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1 h ijlklmon!mlplqlrlsltlulvlwox!ylz
Dirichlet {l|l}l~ ml� Fick � ml�l�l�lzl�l�l��l�B�l�l�l�l� � �l�B�l�l�l�l� po�!���l�l�

- � �l�l�l�l�l� �B� u = u(x, t) �l 
ut = ∇ · σ − cu + f, Ω × J,

σ = A(t) · ∇u +

∫ t

0

B(t, s) · ∇u(s)ds, Ω × J,

u = 0, ∂Ω × J,

u = u0(x), x ∈ Ω , t = 0,

(1)

¡¢x
Ω ⊂ Rd (d = 2, 3)

p¤£¤y¤z¤¥¤¦ {¤| ∂Ω
m¤§¤z |¤¨¤© � J = (0, T )(T > 0), A(t) = A(x, t)ª

B(t, s) = B(x, t, s)
p�«�¬

2 × 2  3 × 3 ®�¯ �B° A
p ��± m �

c, f
ª

u0

p³²2´�¥�¦�µ¶ �B·l¸l¹lº � �l�l»l¼l½ � ml¾ ºl¿�ÀlÁ ��Â Á mlÃlÄ�ÅlÆ �B·lÇlÈ pl��ÉlÊlË�m [1].Ì�Í ���
(1)
m�¶ � � ���BÎ�Ï z�Ð�Ñ�m�k�Ò �BÏ

[2]
x �BÓ�Ô m

Euler
� � ª

Crank-

Nicolson Õ×Ö×Ø×�×Ù×Ú×Û×Ü×Ý×Þ×ß×à ª×á×â×ã×ä×å×æ � k [3] ç×è ½×é×ê m L2-
�×ë×ì×í Ý �î Í zl�l�l� �lïl¿lÀ zl�l�l� � mlðl£lñlrls �óòlôlõlöl÷

[4–7].
Ïl¹lø klÒox �óùlú m

Ritz-Volterra ûlü �ý¿lÀ m Ritz-Volterra ûlülþ �l�lÓlÿ������lÏlëlì ���ox Ø��lÙ � Úl �
L2-
�����lï�	�����
l�jlklmon!mlplqlrls �l�

(1)
m�� Í�� ð� Ö mlzl�l� �l�l�l� ÕlÖ ��� ���l´ ������ ��ï���� � � p���������������m�« º z Å�� � ����¹ º z�Å 
�� Ð ��������� Í ë�ì

� ð� Ö m ã Ï�
l���� lõ�!lÏ Marchuk
ª

Shaidurov
m�"�#

[8] $�% Î���� � �lÏlì ����ox!m�& Ù � î Í ��� � �lïl�l� � �lÏ zl�l��' ¿lÀ zl�l��' {l| � þ Petrov-Galerkin
z�l�l� � x!m�& Ù �Bòlôlõ�!löl÷ klÒ [5,7,9–13].
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K�L ô �l´ � nNM�O�PlzlklÒlrls �l�

(1)
mlzl�l� �l� � �l� Ï jlkox �Q�� �R �lÙS�T m �l� �l� í ÝBÖ ( U [7]), Ú�V�W �l� (1)
mlzl�l��� ï ¡ ú�X �lm �l� µl¶�Y æ m �ð ëlì l§ Ö �[Z�\�] Í �l�lÓlÿ�� � � Ú�^l  zl�l���lm � ð ëlì l§ �óÏlÇ ��_�� �[� çlè �l� (1)

ml£ º ylzl�l�l�lmlzl�l� �l� ÕlÖ �
2 `babcbdbebfhgjihkhlÏ j á x �m�n nonp ç×ènqnr �×� - � �×�×� (1)

m×z×�×�ns Ö � ¸×½ntnu �n� �m�n nv¨l© Ω
pl£l¬ ®�wl© �óÏl¹ $ �� �lÙ ùlú m Sobolev

ålæ�x�y � Ù || · ||k,p Ú »�z Sobolevålæ
W k

p (k ∈ {0, 1, · · ·}, p ∈ [1,∞])
x!m �l�|{�}�~l�|� Æ

p = 2, � �� �� Hk(Ω) = W k
2 (Ω)þ || · ||k = || · ||k,2.

