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1 � �
Æ��������������������������� [1].
� G = (V, E) �!������� V = V (G) ��� E = E(G),  ��" u ∈ V (G), #

NG(u)� u�$ G���%�NG[u] = NG(u)∪{u}� u�$ G��!�%�δ = δ(G)� ∆ =
∆(G) "#�� G �&'$�&%$&� A, B⊆ V , #' E(A, B) = {uv ∈ E |u ∈ A, v ∈ B }.
� G1 � G2 ����(����# G1 + G2 )�$ G1 ∪G2 �� G1 �����( G2 �*

����Æ�+��&� G ��!�,%) *� K -� G �!�+�. G �!,�-
(/ K .) �) *�01 K. � G �&%) *��"-� G �+#�'� ω(G).

$/%&���'0()�1*+,2&223��3452&245� Haynes W T
6 [2] -�6778./$0�!/9:1*89&1����'0:;�<2=�����
�'0;3 [3−6] >�1*���'0?@�4���'0 [7] ���A'0 [8−9] 6&5:�

�����'0�<$B=�67�?@�>C�-2(8(!/9??@D:6 (4;@
EF�A?@6), :<(=/G>����'0DB&�C�<2H?+��'0;3&

I� 1.1 � G = (V, E) �!���!�D# f : V → {−1, +1} E-�� G �!�+
��'0D#�49 � G ���+ K �, ∑

v∈V (K)

f(v) ≥ 1 8@&� G �+��'0#F
J�

γks(G) =min
{ ∑

v∈V (G)

f(v) |f �� G �+��'0D#
}

.

�/GH�� S ⊆ V = V (G), <2' f(S) =
∑
v∈S

f(v). I: γks(G)= min{f(V ) |f ��
G �+��'0D# }.
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VNO.FJ�(PQWX
�� 1.2
1) � G �!� n "�RSV��# γks(G) = n;
2)  ��"���(��� G1 � G2, �, γks(G1 ∪ G2) = γks(G1) + γks(G2);
3)  ��"!� n "� G, γks(G) ≡ n(mod2).
Æ�9:YW/ n "� G �+��'0# γks(G) �WX�TF/ZUG>��+��

'0#�[YW/�\�67�?@�>C&

2 � !"
<2VZYW��+��'0#�Z�WW&
I� 2.1  ��"!� n "� G(n ≥ 2), � G �&%$ ∆ = ∆(G) ≥ 1, #,

γks(G) ≥ 2
⌈

2n

∆ + 1

⌉
− n.

[<CWWX&]YZ�&
# ^ ∆ = 1 [F([58@&W� ∆ ≥ 2.
� G = (V, E), f �� G �!�+��'0D#<\+ f(V ) = γks(G). ]X A =

{v ∈ V |f(v) = 1}, B = {v ∈ V |f(v) = −1}, |A| = s, |B| = t. [5, n = s + t, γks(G) =
s − t = 2s − n.

\FJ 1.1 ]X ��� u ∈ B, |NG(u) ∩ A| ≥ 2(_#� u ��$��`+ K, #,
f(V (K)) ≤ 0, ^a), ^C, |E(A, B)| ≥ 2t.

W_bA A $ G ��cW*���# r = |E(G[A])|.  ��� u ∈ B, \FJ 1.1
]X � u ��$��`+ K, f(V (K)) ≥ 1, \CY`� u �_a( A �=��D��
��Æ&: ��Æ� e = v1v2 ∈ E(G[A]), v1 � v2 _=( B � ∆ − 1 ���[�Æ�
I:, r ≥ |B|

∆−1 = t
∆−1 , [<+d ∆s = ∆ |A| ≥ ∑

v∈A

dG(v) = 2r + |E(A, B)| ≥ 2∆t
∆−1 , .,

s ≥ 2t
∆−1 = 2(n−s)

∆−1 , `"d s �a#�^C� s ≥
⌈

2n
∆+1

⌉
,γks(G) = 2s − n ≥ 2

⌈
2n

∆+1

⌉
− n.

W_b�CWWX&]YZ�&
^ ∆ = 1 [�b G = K2 ∪ Kn−2, [5, γks(G) = n = 2

⌈
2n

∆+1

⌉
− n.

^ ∆ = 2 [�b G � t =
⌊

n
3

⌋
� K3 ( n − 3t � K1 c[&[5,

γks(G) = n − 2t = 2
⌈

2n

3

⌉
− n = 2

⌈
2n

∆ + 1

⌉
− n.

