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��!�*Æ,+,-./0"��# [1] $�� Schauder -1'2��%&'()�*�
��+� ,3!��
����'(�� ��)���-��/⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

−u′′ = f(t, u, u′), t �= tk (k = 1, 2, · · · , m),

�u|t=tk
= Ik(u(tk)), k = 1, 2, · · · , m,

�u′|t=tk
= Ik(u(tk), u′(tk)), k = 1, 2, · · · , m,

u(0) = 0 = u(1) − αu(η),

"$ f ∈ C[J×Rn×Rn, Rn], J = [0, 1], 0 < t1 < · · · < tk < · · · < tm < 1, Ik ∈ C[Rn, Rn], Ik ∈
C[Rn × Rn, Rn], η ∈ (0, 1), 0 < αη < 1.

#$.�/%4�# [2] $���&�56��!���+ Banach '( E $3!��

) - 
����'(�� ��)��/⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−u′′ = f(t, u, u′, Tu, Su), t ∈ J, t �= tk,

�u|t=tk
= Ik(u(tk), u′(tk)),

�u′|t=tk
= Ik(u(tk), u′(tk)), k = 1, 2, · · · , m,

u(0) = θ, u(1) = u(η),

* 7*-+��,- (10171057) 8��./01,- (J07WH08) ./9
2:01;2005-06-16, 2<3=:01;2006-10-08.
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"$ f ∈ C[J × E × E × E × E, E], J = [0, 1], 0 < t1 < · · · < tn < η < tn+1 < · · · < tm <

1, (Tu)(t) =
∫ t

0
g(t, s)u(s)ds, (Su)(t) =

∫ t

0
h(t, s)u(s)ds, g ∈ C[D, R], h ∈ C[J × J, R], D =

{(t, s) ∈ J × J |t ≥ s}, Ik ∈ C[E ×E, E], Ik ∈ C[E ×E, E], η ∈ (0, 1), k = 1, 2, · · · , m, θ 7 E

$38/

@#4*��+3!��
����'(�� 

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−u′′ = f(t, u, u′), t ∈ (0, 1), t �= ti,

�u|t=ti = Liu
′(ti),

�u′|t=ti = I∗i (u(ti)), i = 1, 2, · · · , m,

u(0) = 0, u(1) − γu(η) = 0,

(1.1)

"$ η ∈ (0, 1), γ ∈ [0, 1], 0 < t1 < t2 < · · · < tl < η < tl+1 < · · · < tm < 1, J =
[0, 1], f ∈ C[J × R × R, R], Li7A9, I∗i ∈ C[R, R], �u|t=ti = u(t+i ) − u(t−i ), �u′|t=ti =
u′(t+i ) − u′(t−i ) (i = 1, 2, · · · , m), "$ u(t+i ) : u(t−i ) �BC5 u(t) �' t = ti �;6<

�06<� u′(t+i ) : u′(t−i ) �BC5 u′(t) �' t = ti �;6<�06</�=>7?
+� Li = I∗i = 0, i = 1, 2, · · · , m, f -DE9@ u′ 8�# [3] AF%9�'(�� �
Æ:2��B��GHIJ�;KL��'(�� 1M��1C��)��/D<�#
[3] $Æ:2�-B=��D���7?�>GHIJ�;-B=�� f DE9@ u′ �
7?/EN�@#FG%9���7?+�'(�� (1.1) �Æ:2��<O��P?�
GHIJ�;KL��'(�� (1.1)�1M��1C��)���1OKL���@2/

2 3456
A J0 = [0, t1], J1 = (t1, t2], · · · , Ji = (ti, ti+1], · · · , Jm = (tm, 1], J ′ = J \ {t1, t2, · · · , tm}.

PC[J, R] = {u : J → R|u(t) Q t �= ti 8BH , u(t+i ) : u(t−i ) )�> u(ti) = u(t−i ), i =
1, 2, · · · , m}. PC1[J, R] = {u ∈ PC[J, R]|u′(t) Q t �= ti 8BH, > u′(t+i ):u′(t−i ) )�, i =
1, 2, · · · , m}. D<� ||u||PC = sup

t∈J
|u(t)| +� PC[J, R] R7�� Banach '(/S� u ∈

PC1[J, R], I$�2��

u(ti) − u(ti − h) ∈ hco{u′(t) : ti − h < t < ti} (h > 0),

INJK� u(t) � t = ti T�0E9 u′−(ti) )��U>

u′
−(ti) = lim

h→0+

u(ti) − u(ti − h)
h

= u′(t−i ).

