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1 � �
1984 �Wold  ���#!� �� (partial least-squares regression,�! PLS ��) "

$"���#%# $!%���"� #�&$&'�%�$"�&&%'�&()"�
*+' 1989 � Wold  ���(#,��#!� �� [1], '( 1992 � ��-$�#!
� �� [2];1992�'Hoskuldsson �� &)).��(#,��#!� �� [3,4];1994
�' LarsAarhus *+�, Nonlinear empirical modeling using local PLS models -' �.
'!"�(/01"/ PLS ��23$#0*1&() PLS ��2)$4� PLS ���
3/56$%7'4(&'*1�5*+(6(.�5�+7,8#'89."�,� 9
:;:)-(<$9='& �5�.>23?;/0-'")3/@<(6$1(9'2
&=A.B3C.4)*/�#5 9/&&%2)6:;'"+708>�9:,:?D
"�,&()//C.�;<�5$

1997�'Jean-Francois Durand �1(#Æ=3-$">� PLS���5 (multivariate
spline)[5], ?-/-$1@B'A1"�28"�3,�E4&() 9@5BF1"�.

* CD6./�EF (70371007) GCDHA01/�EF (70125003) 782GB
HI34C2004-05-31, HDIJI34C2006-05-12.
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8"��7() 9#=:8';&K�#!� ��9E'F7G<1"�.8"��+
7@B'L�$K23<A&:$2;�M�CH$I&'4(-$@B�&017�>@
NAJLO<3=<>(?P"M�CH'89@O&'KLABN (Runge) QR [6,7], .
CMN@B�OP6?P)'"7�>(.=DB3>�CSH)Q0ER'OFO?G�
TU$I�'$S-$1@B">T'�5FBV@A='U&@,PB-QHBH(">
T�1"�$B'V">TB3#%# �IJ$KL Eubank(1988) 6 Stone(1985) $"/
=3-$MW#Æ��23C [8,9], 2CD<*&N+$7R/ PLS ��23'2@O&'
K'�8SEB�HV1"�T$#%# �*+ [10] .

$1(-$">� PLS ���1U#'QXA&&%2)�5*/�&();<C
.$FOP#FQV.(#Æ=3�5 (additive model), $BF1"�W+�IJ%'"/
1(-$">� PLS &()��23G<+7�5T'@OF> RBF1"���� 
9�'0XW�BF1"�.8"��@B>('F7GSK?DB1"�.8"��'!
//IJ'0L).8"��XY [11] . WQYGSZ'*&;P?G<Z0ZF$

2 H���IJKL�� PLS MNOP

2.1 QRST
T&8"� {y} 6 p $1"� {x1, x2, · · · , xp}, 88� n $-QH'49<[�1"�

28"��B3+ X = [x1, x2, · · · , xp]n×p 6 Y = [y]n×1. "��&\UU<1"� X 28
"� Y 3,�&() 9'7&&%K'9GV$ xj(j = 1, 2, · · · , p) . y �//C.'/
@B 9+W"

y = f(x1, x2, · · · , xp) + ε = β0 + f1(x1) + · · · + fp(xp) + ε, (1)

)>' ε ∼ N(0, σ2) "ÆY[],' ε 21"�W+' β0 "^B,' fj(xj)(j = 1, 2, · · · , p)
" xj . y �&()//@B$

.( fj(xj)(j = 1, 2, · · · , p), QXR/ 3 ( B -$@B&K7�'�7:8"

f̂j(xj) =
Mj+2∑
l=0

βj,lΩ3

(xj − ξj,l−1

hj

)
, (2)

�>' βj,l "�5�_`EB$7 Ω3

(xj−ξj,l−1
hj

)
= 1

3!h3
j

4∑
p=0

(−1)p

(
4
p

)
(xj − ξj,l−3+p)3+ " 3

( B -$1@B [12]; $.>Qa>'`\ ξj,l−1, hj, Mj 0X" xj #Z0�X,0H>01

bcO401$B'
ξj,l−1 = min(xj) + (l − 1)hj , (3)

)>
hj =

max(xj) − min(xj)
Mj

, l = 0, 1, · · · , Mj + 2.