^ ∆ ≥ 3 [�b G1 � s =
⌊

n
∆+1

⌋
� K2 + K∆−1 c[�] q = n − s(∆ + 1), [5

0 ≤ q ≤ ∆. ^ q = 0 [�] G = G1; ^ 1 ≤ q ≤ 2 [�] G = G1 ∪ Kq; ^ q ≥ 3 [�]

G = G1 ∪ (Kq−2 + K2). (PdbX G �!� n "��[<, γks(G) = 2
⌈

2n
∆+1

⌉
− n. _C�

F( 2.1 be&
$% 2.2  ��" n "� G(n ≥ 2), �, n ≥ γks(G) ≥ 4 − n, [<COfWWgX&

]YZ�&
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# i�OWXeh��WWY\F( 2.1 +W�< ��" n "f T , [5 γks(T ) = n.
<(PQW γks(K2 + Kn−2) = 4 − n, j) 2.2 be&

I� 2.3  ��" n "� G, � G �&'$ δ = δ(G) ≥ 3, #,

γks(G) ≥ 2
⌈

3n

∆ + 2

⌉
− n,

�� ∆ = ∆(G) � G �&%$&
# Uk�F( 2.1 �b���� f , A, B, s � t �FJ���F( 2.1 �b��&
 ���� u ∈ B, � u �( B �g!�� v �Æ�\FJ 1.1 ]� e = uv �$��`

+ K �_a, A � 3 �� (_# f(V (K)) ≤ 0, ^a), . |NG(u) ∩ A| ≥ 3; � u �( B ��
`��(�Æ�\� δ = δ(G) ≥ 3, Y`h, |NG(u) ∩ A| ≥ 3.

^C |E(A, B)| ≥ 3t, i A �,!� u (_a ⌈
3t
s

⌉
� B ���Æ�: u �_a( 1 � A

���Æ�I:, ∆ ≥ 1 +
⌈

3t
s

⌉ ≥ 1 + 3(n−s)
s , . s ≥ 3n

∆+2 , `"d s �a#�i,
γks(G) = 2s− n ≥ 2

⌈
3n

∆+2

⌉
− n. F( 2.3 be&

$% 2.4  ��" n " k- l#� G(n > k ≥ 1), �,

γks(G) ≥

⎧⎪⎨
⎪⎩

⌈
n
3

⌉
, k = 2;

2
⌈

3n
k+2

⌉
− n, k 
= 2.

# ^ k = 1 [[58@&: k = 2 � k ≥ 3 Y"#\F( 2.1 �F( 2.3 +d&
�� 2.5  ��" n " k- l#� G(n > k ≥ 1), � ω(G) ≤ 4 #,

γks(G) ≥
⌈

n

2k − 1

⌉
.

# � f ��G�!�+��'0D#<\+ f(V ) = γks(G). ]XA = {v ∈ V |f(v) = 1},
B = {v ∈ V |f(v) = −1}, |A| = s, |B| = t. [5, n = s + t, γks(G) = s− t. \ ω(G) ≤ 4 ] B

��`��X(�� (_#��<$ u, v ∈ B \+ e = uv ∈ E(G), # e = uv �$��`+
K,, f(V (K)) ≤ 0,^a), `"d G � k-l#��i B ������( A� k ����Æ�

< A ����� u _a( A � 1 ����Æ (_# u ��$�+�� K2, < f(V (K2)) = 0,
^a). ^C A �*���$#c� ks ≥ kt + s, ., k(s− t) ≥ s = s

2 + n−t
2 = n

2 + s−t
2 , I:

γks(G) = s − t ≥ n
2k−1 ,γks(G) �a#�be&

I� 2.6  ��"!��j@��� n "e_� G, #,

γks(G) ≥
⌈

δ − ∆ + 1
δ + ∆ − 1

n

⌉
,

�� δ � ∆ "#�� G �&'$�&%$&
# 1) ^ δ = ∆ [� G � k = δ = ∆ $l#��`"d k ≥ 1, \� G �e_��i

ω(G) ≤ 4, VNH( 2.5 +]F(8@&
2) ^ δ ≤ ∆ − 1 [�`"d δ ≥ 1.
� f �� G �!�+��'0D#<\+ f(V ) = γks(G). ] A = {v ∈ V |f(v) = 1},

