}n∈J j H ¹6c Bessel s6t6m M o6u Bessel p6�½6¾

2.2 i {xn}n∈J ⊆ H , ¿6À6Á6Â A, B > 0, Ã ∀x ∈ H , �
A‖x‖2 ≤

∑

n∈J

|〈x, xn〉|2 ≤ B‖x‖2,

* Å�ÆÈÇÊÉ�Ë���Ì�Í (19871048) Î�Ï�Ð�Ñ�ÒÓ�ÔÈÕÊÖ�×
2002-11-25.
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y6z6Ä
{xn}n∈J j H c6a6b6m Ä B, A

�6� o6u6a6b6¹ �8Ý p6�8Þ A = B £6m Ä {xn}n∈J j
H c6ß6à6a6b6á?Þ A = B = 1 £6m Ä {xn}n∈J j H c6â6ã6a6b6�½ä¾

2.3 i g ∈ L2(R), a, b > 0, å gmn(x) = e2πimbxg(x − na), m, n ∈ Z. ¿äÀ
{gmn}m,n∈Z j L2(R) c[a[b[m y[z[Ä {gmn}m,n∈Z j Weyl-Heisenberg a[b[m Ä g j �x�?�� m a \ b

�[�[Ä o �[�[æ[� \ �[�[æ[� �Ê¿[À g c[� ² suppg j[�[c[m y[z[Ä {gmn}m,n∈Zj6�6�6�6�6�6c Weyl-Heisenberg a6b6�� Y ^6ç6è6d6é6ê6� b ∈ R, a ∈ R\{0}, å
Tb : L2(R) → L2(R)

g 7→ Tbg,

u»w Tbg(x) = g(x − b), x ∈ R.

Eb : L2(R) → L2(R)
g 7→ Ebg,

u»w Ebg(x) = e2πibxg(x), x ∈ R.

Da : L2(R) → L2(R)
g 7→ Dag,

u»w Dag(x) = |a|− 1
2 g(x

a
), x ∈ R.�6�6Ä

Tb, Eb \ Da o �6� é6ê ���6� é6ê6\6ë6ì6é6ê6��í6î6ï6ð6ñ6j L2(R) ¹6c6ò6éê6m?ó6ô ∀f, g ∈ L2(R), �
〈f, Tbg〉 = 〈T−bf, g〉, 〈f, Ebg〉 = 〈E−bf, g〉, 〈f, Dag〉 = 〈D 1

a

f, g〉,

T̂bf = E−bf̂ , Êbf = Tbf̂ , D̂af = D 1
a

f̂ ,

u»w ĝ j g c Fourier õ6ö
ĝ(x) =

∫

R

g(y)e−2πixydy = lim
r→∞

∫ r

−r

g(y)e−2πixydy,

÷
‖ĝ − Cr‖2 → 0 (r → ∞), ø6ù

Cr(x) =

∫ r

−r

g(y)e−2πixydy.

í6î L2(R) ¹6c Fourier õ6ö6j6ò6é6ê6�� Y ^6ç6c6ú6û6¿ Ý � g ∈ L2(R), a, b > 0, λn ∈ R, βn ∈ R, n ∈ Z.

gmn(x) = EmbTnag(x) = e2πimbxg(x − na), x ∈ R,

g(p)
mn(x) = EmbTλnag(x) = e2πimbxg(x − λna), x ∈ R,

g
(q)

mn(x) = EβmbTnag(x) = e2πiβmbxg(x − na), x ∈ R,

g
(p,q)

mn (x) = EβmbTλnag(x) = e2πiβmbxg(x − λna), x ∈ R,
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G0(x) =
∑

n∈Z

|Tnag(x)|2 =
∑

n∈Z

|g(x − na)|2, x ∈ R,

G
(p)
0 (x) =

∑

n∈Z

|Tλnag(x)|2 =
∑

n∈Z

|g(x − λna)|2, x ∈ R.

