2 & M % 5 K %
J. Sys. Sci. & Math. Scis.
28(2) (2008, 2), 168-179

i

:Mﬁﬁﬁﬁﬁfzfmﬁﬂ
Y pRe e

XEE HEHE
(WARITH K EHERRE2BE, A 250014)
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ik b b 77 7 = a0 L TP A ) A AE

xR = aULfERE, BRI, By TR

MR(2000) £  34B10

np

1 5]

FELREK S T REREMS T ERERN NN EES X, EEEYE. 2PE
. G MR AR GGG T IR, H5E T Bkob s 75 5 = 5 1 (8 0] B f 1 77 7E
PR LAEMRE A Z . B IREESC 1] R Schauder /N3 g 8 A He 45 B9 44 i B2 1+ 12
T AT AR AR 5 I Bk b A4y 75 AR = 5 TR 1) R i ) A T R — .

—u" = f(t,u,u), t#£ty (k=1,2,---,m),
Au|t=tk = Ik(u(tk))5 k = 1) 27 R U
Aul|t=t;C = I_k(u(tk)7u/(tk))7 k= 1) 27 s, M,
u(0) =0 =u(1) — au(n),
Hp fe C[JxR"xR",R"], J=[0,1,0<t; < - - <tx <---<tm <1, I, € C[R",R"], I}, €
C[R™ x R™,R"], n € (0,1), 0 < an < 1.
AL, EREAESC (2] PR ISR E AR T T Banach Z[6] E H B fk
- B 7 AR = s 30 ) R e A TE
—u" = f(t,u, v, Tu,Su), te€JJ, t#tg,
Au|t:tk = Ik(u(tk)vu,(tk))a
A o=y, = T (u(ty), o' (tr)), k=1,2,---,m,
u(0) = 0, u(1) = u(n),

*ERERBEES (10171057) MILAREHETHESE (JOTWHO08) ¥EH).
Weki B #: 2005-06-16, WeF &R H #: 2006-10-08.
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HHF feECIXEXEXEXEE], J=[0,1], 0<t; < <ty <n<tpp1 < <ty<
1, (Tu)(t) = [} g(t,s)u(s)ds, (Su)(t) = [; h(t,s)u(s)ds, g € C[D,R], h € C[J x J,R], D =
{(t,s) e Ix J|t>s}, I, € CIEX E,E), Iy € C[Ex E,E], ne€ (0,1), k=1,2,---,m, § 4 E
& TT.
AR ORI A TR I ko B 5 AR = S E

_ullzf(t7uaul)7 te (071)’ t#t“
Au|t=ti = Liu'(ti),

(1.1)

A ey, = I (u(ty)), i=1,2,---,m,

u(0) =0, u(l) = yu(n) =0,

Htnpe (0,1), y€[0,1], 0 <t <tg < -+ <t <n<tyyr <-- <ty <1 J=
[0,1], f € C[J x R x R,R], Li ¥ %, I} € C[R,R], Auli—t, = u(t:r) —u(t; ), A=, =
() = () (0= 1,2,--,m), A ut) 5 ulty) SRR R ult) TRt =t BARR
2RI, o' () 5 o' (t;) HARR () TRt =t BN, 7ERKRIEE
T, Li=I=0,i=12--,m, [fAFFEH « &, 3 [3] @@= R0 HEN SR
e, FAAREEARETAE T = S0 E NS & KB NMEOFESE. BR, X
Bl FHEEEAFEH KO EE, HREEREOAFERT F 59580« 8
HIE. B, ASCHEELA KNSR T =0l E (1.1) g EHE, K5 R BGERN
BRIAERRB IS T = S ERE (1.1) &K SO EEE, BORa T — A+