B = {v ∈ V |f(v) = −1}, |A| = s, |B| = t. [5, n = s + t, γks(G) = s − t.
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49<$ u, v ∈ B \+ e = uv ∈ E(G), ^� e = uv �$��`+ K, , f(V (K)) ≥ 1,
i |V (K)| ≥ 5, i( ω(G) ≤ 4 ^a&

^C� B ��`���X(���. �` u ∈ B, �, NG(u) ⊆ A, I: |E(A, B)| ≥
δ |B| = tδ. \ δ ≥ 1 Y` G[A] ��j@�� (_#���j@���$�+ K = K2, [
< f(V (K)) = 0 ^a), Y` A �*��$#c�('� s + tδ, i_a,!� v ∈ A, \+
dG(v) ≥ s+tδ

s , ., (∆ − 1)s ≥ tδ, (∆ − 1)t = (∆ − 1)t, �iDjfk (`"d n = s + t) "
#+d t ≤ (∆−1)n

δ+∆−1 , γks(G) = s − t ≥ δ−∆+1
∆−1 t. \� δ ≤ ∆ − 1, . δ − ∆ + 1 ≤ 0, I:,

γks(G) ≥ (δ−∆+1)
δ+∆−1 n, `"d γks(G) �a#�F( 2.6 be&

 ��"!� n "�RSV�� G, [5, γks(G) = n. k� G �RSV88X
γks(G) = n �!�l"Æl�(Xm:Æl&4`mnno γks(G) = n � n "� G h5X

!�oP�?@&
I� 2.7 � G �!� n "� G(n ≥ 4), < γks(G) = n, #,

ω(G) ≤
⌊n

2

⌋
.

[<COWX&]YZ�&
# � ω(G) = s, Ks �� G �!�&%+�^ s ≤ 2 [F([58@&W� s ≥ 3.
�<$ u ∈ V (Ks), \+ u ��$���+�"('� 3, #YFJ G �!�+��'

0D# f 4WX f(u) = −1, [<^ v 
= u [ f(v) = 1, Y` γks(G) ≤ f(V (G)) = n − 2, (F
(�Æl^a&

^C� ��!� u ∈ V (Ks), # u �m$=!� 2 "+ K2 �&`"d s ≥ 3, . V (Ks)
��!�� u m(=!�($ V (Ks) ��� v �Æ�: v �( V (Ks) � (// u �.) �-
��(�Æ&^C� n ≥ 2s, `"d s �a#�i, ω(G) = s ≤ ⌊

n
2

⌋
.

W_<2pm!� n "� G(n ≥ 4), \+F(�6i8@&
^ n = 2t �p#[�] G �� Kt ∪ Kt �nj t Æq@��+��&
^ n = 2t+1�q#[�$� Kt∪Kt �nj tÆq@��+��'� H , ] G = H∪K1.
(PQWX G �!� n "�� ω(G) =

⌊
n
2

⌋
[< γks(G) = n, F( 2.7 be&

W_<2rsZUG>��+��'0#&\H( 1.2 +]�� G � n "r@�so
G � n " (n 
= 3) t�#, γks(G) = n.

I� 2.8

1) � n ≥ 1, # γks(Kn) = 3+(−1)n

2 ;
2) � n ≥ 3, # γks(Wn+1) = 3−(−1)n

2 ; �� Kn � n ") ��Wn+1 = Cn +K1 � n+1
"u�&
# 1) X�[��<2pb� 2).
' G = Wn+1, V = V (G). � f �� G �!�+��'0D#<\+ f(V ) = γks(G).

]X A = {v ∈ V |f(v) = −1}. ^ n = 3 [F(X�[�&W� n ≥ 4. \� G ���+
��!� K3, i A ��`��X(�� (A � G �!�q@�), Y` |A| ≤ ⌊

n
2

⌋
, I:,

γks(G) = |V (G)| − 2 |A| ≥ n + 1 − 2
⌊

n
2

⌋
= 3−(−1)n

2 .
g!G_�b M �� G = Wn+1 �!�&%q@��q` |M | =

⌊
n
2

⌋
, FJ G �!

�+��'0D# f 4WX^ v ∈ M [ f(v) = −1; ^ v ∈ V (G)\M [ f(v) = +1. ^C
γks(G) ≤ f(V ) = 3−(−1)2

2 . _C�F( 2.8 be&
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<2]t γks(Km,n) = m + n, j4d) =@�[,W_�v)&
I� 2.9 � n1 ≤ n2 ≤ · · · ≤ nm(m ≥ 3), #) m @� K(n1, n2, · · · , nm) �+��'

0#
γks(K(n1, n2, · · · , nm)) =

t∑
k=1

nk −
m∑

k=t+1

nk,

iw t =
⌈

m+1
2

⌉
.