�@#$� u′(ti) = u′(t−i ). ���Q u ∈ PC1[J, R] 8�� u′ ∈ PC[J, R]. JK��V9

||u||PC1 = max{||u||PC , ||u′||PC}

+� PC1[J, R] R7�� Banach '(/
C u ∈ PC1[J, R]

⋂
C2[J ′, R], D7 (1.1) $L�!E�MW u 7(�� (1.1) ��/
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89 2.1(Æ:2�) C u ∈ PC1[J, R]
⋂

C2[J ′, R], D7
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−u′′(t) ≤ −Mu(t) − Nu′(t), t ∈ (0, 1), t �= ti,

�u|t=ti = Liu
′(ti),

�u′|t=ti ≥ L∗
i u(ti), i = 1, 2, · · · , m,

u(0) ≤ 0, u(1)− γu(η) ≤ 0,

(2.1)

"$ M > 0, N ∈ R, Li ≥ 0, L∗
i ≥ 0 7A9. Æ2 LiL

∗
i < 1 (i = 1, 2, · · · , m). M u(t) ≤

0, ∀ t ∈ J.
: C-<�M)� t′ ∈ J , H+ u(t′) > 0. I� u(0) ≤ 0, LS t′ �= 0. TI� u(t) �

t = ti (i = 1, 2, · · · , m), t = 1 '0BH�XIJ t′ �= ti (i = 1, 2, · · · , m), t′ �= 1. �� t′ � 3
;IKY 1) t′ ∈ (0, t1), 2) ∃ i, 1 ≤ i ≤ m − 1, H+ t′ ∈ (ti, ti+1), 3) t′ ∈ (tm, 1).

?�ZÆJ7? 2) R9�7? 1), 3) U�IV/
L t∗k = inf{t|s ∈ [t, t′], u(s) > 0, t > tk} (k = 1, 2, · · · , i), t∗ = inf{t|s ∈ [t, t′], u(s) >

0, t > 0}.
1) C t∗i > ti, M t∗i = t∗, u(t∗) = 0, u′(t∗) ≥ 0. L t∗∗j = sup{t|s ∈ [t′, t], u(s) > 0, t <

tj+1} (i ≤ j < m), t∗∗ = sup{t|s ∈ [t′, t], u(s) > 0, t < 1}, M ∀ t ∈ (t∗i , t
∗∗
i ), u(t) > 0. �

� ∀ t ∈ (t∗i , t
∗∗
i ) I −u′′(t) ≤ −Mu(t) − Nu′(t), + u′′(t) ≥ Mu(t) + Nu′(t), (e−Ntu′(t))′ ≥

e−NtMu(t) > 0. T u′(t∗i ) ≥ 0, X e−Nt∗i u′(t∗i ) ≥ 0. [\ e−Ntu′(t) > 0, ∀ t ∈ (t∗i , t
∗∗
i ). ��

u′(t) > 0, ∀ t ∈ (t∗i , t
∗∗
i ). [\ t∗∗i = ti+1, > u(t∗∗i ) > 0, u′(t∗∗i ) ≥ 0. ��I

u(t+i+1) = u(ti+1) + Li+1u
′(ti+1) > 0,

u′(t+i+1) ≥ u′(ti+1) + L∗
i+1u(ti+1) ≥ 0,

MÆNO*��I+ t∗∗i+1 = ti+2. W]MX�∀ m > j ≥ i, t∗∗j = tj+1,> u(t+j+1) > 0, u′(t+j+1) >

0. [\ u(t+m) > 0, u′(t+m) ≥ 0. MÆNO*��I+ t∗∗ = 1, u(t∗∗) > 0, u′(t∗∗) ≥ 0
> ∀ t ∈ (t∗, t∗∗), u(t) > 0. �� ∀ t ∈ (t∗, t∗∗), t �= tj (j = i + 1, · · · , m), � u′′(t) ≥
Mu(t) + Nu′(t), (e−Ntu′(t))′ ≥ e−NtMu(t) > 0. T u′(t∗) ≥ 0, �u′|t=tj ≥ L∗

i u(tj) ≥ 0, L

S u′(t) > 0, ∀ t ∈ (t∗, t∗∗), T �u|t=tj = Liu
′(tj) ≥ 0 (j = i + 1, · · · , m), LS u(t) �

(t∗, t∗∗) P�Y^GH_Z`9/C t∗ ≤ η, M: u(1) ≤ γu(η) ≤ u(η) Qa/C t∗ > η, MI

u(1) ≤ γu(η) ≤ u(η), I+ u(η) > 0, > u′(η) < 0(RSP�C u′(η) ≥ 0, L t̃∗∗k = sup{t|s ∈
[η, t], u(s) > 0, t < tk} (k = l + 1, · · · , m). MMÆNO*�I+� ∀ t ∈ (η, t∗), u(t) > 0, u(t)
� (η, t∗) P�Y^GH_Z`9/\ u(η) > 0, [: u(t∗) = 0 Qa). L t

∗
k = inf{t|s ∈

[t, η], u(s) > 0, t > tk} (k = 1, 2, · · · , l), M ∀ t ∈ (t∗l , η), u(t) > 0. [\ ∀ t ∈ (t∗l , η) �
(e−Ntu′(t))′ ≥ e−NtMu(t) > 0. T u′(η) < 0, LS t

∗
l = tl, > u(t+l ) > 0, u′(t+l ) ≤ 0. ��I

u(tl) = u(t+l ) − Llu
′(tl), u′(tl) ≤ u′(t+l ) − L∗

l u(tl),

+

(1 − LlL
∗
l )u(tl) ≥ u(t+l ) − Llu

′(t+l ) > 0,

T LlL
∗
l < 1,LS u(tl) > 0.[\ u′(tl) ≤ u′(t+l )−L∗

l u(tl) ≤ 0,> ∀ t ∈ (t∗l−1, tl), u(t) > 0.��

∀ t ∈ (t∗l−1, tl), � (e−Ntu′(t))′ ≥ e−NtMu(t) > 0. T u′(tl) < 0, LS u′(t) < 0, ∀ t ∈ (t∗l−1, tl).
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[\ t
∗
l−1 = tl−1, u(t+l−1) > 0, u′(t+l−1) ≤ 0.UP*�I+�∀ t ∈ [0, η], u(t) > 0.[: u(0) ≤ 0

Qa/

2) C t∗i = ti, M u(t+i ) ≥ 0. C u(t+i ) = 0, M u′(t+i ) ≥ 0, U 1) MÆ*�I+Qa/C
u(t+i ) > 0, > u′(t+i ) < 0. MI

u(ti) = u(t+i ) − Liu
′(ti),

u′(ti) ≤ u′(t+i ) − L∗
i u(ti),

+

(1 − LiL
∗
i )u(ti) ≥ u(t+i ) − Liu

′(t+i ) > 0,

T LiL
∗
i < 1, LS u(ti) > 0. [\ u′(ti) ≤ u′(t+i )−L∗

i u(ti) < 0. > ∀ t ∈ (t∗i−1, ti), u(t) > 0. �

� (e−Ntu′(t))′ ≥ e−NtMu(t) > 0, ∀ t ∈ (t∗i−1, ti). T u′(ti) < 0, LS u′(t) < 0, ∀ t ∈ (t∗i−1, ti).
[\ t∗i−1 = ti−1, u(t+i−1) > 0, u′(t+i−1) < 0. UP*�I+� ∀ t ∈ [0, t′], u(t) > 0. [:

u(0) ≤ 0 Qa/C u(t+i ) > 0, > u′(t+i ) ≥ 0, MU 1) MÆ*�I+Qa/
�� u(t) ≤ 0, ∀ t ∈ J.

89 2.2[1] C σ, δ ∈ PC[J, R], M, N, Li, L∗
i (i = 1, 2, · · · , m) 7A9�M u ∈

PC1[J, R] ∩ C2[J ′, R] �3!��
����'(�� ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−u′′(t) = −Mu(t) − Nu′(t) + σ(t), t ∈ (0, 1), t �= ti,

�u|t=ti = Liu
′(ti),

�u′|t=ti = I∗i (δ(ti)) − L∗
i (δ(ti) − u(ti)), i = 1, 2, · · · , m,

u(0) = 0, u(1) − γu(η) = 0

(2.2)

���Q>TQ u ∈ PC1[J, R] �+O��)�����

u(t) =
∫ 1

0

G(t, s)(−Mu(s) − Nu′(s) + σ(s))ds

+
∑

0<ti<t

{Liu
′(ti) + (t − ti)[I∗i (δ(ti)) − L∗

i (δ(ti) − u(ti))]}

+
γt

1 − γη

l∑
i=1

{Liu
′(ti) + (η − ti)[I∗i (δ(ti)) − L∗

i (δ(ti) − u(ti))]}

− t

1 − γη

m∑
i=1

{Liu
′(ti) + (1 − ti)[I∗i (δ(ti)) − L∗

i (δ(ti) − u(ti))]}, ∀ t ∈ J, (2.3)