2 WEANA

ia Jo = [Oatl]v Jy = (tlth]v Tt Ji= (tiatiJrl]v Tty Im = (tmv 1]7 J' = J\{tlvt% T 7tm}'
PClJ,R] = {u : J — Rlu(t) Y4 t # t; BHESE w(t]) 5 u(t;y) FEH u(t) = u(ty), i =
1,2,---,m}. PCYJ,R] = {u € PC[J,R]|u'(t) 24 t # t; Bti&E%E, H o' ()5 (t]) F1E, i =
1,2,---,m}. BIRTE ||ullpc = Sugllt(?f)l F, PC[J,R] B 4— Banach Zi]. %+ u €
te
PC'[J,R], H {2 B,

u(t;) —u(t; — h) € heo{u'(t) : t; —h <t <t;} (h>0),

MEHH, w) 7t =t LHEFE . (6) F1E, FH
u(ti) — u(ti — h)

u' () = lim

=u'(t;).
Jim, (t;)

3

EARCH, () =u(t]). TR, %ue PC'UJ R B, Hu € PC[JR]. BH, K
[ul| por = max{]|ul[pc, |[v'[| pc}

T, PCYJ,R) i }—4 Banach %5 [d].
#ue PCUJ, RINC?*[J,R], W2 (1.1) FErE %R, WHK v AHBEMNS (1.1) #f#.
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3138 2.1(HEEM) #ue PCUJ,RINCJ, R, ¥R
—u(t) < —Mu(t) — Nu'(t), te(0,1), t £t

Aul=t; = L/ (L),

(2.1)
Alimy, > Liu(t)), i=1,2,
u(0) < 0,u(1) —yu(n) <0,

Hf M >0 NeR, L; >0, L} >0 A¥E BE LiL <1@G=12---,m) N u(t) <
0, Vted

i EARR, WFLEC e J, 5 u®') > 0. BT w(0) <0, frh ¢ # 0. XHF u(t) 76
t=t; (i=1,2,---,m), t =1 HAEELE, BJ&Et £t i=12,--,m), ' A1 TRt HFS3
FEBE: 1)t e(0,t)), 2)3i, 1<i<m—1, Bt € (ti,tiyr), 3) t' € (tm, 1).

#H—SREEE 2) oL, HE 1), 3) FEAE.

Aty =inf{t|s € [t,t'], u(s) >0, t > tx} (k=1,2,---,4), t* =inf{t|s € [t,t'], u(s)
0, t > 0}.

)&ty >t W t; =t u(t*) =0, u'(t*) > 0. % t5* = sup{t|s € [t',t], u(s) >0, t <
tiv1} (i < j < m), t** =sup{t|s € [t/,t], u(s) >0, t <1}, W V ¢t € (¢F,¢*), u(t) > 0. F
>
=

7m7

V

RVt (1, 6) B —u(t) < —Mu(t) — Nu/(t), 7 u’(t) > Mu(t) + Nu'(t), (e (5)
e NEMu(t) > 0. X o' (tF) > 0, # e N/ (tF) > 0. NT e Nt/ (t) > 0, YVt € (t5,t7%). T

3 1771

W(t) >0, Vte (). N 6 =tipr, Hu(t;*) >0, «/(¢7%) > 0. F&H

u(tf ) = utiyr) + Ligau/ (tig1) >0,

w (tf,) > u/(tivr) + L u(tipr) >0,

RIS, AIR 67 = tivo. IRFEHE, Vi > 5 >4, 6% = tj00, Hu(t],)) >0, o/'(t],) >
0. T u(tt) > 0, «/(t)) > 0. BRAETHE ITIE, A& ¢ = 1, u(t*™) > 0, «/(t**) > 0
HVYte ¢, ult) > 0. TRV te (t5t), t #1 (j =i+1,---,m), H u(t) >
Mu(t) + Nu'(t), (e Nt/(t)) > e NtMu(t) > 0. X o/(t*) > Au’|t:tj > Liu(tj) > 0, Br
BL /() > 0, Yt € (t*,67), X Aulimy, = La/(t;) > 0 (j = i+ 1,---,m), Frbh u(t) &
(t*,t*) By R R . &t <, W w(1) < ~u(n ) < u(n) %E At >, U
u(1) < yu(n) < uln), 1% u(n) >0, H o'(n) < 0(HE L, # u'(n) >0, 4 G = sup{t|s €
n,t], w(s) >0, t <t} (k=141 m). WKMLARTHE & T Vte (nt*), ult) >0, u(t)
R (n.t7) LR R A T u(n) > 0, X u(tr) = o FIE). & T = inf{t]s €
[t,n], u(s) >0, t > tx} (k= 1,2,---,0), WVt e &,n),ult) >0 WiiVte(d,nH
(e Nt/ (1)) > e NtMu(t) > 0. X u/(n) <0, FrBh & = t;, H u(t;) > 0,4/(t]) < 0. T

