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1 Y Z
1997 [1\ [1] ]1^1_1`1a K− b1c1d1e1f1g3h1i1a1j1k1l1m1n1o1p1g3q1r1s1t1u1v1a1wxzyz{z|z} bzczd~ezfz�z�z�z�z�z�J�z����� Borel �����J�z�zjz�z�z� [2−4] �z� aztz��1�1� �J\ [5] � �1� a1�1���1� K− b1c1dze1f1� Borel �1gJm1\1r1s1\ [2] � [3] �'h1i�z�z�zbzczd�ezfz�z  � �zlzmznzozpzgJuzvzaz�z���z��� K− bzczd�ezf { �z  � �z����'¡1¢1g£q1¤�¥'a1�1���1�'� K− b1c1d1e1f1�1�1  �1¦1§ Borel ¨1©1g£ª1«1s1�1¬11\

[5] �'n1®1�J¯1°1^1±�¥'j1�1²1³1�1´1µ1gJ¶z·1¸z\1¹ [1,6].º1»
1.1 ¼ f(z) ½1¾1¿ D v D′ �'� K− b1À1Á1e1f1�3Â D′ ½ Riemann Ã x1y �1¾¿1gJÄ1Å f ½ D �'�1�1Æ K− b1c1d1e1f1�º1»
1.2 ¼ f(z) ½1¾1¿ D �'�1Ç �1È1É1Ê1Ë �ÍÌ1Î1Ï1� D �'j1� z0,

¦1§
z0 �1Ð1¿

U(⊂ D) 1j1Ñ1Ò Ë n( Ó1Ô1� z0), Õ
F (z) =

{

(f(z))
1

n , f(z0) = ∞,

(f(z) − f(z0))
1

n + f(z0), f(z0) 6= ∞.

½ U
y �1�1Æ K− b1c1d1e1f1gÍÄ1Å f

§
z0 �1½ n Æ K− b1c1d1e1f1�ÍÂ f(z)

§
D �'Öjz�z×z½ n Æ K− bzczd~ezfzgJÄzÅ f(z) ½ D ��� K− bzczd~ezfzgJØ����zÙ ÊzË ¶zÚÛ j1� �1�1Ü �s V ÝßÞßàß©ß¯ 1 � Riemann Ã x gáÏß� Ûßâ Ç Ë a, s n(r, a) ÝßÞ f(z)−a

§ � |z| < r�'�1ã1�1k Ë1ä Â1n1´1ã1�1�1  Ë gå´1¯ n(r, a). ´�� |z| < r
§ e1f f(z) = u(x, y) + iv(x, y)æ v V

y �1ç1è�é x ¯ Fr, Fr Ï V �1w1ê1ç1è1ë Ë ¯
S(r) = S(r, f) =

|Fr |

|V |
=

1

π

∫ r

0

∫ 2π

0

uxvy − vxuy

(1 + |f(z)|2)2
rdθdr,

* ì�íïîñð�ò���ó�ô�õ�ö=÷Jø (10471048).ù�úïûñü�ý
2002-4-23,

ù�þ�ÿ���úïûñü�ý
2003-08-29.
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Ø�� |Fr|  |V |
�
	 Ý1Þ Fr  V � x
� �º1»

1.3 ¼ f(z) ½1�1��� {z : |z| < 1} �'� K− b1c1d1e1f1gJÄ1²1³ f(z) � } ¯
ρ = lim

r→1

ln S(r, f)

ln 1
1−r

(1)

�

1.1[2] ¼ f(z) ½ |z| < R �'� K− b1c1d1e1f1g {av}

q
v=1 ½ V

y
q k
�
�1�1�1gt
�
�
�
�
�1�1Ã x
�
� n
�1� δ ∈ (0, 1/2), Ä1Ï Û1â r ∈ (0, 2R

3 )
{

(q − 4)S(r, f) ≤

q
∑

v=1

n1)(R, av) +
217π8K

(q − 4)δ8 log 3
2

,

Ø�� q > 4, n1)(R, av) Ý1Þ f(z)− av

§
|z| < R �'�
�1�1ã1�1�1k Ë ���

1.2[3] ¼ f(z) ¯ |z| < R(0 < R < ∞) ��� K− bzczdzezfzg F ½�� f ���z�zÃx
V
y � Riemann é x g {a1, a2, a3} ½ V

y �
�1�
�1�1g�t
�
�
�
�
�1�1Ã x
�
� n
�1�
δ ∈ (0, 1

2 ). Â nl)(R, av) Ý1Þ f − av

§
|z| < R �'�1ã1�1k Ë gïª1  } ≤ l(l > 2) �
�
�
 1jë1�J  } > l �1n
� § �'�JÄ1Ï1� Û1â r ∈ (0, 2R