n6¹»º��6Â Y6Z [6, 7] w!´6n��6ç6����
2.1([3] g{h 4.1.4) i g ∈ L2(R), a, b > 0, ¿{À {gmn}m,n∈Z j L2(R) c{n A, Bo6p6c6a6b6m y6z

bA ≤ G0(x) ≤ bB, a.e. x ∈ R.	6� c6� g ∈ L∞(R).���
2.2([3] g{h 4.1.2) i g ∈ L2(R), a, b > 0, suppg ⊆ I , u�w I = [α, α + 1

b
], α j{³� m?¿6À6Á6Â A, B > 0, Ã

bA ≤ G0(x) ≤ bB, a.e. x ∈ R,y6z
{gmn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b6����

2.3([4] g6h 1) i λn ∈ R, n ∈ Z, ¿6À ∃L, l > 0, Ã
|λn − n| ≤ L, |λn − λm| ≥ l, m 6= n, m, n ∈ Z,y6z

{eiλnx}
n∈Z j L2[−r, r] c6a6b6m?u»w 0 < r < π.
�� ÷ î{m?¿{À {λn}n∈Z q{r��� 2.3 c����{m y{z {e2πiλnbx}

n∈Z j L2[−r, r] c{ab6m?u»w b > 0, 0 < r < 1
2b

.���
2.4([5]kadec’s- 1

4 g h ) i λn ∈ R, n ∈ Z, ¿ À |λn − n| ≤ L < 1
4 , n ∈ Z,

y z
{eiλnx}

n∈Z j L2[−π, π] c Riesz �6�
 g6h6c����!´6î6m8¿6À {λn}n∈Z q6r��� 2.4 c����6m y6z {eiλnx}
n∈Z j L2(Ir) c

Riesz �[mÊuxw Ir = [rπ, (r +2)π], r j ±[� � 
�� ÷ î[m {e2πiλnbx}
n∈Z j L2[ r

2b
, r+2

2b
] c Riesz

�6m?u»w b > 0, r j ±6� �
3 �������½��

3.1 i g ∈ L2(R), a, b > 0, suppg ⊆ I , u»w I = [α, α + 1
b
], α j6³ � �?¿6À

(1) {gmn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b6m
(2) h ∈ L2(R), q6r�� supph ⊆ I , ó6ô ∃λ1 ∈ [0, 1), λ2 ∈ [0, 1), Ã

|g(x) − h(x)|2 ≤ λ1|g(x)|2 + λ2|h(x)|2, a.e. x ∈ R,y6z
{hmn}m,n∈Z j L2(R) c6n ( 1−

√
λ1

1+
√

λ2
)2A, ( 1+

√
λ1

1−
√

λ2
)2B o6p6c6a6b6�� 
 ��� (1) ���� 2.1 î

bA ≤
∑

n

|g(x − na)|2 ≤ bB, a.e. x ∈ R.



(∑

n

|h(x − na)|2
) 1

2 ≤
(∑

n

|g(x − na)|2
) 1

2

+
(∑

n

|g(x − na) − h(x − na)|2
) 1

2
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≤ (bB)
1
2 +

(
λ1

∑

n

|g(x − na)|2 + λ2

∑

n

|h(x − na)|2
) 1

2

≤ (bB)
1
2 +

√
λ1

(∑

n

|g(x − na)|2
) 1

2

+
√

λ2

(∑

n

|h(x − na)|2
) 1

2

≤ (1 +
√

λ1)(bB)
1
2 +

√
λ2

(∑

n

|h(x − na)|2
) 1

2

î
∑

n

|h(x − na)|2 ≤
(1 +

√
λ1

1 −
√

λ2

)2

bB, a.e. x ∈ R.