u(t) = u(ty") — L/ (t),  u'(t) < o/'(t7) — Liu(t),

&

(1 — LiL)u(ty) > u(t)) — L/ () > 0,
N LiLy <1, Brbhu(t) > 0. AT o/ () < o' () —Liu(t) <0, AVt € (T_1,t), u(t) > 0. TJ&
Vie @ _q,th), B (e N/ (t) > e N Mu(t) > 0. X u'() <0, BTl o/(t) <0, Yt € (F_q,t).
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T 61 = ti—1, u(ty ) >0, «' (7)) < 0./ LiHEF®, Vie(0,n], ult)>0.% 5 u0) <0
FIE.

2) Ftr = ty, W ow(t}) > 0. % ut) =0, W /&) >0, @A 1) BT AHFE.
w(t) >0, H o/(tF) < 0. N i

u(t;)

u/(t;) <

u(ty") — L' (t:),
u'(tf) - L*()
%

(1= LiLy)u(ti) > u(t!) — L' () > 0,

N LiL; <1, Frbhu(t;) > 0. NTT o/ (t;) < o' (tF) — Liu(t;) < 0. BVt e (t_q,t), ult) >0. T
J& (e N/ (#) > e N Mu(t) > 0, Vt € (t7_q1,t:). X u'(t;) <0, FFL ' (t) <0, Vt € (t]_,t).
Tty = tica, uw(t ) >0, v/(t)) < 0. M LIFRT &, Viel0t], ut) >0 X5
w(0) <O FJE. Fu®t]) >0, Ho't])>0, WE 1) KL TETE.
FRul)<0,Vied
5|38 2.2 # o, § € PC[J,R], M, N, L;, L} (i = 1,2,---,m) HHE, W u <
PC'[J, RN C?[J', R] J& W ik v 43 J7 2 = s 21 1)

—W(t) = —Mu(t) — Nu'(t) + o(t),  te(0,1), t #t,
Aul—s, = L/ (t:),

Ad'lomy, = IE(8()) — L (8(t) — ulty)), i=1,2,---,m,
w(0) = 0, u(1) = yu(n) = 0

Hof, 4 BLACS w e PCUJ, R) T T Bk of B3 77 72 Y

= | Glo(=bru(s) = Nu'(s) + o(5)as
+ Z {Lau! (ts) + (t — t:) [ (0(ts)) — Ly (6(t:) — u(ts))]}

o<t;<t
l

w }:@mﬁﬁ+0r%MU®@D—Lﬂﬂm—uwﬂﬁ

z}Lu + (L=t L7 (0(t:)) = Li(0(t:) —u(t:))]}, Vied,  (2.3)

1—777
Hrp
1—t)—y(n—t

A== =0 o crcn 0<s<n<t,
1—n

Wl—?—VW_Sw 0<t<s<m,

G(tvs): 1 t Pynt

S(_)—’_’yn( —S)’ ngsgtéla
1—n

t(1 -

(1-s) Ost<n=<s<l 0sp<t<s<l

1—m
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HATH 512, 515
#i® 2.1 Fue PCUJ RINC?J, R BB Bkt oy 77 18 = s A fE R (2.2) B9,
Iy

u'(1) = u'(0) = - /0 (—Mu(s) = Nu'(s) + o(s))ds + Z[U@(ti)) = Li(6(t:) — u(t))]-

5|3 23 #o0, € PC[J,R, M>0, NeR, L; >0, L; >0 (i =1,2,---,m) A%
T pelel = 1600
B = (M +|N)r WZL +( ! i[bﬂn—ti)m <1, (2.4)
1—777 — ’
By = (M + N7 + — i[L (2= —t)L zl: L1 <1, (2.5)
L= = i=1

W ks B9y I (2.3) 42 PCU(J, R BA M — k.