# ' G = K(n1, n2, · · · , nm), V = V (G) =
m⋃

k=1

Vk, |Vk| = nk(1 ≤ k ≤ m).

VZ�FJ� G �!�+��'0D# f 4WX
^ v ∈

t⋃
k=1

Vk [ f(v) = +1; ^ v ∈
m⋃

k=t+1

Vk [ f(v) = −1. i γks(G) ≤ f(V ) =

t∑
k=1

nk −
m∑

k=t+1

nk.

g!G_�� f �� G �!�+��'0D#�\+ γks(G) = f(V ). ]X A =
{v ∈ V |f(v) = −1}, S = {k |A ∩ Vk = φ}, R = {k |A ∩ Vk 
= φ}, Y` S ∩ R = φ, S ∪ R =
{1, 2, 3, · · · · · · , m}, ., |S| + |R| = m. ' |R| = q. Wb |S| ≥ t.

4ubv&x� |S| ≤ t− 1, # q = |R| ≥ m− t + 1 = m− ⌈
m+1

2

⌉
+ 1 =

⌈
m
2

⌉
(iw" m �

q#�p#), ' R = {k1, k2, · · · , kq}, `"d q ≥ ⌈
m
2

⌉
. \ R �FJ]X �!� i(1 ≤ i ≤ q),

A ∩ Vki 
= φ, iYb vi ∈ A ∩ Vki(1 ≤ i ≤ q). ] M = {v1, v2, · · · · · · , vq}, Y` M ⊆ A, .
f(vi) = −1(i = 1, 2, · · · , q). r^ M ��"��� vi � vj(i 
= j) �(X G ��!@��
� ("#$ Vki � Vkj �), i M $ G ��cW*� G[M ] = Kq �!� q ") �& �0
1i� q ") � Kq ��`!�+ K, \� G �) m @�� |V (K)| ≤ m, [<`"d
q ≥ ⌈

m
2

⌉
, ^C, f(V (K)) = f(V (K)\V (Kq)) + f(V (Kq) ≤ |V (K)| − q − q ≤ m − 2q ≤ 0. i

( f �� G �!�+��'0D#^a&
^C |S| ≥ t. \ S �FJ]X G � m @���, |S| ≥ t @��!@�(01 A ���

`�&. A ����"w$_= m− t@�&̀ "d n1 ≤ n2 ≤ · · · ≤ nm, ^C |A| ≤
m∑

k=t+1

nk,

i γks(G) = f(V ) = |V | − 2 |A| ≥
t∑

k=1

nk −
m∑

k=t+1

nk. _C�F( 2.9 be&

3 &'()*+st
Æ�9:rs/ γks(G) �WW�!�eh�OW� γks(G) ≤ |V (G)|, u57YWW_

�>x&

vw 3.1  ��" n "� G, � γks(G) = n, # |E(G)| ≤
⌊

n2

4

⌋
.

49i�>xlT�y�#COWX&]YZ�&y4�̂ s =
⌈

n
2

⌉
, t =

⌊
n
2

⌋
[�G = Ks,t

Z\6i8@&

vw 3.2 $F( 2.6 �YW� γks(G) �WW �"� G 8@&

rs!�� G (�z� G �+��'0#�B6�<2YW?@&
,- 3.3  ��" n "� G, 4`YW γks(G) + γks(G) �!�]WW{
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x+`"�XXT9<$ n "zy� G � G, \+ γks(G) = γks(G) = n 8@&y4�

^ n = 2t �p#[� G �� Kt ∪ Kt �nj t Æq@��+��&
,- 3.4 4`mn n "zy� G � G, \+ γks(G) = γks(G) = n 8@&

O.?@�>x|,}�{!~z{�1*&

| . / 0
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ON CLIQUE SIGNED DOMINATION NUMBERS

OF GRAPHS

XU Baogen

(Department of Mathematics, East China Jiaotong University, Nanchang 330013)

Abstract The concept of clique signed domination in graphs is introduced, some lower
bounds for the clique signed domination numbers of graphs are given, and the exact values of
the clique signed domination numbers for some special graphs are determined. Finally some
open problems and conjectures are proposed.

Key words Clique signed domination function, clique signed domination number, planar
graph, Wheel, complete m-partite graph.