"$

G(t, s) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

s[(1 − t) − γ(η − t)]
1 − γη

, 0 ≤ s ≤ t ≤ η, 0 ≤ s ≤ η ≤ t,

t[(1 − s) − γ(η − s)]
1 − γη

, 0 ≤ t ≤ s ≤ η,

s(1 − t) + γη(t − s)
1 − γη

, η ≤ s ≤ t ≤ 1,

t(1 − s)
1 − γη

, 0 ≤ t ≤ η ≤ s ≤ 1, 0 ≤ η ≤ t ≤ s ≤ 1.
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INO\��J+

<= 2.1 C u ∈ PC1[J, R]
⋂

C2[J ′, R] �3!��
����'(�� (2.2) ���
M

u′(1) − u′(0) = −
∫ 1

0

(−Mu(s) − Nu′(s) + σ(s))ds +
m∑

i=1

[I∗i (δ(ti)) − L∗
i (δ(ti) − u(ti))].

89 2.3 C σ, δ ∈ PC[J, R], M ≥ 0, N ∈ R, Li ≥ 0, L∗
i ≥ 0 (i = 1, 2, · · · , m) 7A

9/Æ2

τ = max
t,s∈J

|G(t, s)|, τ ′ = max
t�=s,t,s∈J

|G′
t(t, s)|,

β1 = (M + |N |)τ +
2 − γη

1 − γη

m∑
i=1

[Li + (1− ti)L∗
i ] +

γ

1 − γη

l∑
i=1

[Li + (η − ti)L∗
i ] < 1, (2.4)

β2 = (M + |N |)τ ′ +
1

1 − γη

m∑
i=1

[Li + (2 − γη − ti)L∗
i ] +

γ

1 − γη

l∑
i=1

[Li + (η − ti)L∗
i ] < 1, (2.5)

M��)��� (2.3) � PC1[J, R] $U�-��/
VVMÆ# [1] $2� 2 �VV/
89 2.4[4] H ⊂ PC1[J, R] �]S&WQ>TQ H $>`9 u(t) X"E`9 u′(t) "

� J P�^�Y>�Z� Jk (k = 0, 1, · · · , m) P"!6BH/
_`L+[a\Y

(H1) )� v0, w0 ∈ PC1[J, R]
⋂

C2[J ′, R], H+ v0(t) ≤ w0(t)(∀ t ∈ J), >D7
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−v′′0 ≤ f(t, v0, v
′
0), t ∈ (0, 1), t �= ti,

�v0|t=ti = Liv
′
0(ti),

�v′0|t=ti ≥ I∗i (v0(ti)), i = 1, 2, · · · , m,

v0(0) ≤ 0, v0(1) − γv0(η) ≤ 0, v′0(0) = v′0(1),

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−w′′
0 ≥ f(t, w0, w

′
0), t ∈ (0, 1), t �= ti,

�w0|t=ti = Liw
′
0(ti),

�w′
0|t=ti ≤ I∗i (w0(ti)), i = 1, 2, · · · , m,

w0(0) ≥ 0, w0(1) − γw0(η) ≥ 0, w′
0(0) = w′

0(1).

(H2) )�A9 M > 0, N ∈ R, L∗
i > 0, H

f(t, u, v) − f(t, u, v) ≥ −M(u − u) − N(v − v), v0(t) ≤ u ≤ u ≤ w0(t), ∀ t ∈ J, v, v ∈ R,

I∗i (u(ti)) − I∗i (u(ti)) ≥ L∗
i (u(ti) − u(ti)), v0(ti) ≤ u ≤ u ≤ w0(ti) (i = 1, 2, · · · , m).

A [v0, w0] = {u ∈ PC1[J, R] : v0(t) ≤ u(t) ≤ w0(t), ∀ t ∈ J}.
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3 ?@ABCDE
F9 3.1 ÆJa\ (H1), (H2) X (2.4), (2.5) ER9�UÆ2 Li ≥ 0, L∗

i ≥ 07A9,

> LiL
∗
i < 1 (i = 1, 2, · · · , m). M)�b[ {vn}, {wn} ⊂ PC1[J, R]

⋂
C2[J ′, R], D7

v0(t) ≤ v1(t) ≤ · · · ≤ vn(t) ≤ · · · ≤ wn(t) ≤ · · · ≤ w1(t) ≤ w0(t),

B1(t) ≤ v′n(t) ≤ B2(t), B1(t) ≤ w′
n(t) ≤ B2(t),

> {vn}, {wn} � J P�B�^c]��'(�� (1.1) � [v0, w0] $�1C��1M�
u, u∗ ∈ PC1[J, R]