;� (1) 6 (2) �'G<Y71"�28"��&()7�@B"

ŷ = β0 +
p∑

j=1

f̂j(xj) = β0 +
p∑

j=1

Mj+2∑
l=0

βj,lΩ3

(xj − ξj,l−1

hj

)
, (4)
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(4) �U ( zj,l = Ω3(
xj−ξj,l−1

hj
) �()@B'R/ PLS ��23&KEB9'$

2.2 R�VQW
\3#0"�]\'%;]��5"+��7>3%X$
I 1 % .1"�Æ,�V&F j(1 ≤ j ≤ p) &K 3 ( B -$"> xj → Zj .
1) ]` Mj , :\3 (3) �9G0H ξj,l−1;
2) . [xj ]n×1 /L% 3 ( B -$">

zj,0 = Ω3

(xj − ξj,−1

hj

)
, zj,1 = Ω3

(xj − ξj,0

hj

)
, · · · , zj,Mj+2 = Ω3

(xj − ξj,Mj+1

hj

)
, (5)

Y Zj =
{
zj,0, zj,1, · · · , zj,Mj+2

}
=

{
Ω3

(xj−ξj,l−1
hj

)
, l = 0, 1, · · · , Mj + 2

}
.

I 2 % .8"�4^�1"�&K>_\ZMfO

z̃i
j,l =

zi
j,l − zj,l

sj,l
, ỹi =

yi − y

sy
, l = 0, 1, · · · , Mj + 2; j = 1, 2, · · · , p ; i = 1, 2, · · · , n. (6)

)>' zj,l, y 0XU zj,l, y �-Q^E' sj,l, sy 0XU zj,l, y �-Q2]$

^SQ>_\ZMfO�1"�" Z̃, 8"�" Ỹ , Y="�Æ,">"
[X, Y ] = [x1, x2, · · · , xp, y]n×(p+1) →
[Z̃, Ỹ ] = [(Z̃1)n×(M1+3), · · · , (Z̃p)n×(Mp+3), Ỹ ]

= [z̃1,0, · · · , z̃1,M1+2, · · · , z̃p,0, · · · , z̃p,Mp+2, ỹ]
n×

{( p∑
j=1

(Mj+3)

)
+1

},

F7G<^B3+_�() 9

ỹ =
p∑

j=1

Mj+2∑
l=0

αj,lz̃j,l. (7)

I 3 % . (7) �&K PLS ��9E (PLS ���7>3``XY [10]),  R##�
PLS [0B'9G��9B αj,l(j = 1, 2, · · · , p ; l = 0, 1, · · · , Mj + 2).

I 4 % A (6) �g_ (7) �'?

y − y

sy
=

p∑
j=1

Mj+2∑
l=0

αj,l
zj,l − zj,l

sj,l
,

G<

y = β0 +
p∑

j=1

Mj+2∑
l=0

βj,lzj,l, (8)
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)>
βj,l = sy

αj,l

sj,l
, β0 = y −

p∑
j=1

Mj+2∑
l=0

βj,lzj,l. (9)

I 5 % A��9B4">� (5) g_ (8) �'G< Y  ( X �&()�5

ŷ = β0 +
p∑

j=1

f̂j(xj) = β0 +
p∑

j=1

Mj+2∑
l=0

βj,lΩ3

(xj − ξj,l−1

hj

)
. (10)

3 [� I\]!I\KL��^_`a
QaA$=3�5�$!%';PBF1"�.8"��'!XY,`'U�1"�.

8"��*$&();<C.'"�57�&Sb<\63/cE$%;2FOPFQ6Y
GaZ:2;;P'$=D1"�3,abW+�$!%'3/Q�5,:&'hbBF1
"�.8"��//IJ$
"c 3.1 ÆY"� ξ, η, x, y 0XU ξ, η �c�" n �-Q'-Q^E x, y "d'#

 9B Cov(x, y) = 0, Y& ‖x + y‖2 = ‖x‖2 + ‖y‖2.
# 4 Cov(x, y) = 1

n 〈x − x, y − y〉 = 0 4 x = y = 0, G 〈x, y〉 = 0, bO

‖x + y‖2 = 〈x + y, x + y〉 = 〈x, x〉 + 〈x, y〉 + 〈y, x〉 + 〈y, y〉 = ‖x‖2 + ‖y‖2.