� 


( ∑

n

|h(x − na)|2
) 1

2 ≥
( ∑

n

|g(x − na)|2
) 1

2 −
( ∑

n

|g(x − na) − h(x − na)|2
) 1

2

≥ (1 −
√

λ1)(bA)
1
2 −

√
λ2

(∑

n

|h(x − na)|2
) 1

2

î
∑

n

|h(x − na)|2 ≥
(1 −

√
λ1

1 +
√

λ2

)2

bA, a.e. x ∈ R.


 �� 2.2 î6m {hmn}m,n∈Z j L2(R) c6n ( 1−
√

λ1

1+
√

λ2
)2A, ( 1+

√
λ1

1−
√

λ2
)2B o6p6c6a6b6� !�

3.2 i g ∈ L2(R), a, b > 0, suppg ⊆ I , uxw I = [α, α+ 1
b
], α j[³ � m g ∈ L∞(R),y6z

(1) {g(p)
mn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b ⇔ bA ≤ G

(p)
0 (x) ≤ bB, a.e. x ∈ R;

(2) {g(p)
mn}m,n∈Z j L2(R) c6n A o6p6c6ß6à6a6b ⇔ G

(p)
0 (x) = bA, a.e. x ∈ R;

(3) {g(p)
mn}m,n∈Z j L2(R) c6â6ã6a6b ⇔ G

(p)
0 (x) = b, a.e. x ∈ R.�

(1)
�#"#$ c f ∈ L2(R), n ∈ Z, i In = [α+λna, α+λna+ 1

b
]. í î supp(f ·Tλnag) ⊆

In,
� 


g ∈ L∞(R) î m f · Tλnag ∈ L2(In). å emb(x) = e2πimbx, x ∈ R, m ∈ Z,
y z

{b 1
2 emb}m∈Z j L2(In) c�%�&6â�'��6m�( �

∑

m,n

|〈f, g(p)
m,n〉|2 =

∑

m,n

|〈f, EmbTλnag〉|2

=
∑

m,n

b−1|〈f · Tλnag, b
1
2 emb〉|2

= b−1
∑

n

‖f · Tλnag‖2
L2(In)

= b−1
∑

n

∫

In

|f(x)|2|g(x − λna)|2dx

= b−1
∑

n

∫

R

|f(x)|2|g(x − λna)|2dx. (*)
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(⇒)

{g(p)

mn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b6î6m ��"�$ f ∈ L2(R), �
A‖f‖2 ≤

∑

m,n

|〈f, g(p)
m,n〉|2 ≤ B‖f‖2,

� 

(*) )6� f ∈ L2(R) c "�$ ¥6î bA ≤ G

(p)
0 (x) ≤ bB, a.e. x ∈ R.

(⇐)

bA ≤ G

(p)
0 (x) ≤ bB, a.e. x ∈ R � (*) )6î6m ��"�$ f ∈ L2(R), �
A‖f‖2 ≤

∑

m,n

|〈f, g(p)
m,n〉|2 = b−1

∫

R

|f(x)|2G(p)
0 (x)dx ≤ B‖f‖2,

÷
{g(p)

mn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b6�
(2), (3) *�+ (1) ���!�½��

3.3 i g ∈ L2(R), a, b > 0, suppg ⊆ I , u»w I = [α, α + 1
b
], α j6³ � �?¿6À

(1) {gmn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b6m
(2) ∃c > 0, β > 0, Ã ∀z ∈ R, � |g(x + z) − g(x)| ≤ c|z|β, a.e. x ∈ R,

(3) λn ∈ R, n ∈ Z, q6r δ =
∑

n |λn − n|2β < ∞,

(4) bA > c2δa2β .y6z
{g(p)

mn}m,n∈Z j L2(R) c6n (
√

A − caβ

√
δ
b
)2, (

√
B + caβ

√
δ
b
)2 o6p6c6a6b6�� 
 ��� (1) î6m g ∈ L∞(R), ô

bA ≤ G0(x) ≤ bB, a.e. x ∈ R.

� 
 ��� (2), (3) î6m
∑

n

|g(x − na) − g(x − λna)|2 ≤
∑

n

c2|λna − na)|2β = c2δa2β , a.e. x ∈ R.