⋂
C2[J ′, R]. {v′n}, {w′

n} � J P�B�^c]� u′ � u∗′. ��S�'(�
� (1.1) � [v0, w0] $�^b� u ∈ PC1[J, R]

⋂
C2[J ′, R], �

v0(t) ≤ v1(t) ≤ · · · ≤ vn(t) ≤ · · · ≤ u(t) ≤ u(t)

≤ u∗(t) ≤ · · · ≤ wn(t) ≤ · · · ≤ w1(t) ≤ w0(t), (3.1)

"$

B1(t) = v′0(t) − M

∫ 1

0

K(t, s)(w0(s) − v0(s))ds − eNt

eN − 1

∫ 1

0

f(s, w0(s), w′
0(s))ds

−
∑

t≤ti<1

L∗
i (w0(ti) − v0(ti))eN(t−ti) +

eNt

eN − 1

·
{ m∑

i=1

[I∗i (w0(ti)) − L∗
i (w0(ti) − v0(ti))(e−Nti + 1)] − N(w0(1) − v0(1))

}
,

B2(t) = w′
0(t) + M

∫ 1

0

K(t, s)(w0(s) − v0(s))ds − eNt

eN − 1

∫ 1

0

f(s, v0(s), v′0(s))ds

+
∑

t≤ti<1

L∗
i (w0(ti) − v0(ti))eN(t−ti) +

eNt

eN − 1

·
{ m∑

i=1

[I∗i (v0(ti)) + L∗
i (w0(ti) − v0(ti))(e−Nti + 1)] + N(w0(1) − v0(1))

}
,

K(t, s) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

eNt(1 + e−Ns)
eN − 1

, 0 ≤ s ≤ t ≤ 1,

eNt(1 + eN(1−s))
eN − 1

, 0 ≤ t ≤ s ≤ 1.

: ^K δ ∈ [v0, w0], L

σ(t) = f(t, δ(t), δ′(t)) + Mδ(t) + Nδ′(t), (3.2)

M σ ∈ PC1[J, R].I\� 2.2�\� 2.3,�'(�� (2.2)�-�� u ∈ PC1[J, R]
⋂

C2[J ′, R].
L u = Aδ, M A : [v0, w0] → PC1[J, R]

⋂
C2[J ′, R] ⊂ PC1[J, R]. +V a) v0 ≤ Av0, Aw0 ≤
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w0. b) A � [v0, w0] P�Zd2/7V a), L v1 = Av0, p = v0 − v1, MI (2.2) X (3.2), +⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

−v′′1 (t) = −Mv1(t) − Nv′1(t) + f(t, v0(t), v′0(t)) + Mv0(t) + Nv′0(t), t ∈ (0, 1), t �= ti,

�v1|t=ti = Liv
′
1(ti),

�v′1|t=ti = I∗i (v0(ti)) − L∗
i (v0(ti) − v1(ti)), i = 1, 2, · · · , m,

v1(0) = 0, v1(1) − γv1(η) = 0.

[\�Ia\ (H1), +⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−p′′(t) ≤ −Mp(t) − Np′(t), t ∈ (0, 1), t �= ti,

�p|t=ti = Lip
′(ti),

�p′|t=ti ≥ L∗
i p(ti), i = 1, 2, · · · , m,

p(0) ≤ 0, p(1) − γp(η) ≤ 0.

���c_\� 2.1, � p(t) ≤ 0, ∀ t ∈ J, ` v0 ≤ Av0. U�IV Aw0 ≤ w0. 7V b), J
δ1, δ2 ∈ [v0, w0], δ1 ≤ δ2, UL p = u1 − u2, "$ u1 = Aδ1, u2 = Aδ2. MI (2.2) E� (3.2) E
Xa\ (H2), JK

−p′′(t) ≤ −Mp(t) − Np′(t), t ∈ (0, 1), t �= ti,

�p′|t=ti ≥ L∗
i p(ti),

�p|t=ti = Lip
′(ti), i = 1, 2, · · · , m, p(0) = 0, p(1) − γp(η) = 0.

���c_\� 2.1, � p(t) ≤ 0, ∀ t ∈ J, ` Aδ1 ≤ Aδ2.

^K δ ∈ [v0, w0], INOVV�a� a) � b), �

v0 ≤ Av0 ≤ Aδ ≤ Aw0 ≤ w0.