B ZRARASC (1) A 2 2 Y IE .

513 2.4M H C PC'[J, R RAHX R4S HAY H B RE u(t) BRI TR (1)
T J L—BCRFHAERA Je (k=0,1,--,m) LAKSFE S

BLAR T 510 5% -

(Hy) F1E vo, wo € PCY[J, RN C2[J', R], {753 vo(t) < wo(t)(V t € J), Hi &

—vf < ft,v0,v0), te(0,1), t#t,,

Awvole=t; = Livg(ts),

Avgle=t; = I (vo(ts)), i=1,2,---,m,

v0(0) <0, vo(1) =7vo(n) <0,  vp(0) = vp(1),
—wj > f(t,we,w}), te(0,1), t#t,
Awoli=t, = Lyw{ (),

Aw(/)|15:15i < I;k(wo(ti)), i=1,2,---,m,

wo(0) = 0, wo(1) — ywo(n) =0, wp(0) = wp(1).

(Ho) FHEHEM >0, NeR, L} >0, ff
ft,u,v) — f(t,w,0) > —M(u—-u)— N(v—-1), wv(t)<u<u<wy(t), VteJ v,7€R,
I (u(ts) — I7 (u(ts) = Li(u(t:) — u(ti), wo(ti) Su<u<wo(ts) (i =1,2,--+,m).

it [vo, wo] = {u € PC[J,R] : vo(t) < u(t) <wp(t), Vte J}.
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3 EEERROIT

173

EHE 3.1 RIEAME (Hy), (Hy) K& (24), (25) XML, HBE Li >0, L > OFHEL
H LiL; <1(i=1,2,---,m). WELEFF] {v,}, {w.} € PC'J, RINC2J', R), ¥ &

vo(t) Sv(t) < - Swp(t) <o Swp(t) < - < wi(t) < wolt),
Bi(t) < vy (t) < Ba(t), Bi(t) < w,(t) < Ba(t),

H {vn}, {wn} £ J L4351 — B ST = S E RS (1.1) 7E [vo, wo] HAY 5 /MF A B K
@, vt € PC[J, RN C2[J', R]. {v.}, {w} 7E J EAH—B0l 80T @ 1 o, TR5 = &0l

[ (1.1) 7E [vo, wo] HHIMENTHE v € PC'[J, RINC?[J, R], &

<ut(t) < e Swnlt) < < wnt) < wolt), (3.1)
He
Bi(t) = vi(t) M/ K(t,s)(wo(s) —vo(s) ), wy (s
oNt
-, 2 Lifun(t) —w( )N

{ D 7 (wolts)) — L (wolts) — vo(ts)) (™™ +1)] = N(wo(1) — vo(l))},

1 eNt 1
Balt) = wh(t) + M [ K(t.3)(wols) = wn(s)ds = = [ 5,000, 0h(s))ds

Nt
+ 0 LiCwo(ts) —vo(t))eN T 4

-1
t<t;<1

{Z 117 (v (1)) + L (wot:) — vo(t2)) @ + 1)] 4+ N(wo (1) - vou))},

N 1 , 0<s<t <,
K(tvs) =
eNt(1+eN(1—s))
<t<s<1
P — 0<t<s
ik ’E‘Egé € [’UQ,U}O], /7"\
a(t) = f(t,6(t),0 () + Md(t) + N&'(t), (3.2)

Mo e PC'[J,R]. 53 2.2 F5]| 2 2.3, = S E NS (2.2) FHE—Ff v e PC'[J, RN C?[J', R)].
A u= A6 Ml A: [vo,wo] — PCJ,RINC?J',R] C PC'[J,R]. FiE a) vo < Avg, Awg <
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wo. b) A J& [vo,wo] LI T. HIE a), & vi = Avg, p=vo —v1, WM (2.2) & (3.2), 1%
—v(t) = —Muvy(t) — NV (t) + f(t,v0(t),vh(t)) + Mug(t) + Nvj(t), t€(0,1), t #t;,

A’U1|t:t,; = Livll (t’i)’