,

G
(p)
0 (x)

1
2 ≤ G0(x)

1
2 +

( ∑

n

|g(x − na) − g(x − λna)|2
) 1

2

≤ (bB)
1
2 + caβ

√
δ, a.e. x ∈ R,

G
(p)
0 (x)

1
2 ≥ G0(x)

1
2 −

( ∑

n

|g(x − na) − g(x − λna)|2
) 1

2

≥ (bA)
1
2 − caβ

√
δ, a.e. x ∈ R,÷

b(
√

A− caβ

√
δ
b
)2 ≤ G

(p)
0 (x) ≤ b(

√
B + caβ

√
δ
b
)2 a. e. x ∈ R.


 �6h 3.2 î6m {g(p)
mn}m,n∈Zj L2(R) c6n (

√
A − caβ

√
δ
b
)2, (

√
B + caβ

√
δ
b
)2 o6p6c6a6b6�½��

3.4 i g ∈ L2(R), a, b > 0, suppg ⊆ I , u»w I = [−r, r], 0 < r < 1
2b

. ¿6À
(1) {gmn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b6m
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(2) βn ∈ R, n ∈ Z, q6r ∃L, l > 0, Ã |βn − n| ≤ L, |βn − βm| ≥ l, n 6= m, m, n ∈ Z,y6z
{g(q)

mn}m,n∈Z j L2(R) c6a6b6�� 
 ��� (1) ���� 2.1 î6m g ∈ L∞(R), ô
bA ≤ G0(x) ≤ bB, a.e. x ∈ R.

� 
 �� 2.3 î6m {e2πiβmbx}
m∈Z j L2(I) c6a6b6m?i6p6o C, D. å
em(x) = e2πiβmbx, x ∈ R, m ∈ Z.��"�$

f ∈ L2(R), n ∈ Z, í6î supp(g · T−naf) ⊆ I , ô g · T−naf ∈ L2(I),
,

∑

m

|〈f, g(q)
m,n〉|2 =

∑

m

|〈f, EβmbTnag〉|2

=
∑

m

|〈g · T−naf, em〉|2,

( �
C‖g · T−naf‖2

L2(I) ≤
∑

m

|〈f, g(q)
m,n〉|2 ≤ D‖g · T−naf‖2

L2(I).

-

‖g · T−naf‖2
L2(I) =

∫

I

|g(x) · T−naf(x)|2dx

=

∫

R

|f(x + na)|2|g(x)|2dx

=

∫

R

|f(x)|2|g(x − na)|2dx,

( �
∑

n

‖g · T−naf‖2
L2(I) =

∑

n

∫

R

|f(x)|2|g(x − na)|2dx =

∫

R

|f(x)|2G0(x)dx,

��.
bAC‖f‖2 ≤

∑

m,n

|〈f, g(q)
m,n〉|2 ≤ bBD‖f‖2,

÷
{g(q)

mn}m,n∈Z j L2(R) c6a6b6�½��
3.5 i g ∈ L2(R), a, b > 0, suppg ⊆ I , u»w I = [ r

2b
, r+2

2b
], r j ±6� �?¿6À

(1) {gmn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b6m
(2) βn ∈ R, n ∈ Z, q6r ∃L > 0, Ã |βn − n| ≤ L < 1

4 , n ∈ Z,y6z
{g(q)

mn}m,n∈Z j L2(R) c6a6b6�� / ^��� 2.4, ����*�+6g6h 3.4.0�1
3.6 i g ∈ L2(R), a, b > 0, suppg ⊆ I , u»w I = [−r, r], 0 < r < 1