+V B1(t) ≤ (Aδ)′(t) ≤ B2(t). L z(t) = w′
0(t) − (Aδ)′(t), MI (H1), (H2) X (2.2) E�+

z′(t) ≤ M(w0(t) − v0(t)) + Nz(t), ∀ t ∈ J ′,

[\

(e−Ntz(t))′ ≤ e−NtM(w0(t) − v0(t)), ∀ t ∈ J ′.

z(t) ≥ eN(t−1)z(1)−M

∫ 1

t

eN(t−s)(w0(s)− v0(s))ds−
∑

t≤ti<1

L∗
i (w0(ti)− v0(ti))eN(t−ti), (3.3)

z(0) ≥ e−Nz(1)−M

∫ 1

0

e−Ns(w0(s)− v0(s))ds−
m∑

i=1

L∗
i (w0(ti)− v0(ti))e−Nti . (3.4)

TIX� 2.1 Xa\ (H1) +

z(0) − z(1) ≤
∫ 1

0

M(w0(s) − v0(s))ds −
∫ 1

0

f(s, v0(s), v′0(s))ds + N(w0(1) − v0(1))

+
m∑

i=1

[I∗i (v0(ti)) + L∗
i (w0(ti) − v0(ti))],
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z(0) ≤ z(1) +
∫ 1

0

M(w0(s) − v0(s))ds −
∫ 1

0

f(s, v0(s), v′0(s))ds + N(w0(1) − v0(1))

+
m∑

i=1

[I∗i (v0(ti)) + L∗
i (w0(ti) − v0(ti))]. (3.5)

��I (3.4) E� (3.5) E�+

z(1) ≥ 1
1 − e−N

·
{
− M

∫ 1

0

(w0(s) − v0(s))(e−Ns + 1)ds +
∫ 1

0

f(s, v0(s), v′0(s))ds

−N(w0(1) − v0(1)) −
m∑

i=1

[I∗i (v0(ti)) + L∗
i (w0(ti) − v0(ti))(e−Nti + 1)]

}
. (3.6)

I (3.3) E� (3.6) E�+

z(t) ≥ −M

{∫ t

0

eNt(1 + e−Ns)
eN − 1

(w0(s) − v0(s))ds +
∫ 1

t

eNt(1 + eN(1−s))
eN − 1

(w0(s) − v0(s))ds

}

+
eNt

eN − 1

∫ 1

0

f(s, v0(s), v′0(s))ds − eNt

eN − 1

·
{

N(w0(1) − v0(1)) +
m∑

i=1

[I∗i (v0(ti)) + L∗
i (w0(ti) − v0(ti))(e−Nti + 1)]

}

−
∑

t≤ti<1

L∗
i (w0(ti) − v0(ti))eN(t−ti),

[\

(Aδ)′(t) ≤ w′
0(t) + M

∫ 1

0

K(t, s)(w0(s) − v0(s))ds − eNt

eN − 1

∫ 1

0

f(s, v0(s), v′0(s))ds

+
∑

t≤ti<1

L∗
i (w0(ti) − v0(ti))eN(t−ti) +

eNt

eN − 1

·
{ m∑

i=1

[I∗i (v0(ti)) + L∗
i (w0(ti) − v0(ti))(e−Nti + 1)] + N(w0(1) − v0(1))

}
,

` (Aδ)′(t) ≤ B2(t). U�IV B1(t) ≤ (Aδ)′(t).
L vn = Avn−1, wn = Awn−1(n = 1, 2, · · ·). INOVV�a���

v0(t) ≤ v1(t) ≤ · · · ≤ vn(t) ≤ · · · ≤ wn(t) ≤ · · · ≤ w1(t) ≤ w0(t), (3.7)

>
B1(t) ≤ v′n(t) ≤ B2(t), B1(t) ≤ w′

n(t) ≤ B2(t). (3.8)

` {vn(t)} � PC1[J, R] $��YW/
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I vn �2eX (2.3) E��

vn(t) =
∫ 1

0

G(t, s)(−Mvn(s) − Nv′n(s) + σn−1(s))ds

+
∑

0<ti<t

{Liv
′
n(ti) + (t − ti)[I∗i (vn−1(ti)) − L∗

i (vn−1(ti) − vn(ti))]}

+
γt

1 − γη

l∑
i=1

{Liv
′
n(ti) + (η − ti)[I∗i (vn−1(ti)) − L∗

i (vn−1(ti) − vn(ti))]}

− t

1 − γη

m∑
i=1

{Liv
′
n(ti) + (1 − ti)[I∗i (vn−1(ti)) − L∗

i (vn−1(ti) − vn(ti))]}, (3.9)