Ç��l�8�� Ù H1
0 (Ω) Ú »�z ålæ H1(Ω)

xN� ¸
0
mlµl¶l�����lm ålæ �

� y
(·, ·)

»�z
L2(Ω)

ålæ xN�lÉ����l�lm��!� �
� Ù Green

s Ö ï { | } ~ u = 0,
õ   � � (1)

� ��� w Ö �B� u ∈ H1
0 (Ω) �  

u(x, 0) = u0(x) þ
(ut, v) + (A · ∇u,∇v) +

∫ t

0

(B · ∇u(s),∇v)ds + (cu, v) = (f, v), v ∈ H1
0 (Ω). (2)

�
Th,k

p
Ω
£ ��� ®�w zl�l���l� � Vh,k ⊂ H1

0 (Ω)
»�z�� &lm���� 
 zl�l� ålæ � ¡x

h
ª

k
� } p

x
ª

y
������m�� Õ���� �B·�Ç��B��� (2)

m � &������ Õ�Ö ¸�� £�µ�¶
uh,k ∈ Vh,k �l  uh,k(x, 0) = u0,h,k ∈ Vh,k þ

(uh,k,t, v) + (A · ∇uh,k,∇v) +

∫ t

0

(B · ∇uh,k(s),∇v)ds + (cuh,k, v) = (f, v), v ∈ Vh,k. (3)Í p ���
(2)
ï

(3)
��   � ���lzl�l� ëlì �l�

(ut − uh,k,t, v) + (A · ∇(u − uh,k),∇v)

+

∫ t

0

(B · ∇(u − uh,k)(s),∇v)ds + (c(u − uh,k), v) = 0, v ∈ Vh,k. (4)��� �� ���� ��� 
���� Þ�  m�£ ø � ð ë�ì  § Ö ��� [13]
�� ´�¡�����«�¬�¢ �

� W � £�¤
1 ¥ u ∈ H5(Ω), � î Í�¦ �l¥l¦lmlµl¶ a(x, y)

z
∫

Ω

a(u − ih,ku)xvxdΩ =
∑

e∈Th,k

k2
e

3

∫

e

(auxyy)xvde +
∑

e∈Th,k

h2
e

3

∫

e

axuxxvxde + r1(u, v),

¡¢x
ih,k

»§z �§� 
¤�¤� Þ§  � r1(u, v)
p

u
ª

v
m§�§� 
§¨ µ �ª©§«

|r2(u, v)| ≤ CH4||u||5||v||1,
H := max{h, k}.¬

1
Ï £�lm�� Õl}l~ � � [5]

ª
[11]
²   �l½�® � Í ¢ � 1

m�¯lÆ ��°��l� ¹ ¬l��±

 m }l~ Ïl¹ $ ² Ø�²�³ �£�¤

2
Ï ¢ �

1
ª � Õ�´ ���!£�lm }l~ � � ���� Ö � W

∫

Ω

a(u − ih,ku)yvxdΩ = −
∑

e∈Th,k

h2
e

3

∫

e

auxxyvxde −
∑

e∈Th,k

k2
e

3

∫

e

(auyy)xvyde + r2(u, v),
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¹ $ r2(u, v)
p

u
ª

v
m���� 
�¨ µ ��©�«

|r2(u, v)| ≤ CH4||u||5||v||1.¬
2
� Æ�� Õ pl£�lm ��¹�º�® � Í ¢ � 2

m�¯lÆo²N» Ï
[5]
ª

[11]
x   �l��°��l� Ï¹ $ � ÕlØ�¼�½ ¸ ´ ���!£�lm ��N¢ �

1
ª ¢ �

2,
�� �¾�¿ W �   � ���lm ±��l�À�¤

1
Ï ¢ �

2
m }l~ � � z

(A · ∇(u − ih,ku),∇v) =
∑

e∈Th,k

h2
e

3

∫

e

[(a11)xuxxvx + (a22uyxx)yv]de

−
∑

e∈Th,k

h2
e

3

∫

e

[a12uxxyvx + (a12uxx)yvx]de

+
∑

e∈Th,k

k2
e

3

∫

e

[(a22)yuyyvy + (a11uxyy)xv]de

−
∑

e∈Th,k

k2
e

3

∫

e

[a21uyyxvy + (a12uyy)xvy]de + r3(u, v),

¡ox
A = (aij)

2
i,j=1 þ r3(u, v)

p
u
ª

v
m���� 
�¨ µ ��©�«

|r3(u, v)| ≤ CH4||u||5||v||1.�
[13]
�� Olzl���lm ±��l�

À�¤
2 Á�¥ u ∈ H4(Ω) þ a

p ¦ �l¥l¦lm ��¹�ºl���� z
∫

Ω

a(u − ih,ku)vdΩ = −
∑

e∈Th,k

h2
e

3

∫

e

auxxvde −
∑

e∈Th,k

k2
e

3

∫

e

auyyvde + r4(u, v),

¹ $ r4(u, v)
p

u
ª

v
m���� 
�¨ µ ��©�«

|r4(u, v)| ≤ CH4||u||4||v||1.