2b
. ¿6À

(1) {gmn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b6m
(2) ∃c > 0, β > 0, Ã ∀z ∈ R, � |g(x + z) − g(x)| ≤ c|z|β, a.e. x ∈ R,
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(3) λn ∈ R, n ∈ Z, q6r δ =
∑

n |λn − n|2β < ∞,

(4) bA > c2δa2β ,

(5) βn ∈ R, n ∈ Z, q6r ∃L, l > 0, Ã |βn − n| ≤ L, |βn − βm| ≥ l, n 6= m, m, n ∈ Z,y6z
{g(p,q)

mn }
m,n∈Z j L2(R) c6a6b6�

� 
 ��� (1)–(4) �6g6h 3.3 î6m {g(p)
mn}m,n∈Z j L2(R) c6n (√

A− caβ

√
δ
b

)2
,
(√

B +

caβ

√
δ
b

)2 o6p6c6a6b6m?ó6ô g ∈ L∞(R).
� 
 �6h 3.2 î6m

b
(√

A − caβ

√
δ

b

)2

≤ G
(p)
0 (x) ≤ b

(√
B + caβ

√
δ

b

)2

, a.e. x ∈ R.

u�26´�*�+�36g6h 3.4 c����!î {g(p,q)
mn }

m,n∈Z j L2(R) c6a6b6�
*�+�3�46© 3.6, ´6n����0�1

3.7 i g ∈ L2(R), a, b > 0, suppg ⊆ I , u»w I = [ r
2b

, r+2
2b

], r o ±6� �?¿6À
(1) {gmn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b6m
(2) ∃c > 0, β > 0, Ã ∀z ∈ R, � |g(x + z) − g(x)| ≤ c|z|β, a.e. x ∈ R,

(3) λn ∈ R, n ∈ Z, q6r δ =
∑
n

|λn − n|2β < ∞,

(4) bA > c2δa2β ,

(5) βn ∈ R, n ∈ Z, q6r ∃L > 0, Ã |βn − n| ≤ L < 1
4 , n ∈ Z,y6z

{g(p,q)
mn }

m,n∈Z j L2(R) c6a6b6�0�1
3.8 i g ∈ L2(R), a, b > 0, suppg ⊆ I , u»w I = [α, α + 1

b
], α j6³ � �?¿6À

(1) {gmn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b6m
(2) h ∈ L2(R), q6r��

1◦ supph ⊆ I , ô ∃λ1 ∈ [0, 1), λ2 ∈ [0, 1), Ã
|g(x) − h(x)|2 ≤ λ1|g(x)|2 + λ2|h(x)|2, a.e. x ∈ R,

2◦ ∃c > 0, β > 0, Ã ∀z ∈ R, � |h(x + z) − h(x)| ≤ c|z|β, a.e. x ∈ R,

(3) λn ∈ R, n ∈ Z, q6r δ =
∑
n

|λn − n|2β < ∞,

(4) b( 1−
√

λ1

1+
√

λ2
)2A > c2δa2β ,y[z

{h(p)
mn}m,n∈Z j L2(R) c[n ( 1−

√
λ1

1+
√

λ2

√
A− caβ

√
δ
b
)2, ( 1+

√
λ1

1−
√

λ2

√
B + caβ

√
δ
b
)2 o[p[c[a[b[�� 
 g6h 3.1 \6g6h 3.3

÷ î6�0�1
3.9 i g ∈ L2(R), a, b > 0, suppg ⊆ I , u»w I = [−r, r], 0 < r < 1

2b
. ¿6À

(1) {gmn}m,n∈Z j L2(R) c6a6b6m
(2) h ∈ L2(R), q6r supph ⊆ I , ô ∃λ1 ∈ [0, 1), λ2 ∈ [0, 1), Ã

|g(x) − h(x)|2 ≤ λ1|g(x)|2 + λ2|h(x)|2, a.e. x ∈ R,

(3) βn ∈ R, n ∈ Z, q6r ∃L, l > 0, Ã |βn − n| ≤ L, |βn − βm| ≥ l, n 6= m, m, n ∈ Z,y6z
{h(q)