A’U,1|t=t7: = Iz‘*(vo(f'i)) - LZ(UO(f'i) - Ul(ti))7 1=1,2,---,m,

v1(0) =0, vi(1) —~vi(n) =0.
T, B &M (Hy), 1%
—p”(t) < _Mp(t) - Np,(t)a te (Oa 1)7 t 7é ti,
Ap|t:ti = Lipl(ti)a
Ap/|t:ti 2 L:p(tl)v 1= ]-7 2; s, M,
p(0) <0, p(1)—~p(n) <0.
TR, MAEFIHE 2.1, Hpt) <0, Vied Bl v < Avg. FAIEAMHE Awy < wo. AiE b), &
b1, 62 € [vo, wol, 81 < 0o, FHA p = w1 —ug, HH uy = Aby, up = Adp. W (2.2) X, (3.2) X
L&A (Ha), B
—p"(t) < =Mp(t) — Np'(t), t€(0,1), t #1i,
Apl|t:ti > pr(ti);

Apli=t, = Lip'(t:), i=1,2,---,m, p(0)=0, p(1)—~yp(n)=0.
FJ&, WIEFIFE 2.1, F p(t) <0, Ve J, Bl A5 < Abs.
45 6 € [vo, wo], HETHEIEMIAIZEE a) M b), &
v < Avg < Ad < Awg < wy.
THE Bi(t) < (A0)'(t) < Ba(t). % 2(t) = wy(t) — (Ad)'(¢), Wi (Hy), (Ha) K (2.2) X, &
2'(t) < M(wo(t) —vo(t)) + Nz(t), Vtel,

M
(e Ntz(t)) < e MM (wo(t) —wo(t)), VteJ.

2(t) > eND (1) — M/ N9 (wo(s) — vo(s))ds — Z Li(wo(t;) —vo(t;))eN =) (3.3)
t t<t;<1

m

2(0) > e Nz(1) - M/o e NV (wy(s) —vp(s))ds — Z L (wo(t;) —vo(t;))e N, (3.4)

i=1

X R 2.1 KA (Hy) 5
2(0) — 2(1) < /0 M (wo(s) — vo(s))ds — /0 F(s,v0(s), vh(s))ds + N(we(1) — vo(1))

m

+ 3 I (vo(ta)) + L (wo(t:) — vo(ti)],

i=1
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2(0) < =(1) +/O M (wo(s) —vo(s))ds —/O f(s,v0(s),v5(s))ds + N (wo(1) — vo(1))

+ Z[U(Uo(ti)) + L (wo(t:) — vo(t:))]- (3.5)
TR (3.4) XM 3.5) X, 1%
z(1) > ﬁ

1 1
{ - M/ (wo(s) = wvo(s))(e™™* +1)ds +/ f(s,v0(s), vg(s))ds

=) = (1) = DI sn(t)) + L) — st 1]} (30)

i=1

H (3.3) XA (3.6) K, &

t eVt e~ Ns 1 eVt eN(l—s)
(02 ~ar{ [T o) wmloas + [ (o) - o)

eV —1 eV —1
eNt
(5).vp(s))ds —
{ () = (V) + D11 (o) + i un(e) = wnfe) e 1}
-y ) — wo(t;))e™N )
Wi
(AS)' () < wih(t) +M/ K (t, 5)(wo(s) — vo(s) ), v
Nt
+Z i) — volt ))N‘”)+ o

{ > 1 (vo(t:)) + L (wo(t:) — vo(t:)) (e + 1)] + N(wo(1) — ’Uo(l))},
=1
B (A6)'(t) < Ba(t). FIFRTHE By (t) < (Ad)(1).