"c 3.2 e x, y U:$W+�ÆY"�' f, g U" f(x), g(y) ["ÆY"��@B'
Y f(x), g(y) "W+�ÆY"�$

�7FQQa`XY [13] I�dI 4 acP 3.
\3dO 3.1 6dO 3.2, @OFQ'$1"�5#W+�$!%'"/QX�23.B

39e"+&()�5'@5+77�dc#e�=Y9'�5EBi$-/bG<��5
&K&();<0LC'F+7�5> RBF1"��+j�',:GS?DK1"�.
8"��'!//6fgC.$%;]�#3`O4FQ$

ec 3.1 e=DB3+1"�BF xj (j = 1, 2, · · · , p) 5#W+'YF"/ “1(-$
">� PLS &();<0L ” G<�+7���5>' RBF�7�>(',:GS;
QBF1"�.8"�&()//C.$
# TGS@B"

y =
p∑

j=1

fj(xj) + ε =
p∑

j=1

(fj(xj) − f j(xj)) + y + ε,

)>'f j(xj), y 0X" fj(xj), y �-Q^E'V%'y =
p∑

j=1

f j(xj),^ f̃j(xj) = fj(xj)−f j(xj),

Y y =
p∑

j=1

f̃j(xj) + y + ε, hf` f̃j(xj) �^E"d$
4 (1) �'"/ “1(-$">� PLS &();<0L ” G<�+77�@B"

ŷ = β0 +
p∑

j=1

f̂j(xj) =
(

y −
p∑

j=1

Mj+2∑
l=0

βj,lzj,l

)
+

p∑
j=1

Mj+2∑
l=0

βj,lzj,l = y +
p∑

j=1

Mj+2∑
l=0

βj,l(zj,l − zj,l).
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^
˜̂
f j(xj) =

Mj+2∑
l=0

βj,l(zj,l − zj,l), Y ŷ = y +
p∑

j=1

˜̂
f j(xj), hf`

˜̂
f j(xj) �^E"d$(U

‖y − ŷ‖2 =
∥∥∥( p∑

j=1

f̃j(xj) + y + ε
)
−

(
y +

p∑
j=1

˜̂
f j(xj)

)∥∥∥2

=
∥∥∥ p∑

j=1

(f̃j(xj) − ˜̂
f j(xj)) + ε

∥∥∥2

.

4 xj(j = 1, 2, · · · , p), ε 5#W+4dO 2, G gj(xj) = f̃j(xj) − ˜̂
f j(xj)(j = 1, 2, · · · , p), ε

5#W+'hf` gj(xj) �^E"d$
'4dO 3.1, &

‖y − ŷ‖2 =
∥∥∥ p∑

j=1

(f̃j(xj) − ˜̂
f j(xj)) + ε

∥∥∥2

=
∥∥∥ p∑

j=1

gj(xj)
∥∥∥2

+ ‖ε‖2

=
p∑

j=1

‖gj(xj)‖2 + σ2

=
p∑

j=1

‖f̃j(xj) − ˜̂
f j(xj)‖2 + σ2.

\3

f̃j(xj) = fj(xj) − f j(xj),
˜̂
f j(xj) =

Mj+2∑
l=0

βj,l(zj,l − zj,l) = f̂j(xj) −
Mj+2∑
l=0

βj,lzj,l

G

‖y − ŷ‖2 =
p∑

j=1

∥∥∥∥(f̂j(xj) − fj(xj)) +
(

f j(xj) −
Mj+2∑
l=0

βj,lzj,l

)∥∥∥∥ + σ2.

4(�5@5+77�dc#e�=Y9'EB'? ‖y − ŷ‖ j<#edc'89'
∥∥∥(f̂j(xj) − fj(xj)) +

(
f j(xj) −

Mj+2∑
l=0

βj,lzj,l

)∥∥∥ (j = 1, 2, · · · , p),

gj<#edc'?BF1"��7�@B2GS@B3,'O@,#]&$^B=')b
?D�&()fgC.UGS@i�$

4 f$g%

4.1 h&i'VjkST
aZ�1Q]\UVj[1"� X = [x1, x2, · · · , xp]n×p �YGB3'hR&g+)�

&()@B fj(xj) (j = 1, 2, · · · , p), 39j[#3�8"� Y =
[
y =

p∑
j=1

fj(xj)
]

n×1
�B3
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-Qi@5I 2 a>�1(-$">� PLS &();<0L&K"�9'i.;fijg
Z�5+7 ŷ = f̂(x1, x2, · · · , xp) �7�'f';&&%F+7���5> RBF#�&
() 9� f̂j(xj) (j = 1, 2, · · · , p), ZF)2=DhR�@B�GS&()C.�&B)$
4.2 h&i'