3 `babcbÂbÃbÄhlÏ j á x �*�� �RlÏl±��
1
ª ±��

2
m���_�� �*o�p V�W zl�l��� ª ú�X �lm �l� Y æÏ

H1-
� ������m � ð��§ � ð � ��Ù ����Ó�ÿ�� m�� � ç�è ��� z�������m � ð��§ �¸lÇl���� ��N� ���lm�¢ �

[6].£�¤
3 Á�¥ ® ¯ A

p � ± m ��¹�º � î
u ∈ H1

0 (Ω),
�

|u| = (∇u,∇u)
ï �

||u||A =

(A · ∇u,∇u) Ålà ���� �� �R   � j á m�Ælq ±��l�À�¤
3 Á�¥ u

ª
uh,k

� } p
(3)
ª

(4)
m�� � °�Ç�È ��� vl¸

uh,k(0) = ih,ku0,
¹�ºl�

É
u, c, A, B

p ¦ �l¥l¦�Ê �BÏ
H1-
� ���l� � z

uh,k − ih,ku = H2ξh,k + O(H4),¡ox
ξh,k ∈ Vh,k.ËÍÌ

θh,k = uh,k − ih,ku,
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� � (4)

ª ±��
1
ïl±��

2,
´

(θh,k,t, v) + (A · ∇θh,k,∇v) +

∫ t

0

(B(t, s) · ∇θh,k(s),∇v)ds + (cθh,k, v)

=(ut − ih,kut, v) + (A · ∇(u − ih,ku),∇v) +

∫ t

0

(B(t, s) · ∇(u − ih,ku)(s),∇v)ds

=H2Lh,k(v) + r(u, v), v ∈ Vh,k, (5)¡ox
Lh,k(v)

= −
∑

e∈Th,k

1

3

(

he

H

)2 ∫

e

(uxxt + cuxx)vde −
∑

e∈Th,k

1

3

(

ke

H

)2 ∫

e

(uyyt + cuyy)vde

+
∑

e∈Th,k

1

3

(

he

H

)2 ∫

e

{[(a11)xuxxvx + (a22uyxx)yv] − [a12uxxyvx + (a21uxx)yvx]}de

+
∑

e∈Th,k

1

3

(

ke

H

)2 ∫

e

{[(a22)yuyyvy + (a11uxyy)xv] − [a21uyyxvy + (a12uyy)xvy]}de

+

∫ t

0

∑

e∈Th,k

1

3

(

he

H

)2 ∫

e

{[(b11)xuxxvx + (b22uyxx)yv] − [b12uxxyvx + (b21uxx)yvx]}deds

+

∫ t

0

∑

e∈Th,k

1

3

(

ke

H

)2 ∫

e

{[(b22)yuyyvy + (b11uxyy)xv] − [b21uyyxvy + (b12uyy)xvy]}deds,

þ r(u, v) = r4(ut, v) + r4(u, v) + r3(u, v) +
∫ t

0 r3(u(s), v)ds,
¹ $ r3

ï
r4

� } po� ±��
1
ª ±

�
2 çlè m �Ì

ξ ∈ H1
0 (Ω) ∩ H2(Ω)

ï
ξh,k ∈ Vh,k

� }l¸ ����Î ]l�l� m ú�X � ª zl�l���
(ξt, v) + (A · ∇ξ,∇v) +

∫ t

0

(B(t, s) · ∇ξ(s),∇v)ds + (cξ, v) = Lh,k(v), v ∈ H1
0 (Ω) ∩ H2(Ω),

ξ(0) = 0. (6)

� � (5)
ª

(6)
õ   �
((θh,k − H2ξh,k)t, v) + (A · ∇(θh,k − H2ξh,k),∇v)

+

∫ t

0

(B(t, s) · ∇(θh,k − H2ξh,k),∇v)ds + (c(θh,k − H2ξh,k), v)

=r(u, v), v ∈ Vh,k.