B vy = Avp_1, wy = Awp1(n=1,2,---). HETHIEANS R, A

W) S 01(t) < -+ < va(t) < - Swa(t) < < wn(t) < wolt), (3.7)

H
Bi(t) < v, (1) < Ba(t),  Bi(t) < wp(t) < Ba(t). (3-8)

BI {vn(t)} & PCU[J, R] FEYH 5.
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H v BB XK (2.3) X, B

= / G(t,s)(—Muv,(s) — Nvj,(s) + on—1(s))ds

+ Y (Lt )L (vn—1(ti)) — Li (vn—1(t:) — vn(t:))]}

0<t; <t

v )L (vn—1(t:)) = L (vn—1(t:) — v (t:))]}

T Z{Lw (1= t) [ (vn—1(t:)) — Li (vn—1(t:) — v ()]}, (3.9)
He

On-1(t) = f(t,vn-1(t),v5_1(t)) + Mvp_1(t) + Nvj,_1(t), VteJ (n=1,2,---). (3.10)
HERS, X

1
- / Gt 5)(— Mun(s) — N, (s) + 0m_1(s))ds

~ 1oy 2 ALin(t) + (1= )l (0aa (6)) = L (0aa (6) = oa (D]}, (311)

Hepvies (n=1,2--).

H (3.7)-3.11) G K va(t), v, (t) FEHA Je (k=0,1,---,m) LERFEESN. T2
H 512 2.4, BIAI {on(6)} £E J E—B0KST u(t) € PC'[J, R], B}

l|on — || por — 0 (n — o0). (3.12)

BAE, MR (3.12) K, £ (3.9) XL n — oo BKIR, 17

:/O G(t,s)(—Mu(s) — Nu'(s) +7(s))ds + Z (L (t;) + (t — ;) I (u(t;)))

0<t; <t
1—n ;[Liu (t:) + (n — t) L7 (u(t:))]
t U _, o
. po ;[Liu (t) + (1 —t)IF (u(t;))], Vted

HAp o) = f(tu@),w(t) + Mu(t) + Nu'(t).
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i, FIASIHE 2.2, B4 @ e PCYJ, RINC?[J', R], B u(t) & {E RS (1.1) B,
FBAE, ||Jw, —u*||pct — 0 (n — c0) X FA w* € PC'[J,R|NC?[J', R KL, H u*

JE R (1.1) f .
B ue PC'J,RINC?[J', R] R = mIBEME (1.1) 7 [vo, wo] FHE—M, T2 vo(t) <
u(t) <wo(t) (V€ T). BRE vn1(t) <u(t) <w,_1(t) (Vt € J). 2 p(t) = v, (t) —ult). f155f
(H2)a ﬁ
=p"(t) = =Mp(t) = Np'(t) + [f(t, vn—1(t), 0,1 (1)) — (£, u(t), u' () + M (vn-1(t) — u(t))
FN (v, (t) =/ (2))]

< —Mp(t) = Np'(t), te(0,1), t #t;,
Ap'li=i, = Lip(ti) + I} (vn—1(t:)) — I} (u(ti)) — L (vn—1(ti) — u(ts))] > Lip(ts),
Ap|t:ti - Lip/(ti); 1= ]-a 27 s, M, p(O) = 0; p(l) - ’)’P(U) =0.

T, WIETIFE 2.1, Fpt) <0, Vte J o, (t) <u(t), Vte J REAGE, u(t) <w,(t), Vte
J T, RE\HME, 5
vp(t) <wu(t) <wy(t), Yted (n=0,1,2,--).

A n — oo BURFR, BPfE
a(t) < ult) <ut), Vied.

B, BEED 3.7) X, B 3.1) R
Bl 3.1 FZE Bkl R = R E ] B

2 t !
- _ __%a tE(O,l),t;’é

~700 T 300 T 250

"

=~ w

1
- 4’ )

e

1 1

=t <t< -

27 0= -4

13 1 3

0<u(t) < — Z <2
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EXISTENCE OF SOLUTIONS OF THREE-POINT BOUNDARY

VALUE PROBLEMS FOR SECOND ORDER
IMPULSIVE DIFFERENTIAL EQUATIONS

SONG Yuxia YAN Baogiang
(School of Mathematics Science of Shandong Normal University, Ji'nan 250014)

Abstract In this paper, firstly the comparison theorem of three-point boundary value
problems for second-order impulsive differential equations is established, and then by means of
a monotone iterative method, the existence of solutions of three-point boundary value problems
for impulsive second order differential equations is given.

Key words Three-point boundary value problem, monotone iterative method, impulsive
differential equation.