"$

σn−1(t) = f(t, vn−1(t), v′n−1(t)) + Mvn−1(t) + Nv′n−1(t), ∀ t ∈ J (n = 1, 2, · · ·). (3.10)

fbcE�T+

v′n(t) =
∫ 1

0

G′
t(t, s)(−Mvn(s) − Nv′n(s) + σn−1(s))ds

+
∑

0<ti<t

[I∗i (vn−1(ti)) − L∗
i (vn−1(ti) − vn(ti))]

+
γ

1 − γη

l∑
i=1

{Liv
′
n(ti) + (η − ti)[I∗i (vn−1(ti)) − L∗

i (vn−1(ti) − vn(ti))]}

− 1
1 − γη

m∑
i=1

{Liv
′
n(ti) + (1 − ti)[I∗i (vn−1(ti)) − L∗

i (vn−1(ti) − vn(ti))]}, (3.11)

"$ ∀ t ∈ J ′ (n = 1, 2, · · ·).
I (3.7)–(3.11) EJK vn(t), v′n(t) �Z� Jk (k = 0, 1, · · · , m) P"�!6BH�/��

I\� 2.4, `K {vn(t)} � J P�^c]� u(t) ∈ PC1[J, R], `

||vn − u||PC1 → 0 (n → ∞). (3.12)

_��c_ (3.12) E�� (3.9) E$L n → ∞ d6<�+

u(t) =
∫ 1

0

G(t, s)(−Mu(s) − Nu′(s) + σ(s))ds +
∑

0<ti<t

[Liu
′(ti) + (t − ti)I∗i (u(ti))]

+
γt

1 − γη

l∑
i=1

[Liu
′(ti) + (η − ti)I∗i (u(ti))]

− t

1 − γη

m∑
i=1

[Liu
′(ti) + (1 − ti)I∗i (u(ti))], ∀ t ∈ J,

"$ σ(t) = f(t, u(t), u′(t)) + Mu(t) + Nu′(t).



2 2 456>?��	�����
	
������	
 177

IN���\� 2.2, `K u ∈ PC1[J, R]
⋂

C2[J ′, R], > u(t) �(�� (1.1) ��/
U�IV� ||wn − u∗||PC1 → 0 (n → ∞) Se� u∗ ∈ PC1[J, R]

⋂
C2[J ′, R] R9�> u∗

�(�� (1.1) ��/
J u ∈ PC1[J, R]

⋂
C2[J ′, R] ��'(�� (1.1) � [v0, w0] $�^����� v0(t) ≤

u(t) ≤ w0(t) (∀ t ∈ J). Æ2 vn−1(t) ≤ u(t) ≤ wn−1(t) (∀ t ∈ J). L p(t) = vn(t)− u(t). Ia\
(H2), �

−p′′(t) = −Mp(t) − Np′(t) + [f(t, vn−1(t), v′n−1(t)) − f(t, u(t), u′(t)) + M(vn−1(t) − u(t))

+N(v′n−1(t) − u′(t))]

≤ −Mp(t) − Np′(t), t ∈ (0, 1), t �= ti,

�p′|t=ti = L∗
i p(ti) + [I∗i (vn−1(ti)) − I∗i (u(ti)) − L∗

i (vn−1(ti) − u(ti))] ≥ L∗
i p(ti),

�p|t=ti = Lip
′(ti), i = 1, 2, · · · , m, p(0) = 0, p(1) − γp(η) = 0.

���c_\� 2.1,� p(t) ≤ 0, ∀ t ∈ J,` vn(t) ≤ u(t), ∀ t ∈ J.U�IV�u(t) ≤ wn(t), ∀ t ∈
J. ���c_dfe�+

vn(t) ≤ u(t) ≤ wn(t), ∀ t ∈ J (n = 0, 1, 2, · · ·).

L n → ∞ d6<�`+
u(t) ≤ u(t) ≤ u∗(t), ∀ t ∈ J.

IN�BGgf (3.7) E�`K (3.1) ER9/
H 3.1 gg3!��
�����'(�� 

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−u′′ = − u

100
+

u2

300
+

t

250
− u′

3
, t ∈ (0, 1), t �= 1

4
,
3
4
,

�u|t= 1
4

=
1

100
u′

(1
4

)
, �u|t= 3

4
=

7
624

u′
(3

4

)
,

�u′|t= 1
4

=
4
25

u
(1

4

)
, �u′|t= 3

4
=

1
468

u
(3

4

)
,

u(0) = 0, u(1) = u
(1

2

)
,

(∗)