Ï
θ∗h,k = θh,k − H2ξh,k,¹�ºl�

(θ∗h,k,t, v) + (A · ∇θ∗h,k,∇v) +

∫ t

0

(B(t, s) · ∇θ∗h,k(s),∇v)ds + (cθ∗h,k, v) = r(u, v), v ∈ Vh,k. (7)
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Í p �BÏ
(7)
x v

v = θ∗h,k, � �N¢ � 3,
±��

1
ïl±��

2 þ ε-
��Ð ÅlÖ õ   �

d

dt
||θ∗h,k||

2
0 + ||θ∗h,k||

2
1 ≤ C

(
∫ t

0

||θ∗h,k||
2
1ds + ||θ∗h,k||

2
0 + H8

)

.

�
0
�

t
î�� Ö �l� Z �lÙ θ∗h,k(0) = 0

ª
Gronwall,

õ ´
||θ∗h,k||

2
0 ≤ C

(
∫ t

0

||θ∗h,k(s)||21ds + H8

)

. (8)

Ñ �
uvt = (uv)t − utv,Ï

(7)
x v

v = θ∗h,k,t Úl  � θ∗h,k

m
H1-
�lí Ý

||θ∗h,k,t||
2
0 +

1

2

d

dt
(A · ∇θ∗h,k,∇θ∗h,k) −

1

2
(At · ∇θ∗h,k,∇θ∗h,k) +

d

dt

∫ t

0

(B · ∇θ∗h,k(s),∇θ∗h,k(t))ds

− (B · ∇θ∗h,k,∇θ∗h,k) −

∫ t

0

(Bt · ∇θ∗h,k(s),∇θ∗h,k(t))ds +
1

2

d

dt
(cθ∗h,k, θ∗h,k) −

1

2
(ctθ

∗
h,k, θ∗h,k)

=
d

dt
r(u, θ∗h,k) − r(ut, θ

∗
h,k).î�� Ö ÌlÍ t

�l� Z �lÙ θ∗h,k = 0,
¢ �

3
ª

ε-
��Ð ÅlÖ �Bõ  

||θ∗h,k||
2
1 ≤ C

(
∫ t

0

||θ∗h,k||
2
1ds + ||θ∗h,k||

2
0 + H8

)

.

Í p � �
(8)
ï

Gronwall
¢ �l� ´

||θ∗h,k||
2
1 ≤ CH8,


||θ∗h,k||1 ≤ CH4.Í p �B±��

3  �Ò �Ó�Ô ±��
3
m Ò�ÕNÖ � ���� �×lõ   � ����¯lÆ �£�¤

4 Ø ξ ∈ H1
0 (Ω) ∩ H2(Ω)

ï
ξh,k ∈ Vh,k

� } p
(6)
m�Ù���� ï z������ � � z �� 	����lí Ý

||ξh,k − ih,kξ||1 ≤ C(u)H2.�n� �n �×Ù �×�×Ó×ÿn�n�n�×� Ú×  � ylz×�l�×�×m�ÚnÛ �×� ��� � ¸lÇ×� ï [7]
® � �

�� �Ü q ± �l£l¬ Ólÿ��l�l� Þ�  I4
4h,4k � ©�«

I4
4h,4kih,k = I4

4h,4k,

||I4
4h,4kv||1 ≤ C||v||1, ∀v ∈ Vh,k, (9)

||I4
4h,4ku − u||1 ≤ CH4||u||5, ∀u ∈ H5(Ω).
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·lÇl� Á ± Th,k

p�� Ö �l��� Õ���� ¸ 4H
m

T4h,4k

x!m�Ýl£lÐ ´ ��� 16
¬�Þ ®�w�´ � �  � m���� � Ì τ =

16
⋃

i=1

ei,
¡³x

ei ∈ Th,k, ��ß�à ��� }�~ ± � τ
��î�&

T4h,4k

m��
4 á �� Þ�  I4

4h,4k

� �
I4
4h,4ku ∈ Q4,4(τ),

I4
4h,4ku(pi) = u(pi), i = 1, 2, · · · , 25, (10)¹ $ pi (i = 1, 2, · · · , 25)

¸
16
¬�Þ ´ � ei (i = 1, 2, · · · , 16)

m�â�ã �
Q4,4(τ)

¸
τ
���

4 át�ä Ö�å Àl��æ�ç�è Ò � � (10)
± �lm��

4 á �l� Þ�  I4
4h,4k

©�«
(9)
x!ml�lz 
 w �

À�¤
4
Ïl±��

3
m }l~ � ���� z

I4
4h,4kuh,k − u = H2ξ + O(H4), (11)¡ox

ξ ∈ H1
0 (Ω)