mn}m,n∈Z j L2(R) c6a6b6�� 
 g6h 3.1 \6g6h 3.4
÷ î6�0�1

3.10 i g ∈ L2(R), a, b > 0, suppg ⊆ I , u»w I = [ r
2b

, r+2
2b

], r o ±6� �?¿6À



2 Ø Ù?Ú?Û?Ü�+?,?- Weyl-Heisenberg /?0?. H?I 177

(1) {gmn}m,n∈Z j L2(R) c6a6b6m
(2) h ∈ L2(R), q6r supph ⊆ I , ô ∃λ1 ∈ [0, 1), λ2 ∈ [0, 1), Ã

|g(x) − h(x)|2 ≤ λ1|g(x)|2 + λ2|h(x)|2, a.e. x ∈ R,

(3) βn ∈ R, n ∈ Z, q6r ∃L > 0, Ã |βn − n| ≤ L < 1
4 , n ∈ Z,y6z

{h(q)
mn}m,n∈Z j L2(R) c6a6b6�� 
 g6h 3.1 \6g6h 3.5

÷ î6�0�1
3.11 i g ∈ L2(R), a, b > 0, suppg ⊆ I , u»w I = [−r, r], 0 < r < 1

2b
. ¿6À

(1) {gmn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b6m
(2) h ∈ L2(R), q6r

1◦ supph ⊆ I , ô ∃λ1 ∈ [0, 1), λ2 ∈ [0, 1), Ã
|g(x) − h(x)|2 ≤ λ1|g(x)|2 + λ2|h(x)|2, a.e. x ∈ R,

2◦ ∃c > 0, β > 0, Ã ∀z ∈ R, �
|h(x + z) − h(x)| ≤ c|z|β, a.e. x ∈ R,

(3) λn ∈ R, n ∈ Z, q6r δ =
∑
n

|λn − n|2β < ∞,

(4) b( 1−
√

λ1

1+
√

λ2
)2A > c2δa2β ,

(5) βn ∈ R, n ∈ Z, q6r ∃L, l > 0, Ã |βn − n| ≤ L, |βn − βm| ≥ l, n 6= m, m, n ∈ Z,y6z
{h(p,q)

mn }
m,n∈Z j L2(R) c6a6b6�

����*�+�3�46© 3.6.5�6 ´6n����0�1
3.12 i g ∈ L2(R), a, b > 0, suppg ⊆ I , u»w I = [ r

2b
, r+2

2b
], r o ±6� �?¿6À

(1) {gmn}m,n∈Z j L2(R) c6n A, B o6p6c6a6b6m
(2) h ∈ L2(R), q6r

1◦ supph ⊆ I , ô ∃λ1 ∈ [0, 1), λ2 ∈ [0, 1), Ã
|g(x) − h(x)|2 ≤ λ1|g(x)|2 + λ2|h(x)|2, a.e. x ∈ R,

2◦ ∃c > 0, β > 0, Ã ∀z ∈ R, �
|h(x + z) − h(x)| ≤ c|z|β, a.e. x ∈ R,

(3) λn ∈ R, n ∈ Z, q6r δ =
∑
n

|λn − n|2β < ∞,

(4) b( 1−
√

λ1

1+
√

λ2
)2A > c2δa2β ,

(5) βn ∈ R, n ∈ Z, q6r ∃L > 0, Ã |βn − n| ≤ L < 1
4 , n ∈ Z,y6z

{h(p,q)
mn }

m,n∈Z j L2(R) c6a6b6�
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PERTURBATION OF WEYL-HEISENBERG FRAMES

WITH COMPACT SUPPORT

Zhou Jiayun

(Department of Mathematics, Qufu Normal University, Shandong ,Qufu 273165)

Abstract This paper studies the stability of Weyl-Heisenberg frames for L2(R) with
compact support with respect to perturbation of window function, shift parameter, modulation
parameter and their combination.

Key words Weyl-Heisenberg frame, compact support, perturbation.