1) YGB3
ÆYj[BF1"�$ [−1, 1] #�W+^l0kiR-QHB" n = 100; "�ZFQ

23�@K)'hR 3 $&g+)�@B f1(x1) = sin(πx1
2 )($ [−1, 1] lm), f2(x2) = x2

2()
&Blm), f3(x3) = −x3(()); RÆY[], ε ∼ N(0, 0.01) (UG<8"��#3RE"
y = f1(x1)+f2(x2)+f3(x3)+ε. m9'<n�=DB3+ X = [x1, x2, x3]100×3 6 Y = [y]100×1.

2) �59'
R Mj = 3 (j = 1, 2, 3), &K1"�Æ,� 3 ( B -$">'f`'SQ">T'1"�

Æ,4 p = 3 FAm p
3∑

j=1

(Mj + 3) = 18 F$ PLS ��23 RY/[h&K��9E$k

S#'S">T'^"�,T$()# )'@O R� PLS #4[0B" 15(< 18), *?
kQ�;/MW#Æ��'$Q�5>"/ PLS ��23�=A)$

3) aZ;f
ij'o77�'fLl 1, l 2 bW$

m 1

l 1 >' “∗” UO8"��GSE"ip\'O7�E"qp\RG'*1H0k$.
j(#'+Q�+7���5.8"��7�'fkl$

m 2
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l 2 ]�� 100 $-QH�[]E (7�E - GSE), f`'7�H[]<A$ ±0.1 5
n*no'l^#.[]" 0.098.

$91U#'F9G�+7&()�� 9�>' RBF#�&()[0'0Xmr
)&()>('Ll 3 bW$

m 3

l 3 >'S(+WBF#GS&()>(' “∗” "7�>('V%'$V&F#'7�G<
�&() 9?D�GS�&();<C.i x1, x2, x3 #�&()sgpG<�GSK;
Q$

5 ( t
QX<A.1(-$">� PLS ��23&K�&();<0L'2);f+Q' “1

(-$">� PLS ���&();<0L ” 23no�qpOP>�-$7�'A&()
*+uM"7()*+'$91U#'-/9'()*+� PLS ��23&K�5�9B
9'');f')++7�5,:j</e�dc'7"%A�U'$=D1"�W+�I
J%'F+7�5>,:&' R�BF1"�.8"��&()//C.'*$B30L
mv'2)0-9e*/B1"�.8"��'!XYacO4,8#p�&%A�<\
63/cE$

w x ) *
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NONLINEAR STRUCTURE ANALYSIS WITH

PARTIAL LEAST-SQUARES REGRESSION BASED ON

SPLINE TRANSFORMATION

MENG Jie

(Beijing University of Aeronautics and Astronautics, School of Economics and Management,

Beijing 100083; Central University of Finance and Economics, School of Statistics,

Beijing 100081)

WANG Huiwen HUANG Haijun SU Jianning

(Beijing University of Aeronautics and Astronautics, School of Economics and Management,

Beijing 100083)

Abstract Nonlinear Partial Least-Squares Regression Model based on Spline Transfor-
mation not only takes advantages of the characters of spline functions which can locally fit
continuous curves properly, but also brings in Partial Least-Squares Regression Method which
can effectively solve the problem of high correlations in the set of independent variables. In this
paper, according to additive modeling methods both in theory and simulation, it is proven that
Nonlinear Partial Least-Squares Regression Method based on Spline Transformation can not
only get the exact whole forecasting model, but also successfully extract nonlinear features of
each independent variable’s effect on the dependent variable when dealing with nonlinear data
systems with multi-absolute independent variables for one dependent variable. In this way,
acquire the complex nonlinear structures of the data system and an explainable model can be
acquired.

Key words Spline functions, partial least-squares regression, nonlinear, feature extrac-
tion, structure analysis.