M�

0 ≤ u(t) ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1
2
t, 0 ≤ t ≤ 1

4
,

13
25

t,
1
4

< t ≤ 3
4
,

− 1
24

t2 +
7
12

t − 7
384

,
3
4

< t ≤ 1

h��'(�� (∗) U�1C�:1M�� [0, 1
4 ) ∪ (1

4 , 3
4 ] ∪ (3

4 , 1] Ph� C2 ��/
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: (∗)Ii7?� (1.1)����'(�� /[8 f(t, u, u′) = − u
100+ u2

300+ t
250−u′

3 , m =
2, t1 = 1

4 , t2 = 3
4 , η = 1

2 , l = 1, γ = 1, L1 = 1
100 , L2 = 7

624 , I∗1 (u(t1)) = 4
25u(t1), I∗2 (u(t2)) =

1
468u(t2). L v0(t) = 0, ∀ t ∈ J,

w0(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1
2
t, 0 ≤ t ≤ 1

4
,

13
25

t,
1
4

< t ≤ 3
4
,

− 1
24

t2 +
7
12

t − 7
384

,
3
4

< t ≤ 1,

M v0 ∈ C2[J, R], w0 ∈ PC1[J, R] ∩ C2[J ′, R] (J ′ = J\{ 1
4 , 3

4} = [0, 1
4 ) ∪ (1

4 , 3
4 ] ∪ (3

4 , 1]). >⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−v′′0 (t) ≤ f(t, v0(t), v′0(t)),

�v0|t=ti = Liv
′
0(ti),

�v′0|t=ti ≥ I∗i (v0(ti)), i = 1, 2,

v(0) ≤ 0, v(1) ≤ v(1
2 ), v′0(0) = 0 = v′0(1).

T

f(t, w0(t), w′
0(t)) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

− t

1000
+

t2

1200
− 1

6
, 0 < t <

1
4
,

1
2500

(169t2

75
− 3t

)
− 13

75
,

1
4

< t <
3
4
,

1
300

(
− 1

24
t2 +

7
12

t − 583
384

)2

− 3
400

+
t

250
+

1
36

(t − 7),
3
4

< t < 1,

≤

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0, 0 < t <
1
4
,

0,
1
4

< t <
3
4
,

1
12

,
3
4

< t < 1.

= −w′′
0 (t),

>JjV

w0(0) = 0, w0(1) =
67
128

>
13
25

× 1
2

= w0

(1
2

)
, w′

0(0) =
1
2

= w′
0(1),

�w0|t= 1
4

=
1

200
=

1
100

× 1
2

= L1w
′
0

(1
4

)
, �w′

0|t= 1
4

=
1
50

≤ 4
25

× 1
8

= I∗1
(
w0

(1
4

))
,

�w0|t= 3
4

=
7

1200
=

7
624

× 13
25

= L2w
′
0

(3
4

)
, �w′

0|t= 3
4

=
1

1200
=

1
468

× 39
100

= I∗2
(
w0

(3
4

))
.
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X v0, w0 D7a\ (H1). i��O�Q v0(t) ≤ u ≤ u ≤ w0(t) (∀ t ∈ J) 8�

f(t, u, u′) − f(t, u, u′) = − u

100
+

t

250
+

u2

300
− u′

3
−

(
− u

100
+

u2

300
+

t

250
− u′

3

)

≥ − 1
100

(u − u) − 1
3
(u′ − u′),

I∗1 (u(t1)) − I∗1 (u(t1)) =
4
25

(u(t1) − u(t1)),

I∗2 (u(t2)) − I∗2 (u(t2)) =
1

468
(u(t2) − u(t2)),

Xa\ (H2) D7�"$ M = 1
100 , N = 1

3 , L∗
1 = 4

25 , L∗
2 = 1

468 . >JjV LiL
∗
i < 1 (i =

1, 2), τ ≤ 1, τ ′ ≤ 1, β1 < 1, β2 < 1. ���LVa�II2� 3.1 XL/
I S� f -DE9@ u′ �7?�MÆ@#IKL]��VV�N8P+�2e$�

E9a\Ijh/
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EXISTENCE OF SOLUTIONS OF THREE-POINT BOUNDARY

VALUE PROBLEMS FOR SECOND ORDER

IMPULSIVE DIFFERENTIAL EQUATIONS

SONG Yuxia YAN Baoqiang

(School of Mathematics Science of Shandong Normal University, Ji’nan 250014)

Abstract In this paper, firstly the comparison theorem of three-point boundary value
problems for second-order impulsive differential equations is established, and then by means of
a monotone iterative method, the existence of solutions of three-point boundary value problems
for impulsive second order differential equations is given.

Key words Three-point boundary value problem, monotone iterative method, impulsive
differential equation.