¸
(6)
m�Ùl��� �

Ë Ì
rh,k = uh,k − ih,ku − H2ih,kξ,

� � ±�� 3
ª ¢ �

4,
´

||rh,k||0 ≤ CH4.¹�él���
(9)   �

I4
4h,4kuh,k − u = I4

4h,4k(uh,k − ih,ku) + (I4
4h,4ku − u)

= I4
4h,4k(H2ih,kξ + rh,k) + (I4

4h,4ku − u)

= H2I4
4h,4kξ + I4

4h,4krh,k + (I4
4h,4ku − u)

= H2ξ + H2(I4
4h,4kξ − ξ) + I4

4h,4krh,k + (I4
4h,4ku − u)

= H2ξ + qh,k,¹ $
qh,k = H2(I4

4h,4kξ − ξ) + I4
4h,4krh,k + (I4

4h,4ku − u),©�«
||qh,k||1 ≤ CH4.

·lÇl�
I4
4h,4kuh,k = u + H2ξ + O(H4).

ê ±��  �Ò � Ò�ë �Ïl±��
4
m���_�� �[�� lõ   � ylzl�l�l�lmlzl�l� �l� ����� �ó¸ á �[�� �Ü q ± �£l¬lî�& Í �l�

T2h,2k

m���ì á �l� Þ�  I2
2h,2k

� �
I2
2h,2ku(pi) = u(pi), i = 1, 2, · · · , 9,¡ox

pi (i = 1, 2, · · · , 9)
¸�í ¬�Þ ´ �lm 9

¬�â�ã ��î�°l�
I2
2h,2k

©�«
I2
2h,2kih,k = I2

2h,2k,

||I2
2h,2kv||1 ≤ C||v||1, ∀v ∈ Vh,k, (12)

||I2
2h,2ku − u||1 ≤ CH2||u||3, ∀u ∈ H3(Ω).
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¸l½�!lÓ m Ù�ï ���� O Ü q�¢lðlzl�l� ûlü�Þ�  Rh,k : H1
0 (Ω)

⋂

H2(Ω) → Vh,k

� �
((Rh,ku)t − ut, v) + (A · ∇(Rh,ku − u),∇v)

+

∫ t

0

(B · ∇(Rh,ku − u),∇v)ds + (c(Rh,ku − u), v) = 0, v ∈ Vh,k,

Rh,ku(0) = ih,ku(0).

À�¤
5
Ïl±��

3
m }l~ � � z

||u∗
h,k − u||1 ≤ CH4,¡ox

u∗
h,k = I4

4h,4kuh,k + I2
2h,2kuh,k − I2

2h,2kRh,kI4
4h,4kuh,k.Ë �

I
»�z�ð ÅlÞ�  ��Z Ù (I − I2

2h,2kRh,k) ñ (11) Ö ml«�ò �  
(I − I2

2h,2kRh,k)(I4
4h,4kuh,k − u) = H2(I − I2

2h,2kRh,k)ξ + O(H4)

= H2(ξ − I2
2h,2kξ) + H2(I2

2h,2kξ − I2
2h,2kξh,k) + O(H4)

= H2I2
2h,2k(ih,kξ − ξh,k) + O(H4),¹ $

||ξ − I2
2h,2kξ||1 ≤ CH2||ξ||3

ï
I2
2h,2kih,k = I2

2h,2k²N» Øl�lÙ � ðl£lñ ~l� �N¢ � 4
ï�Ð ÅlÖ

||I2
2h,2k(ih,kξ − ξh,k)||1 ≤ C||ih,kξ − ξh,k||1,

 
(I − I2

2h,2kRh,k)(I4
4h,4kuh,k − u) = O(H4),� � Ö�ó ò�ô ¸

(I − I2
2h,2kRh,k)(I4

4h,4kuh,k − u) = u∗
h,k − u.Í p �B±��
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DEFECT CORRECTION FOR NON-FICKIAN FLOWS IN

POROUS MEDIA

Liu Tang

(Department of Mathematics, Tianjin University of Finance and Economics, Tianjin 300222)

Abstract In the sense of H1-norm, asymptotic error expansions of bilinear finite elements
for non-Fickian flows in porous media are presented, and then by means of an interpolation
post-processing technique a defect correction method is proposed to improve the accuracy of
finite element approximations.

Key words Non-Fickian flow, finite element method, interpolation defect correction,
interpolation post-processing.