3 ),
{

(

1 −
2

l

)2

S(r, f) ≤

3
∑

v=1

nl)(R, av) +
227π2K

δ6

r1s1\ [3] �'²
! 1 �1�1¬1g�"
#1¶
$1u1v1Ì æ�

1.3 ¼ f(z) ½ |z| < R �'� K− b1c1d1e1f1g {av}

q
v=1 ½ V

y
q k
�
�1�1�1g£t

�
�
�
�
�1�1Ã x
�
� n
�1� δ ∈ (0, 1
2 ), Ä1Ï Û1â r ∈ (0, 2R

3 )
{

(q − 3)S(r, f) ≤

q
∑

v=1

n2)(R, av) +
900 · 211Kπ8

(q − 3)δ8 log 3
2

,

Ø�� q > 3, n2)(R, av) ÝzÞ f − av

§
|z| < R ���zãz�zk Ë gJªz  } ≤ 2 ������ zjzëz�J }

> 2 �1n
� § �'�
2 %'&'(')º*

2.1 ¼ f(z) ¯ß�ß� �ß� } ¯ ρ(0 < ρ < +∞) � K− bßcßd1eßfßg Ä ¦ß§ jß¢ß�ß�� Γn : |z−zn| < σn|zn|, n = 1, 2, · · ·Õßu § Ößjßk Γn �Jg f(z)−a(a ∈ C) Ú*�ß�ßãß�ß�ßk Ë*+,
( 1
1−|zn| )

ρ−εn ë ( n
�1  Ë ),
+�- ¶
.
/
01j1�1Ç Ë ¶
11� 4 k1Ã x ¨1©1¯ ( 1

1−|zn|)
− ρ

8
+ εn

4�1Ã x �1�'gJØ�� lim
n→∞

|zn| = 1−, lim
n→∞

εn = 0(εn > 0), lim
n→∞

σn = 0.
2 Û Ú j ¢43 � ã � Ñ Ë αn(αn < ρ

4 ), � (1) 5 g Ï Ö j k n, ê ¦ § j ¢ Ñ Ë {rl(αn)} →

1−(l → ∞), Õ
S(rl, f) >

( 1

1 − rl

)ρ−αn

(2)

Ï1� α1, �'� rl(α1) → 1−(l → +∞), «
$ ¦1§ Ñ Ë rl1 ∈ ( 1
2 , 1), Õ

217π8K

ln 3
2

≤
( 1

1 − rl1

)2α1

(3)
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= Ú1j1¢1Ñ Ë {Tn}, Õ T1 > rl1 , ª Tn ↑ 1. >

Ωpqn =
{

z = reiθ : Tn
p+1 < r ≤ Tn

p,
∣

∣

∣
θ −

2qπ

M

∣

∣

∣
≤

π

M

}

Ø�� M = 3([ 2π
1−Tn

] + 1), p = 1, 2, · · ·; q = 1, 2, · · · , M ; n = 1, 2, · · ·. ? n = 1 @1gA� (2) p
51g§
{Ωpq1} �'¶
$
B
C1j1k1¾1¿1gJ´1¯ {Ωl1}, Õ Ωl1 ⊂ {z : 1

10 ≤ |z| ≤ rl1}, ª
S(Ωl1 , f) > 6

( 1

1 − rl1

)ρ−2α1

.

( D1Ä
S(T1, f) − S

( 1

10
, f

)

≤ 6M
ln 1

10

ln T1

( 1

1 − rl1

)ρ−2α1

,

S(T1, f) ≤ S
( 1

10
, f

)

+ C ln 10
( 1

1 − rl1

)ρ−2α1

,

Ø�� C = − 6M
lnT1

> 0, «
$E� (2) p1¶1u
( 1

1 − rl1

)ρ−α1

< S(rl1 , f) ≤ S(T1, f) ≤ S
( 1

10
, f

)

+ C ln 10
( 1

1 − rl1

)ρ−2α1

,

( 1

1 − rl1

)α1

≤ C ln 10 + (1 − rl1)
ρ−2α1S

( 1

10
, f

)

,

? rl1 → 1 @1g�F
G
H1½1n1¶
.1�1� )¼ Ωl1 = {z = reiθ : T1
p1+1 < r ≤ T1

p1 , |θ − 2q1π
M

| ≤ π
M
}. > z1 = 1

2 (T p1

1 + T p1+1
1 )ei

2q1π

M ,

Γ1
′ = {z : |z − z1| < d1} Ý�Þ �AI § z1 ∈ Ωl1 , ¨�©�¯ d1 = 2

3 ( 1
T1

− 1)|z1| � � g Γ1 = {z :

|z − z1| < σ1|z1|}, σ1 = 1
T1

− 1, Ä1r1s [7] �'²
! 5.1 �1�1¬1g�J
K
�1�
�
 1¶1u
Ωl1 ⊂ Γ1

′ ⊂ Γ1 ⊂ {z : |z| < 1}.

�1½ S(Γ1
′, f) ≥ S(Ωl1 , f) > 6( 1

1−rl1

)ρ−2α1 , L
M1_
! 1.1( Ú q=5) ¶1u
5

∑

v=1

n1)(Γ1, av) +
217π8K

δ6 ln 3
2

> 6
( 1

1 − rl1

)ρ−2α1

.

Ú δ = ( 1
1−|z1|

)−( ρ
8
− 1

2
α1), qE� (3) p
N ρ − 4α1 > 0, |z1| ≤ rl1 ¶1u1g

217π8K

δ8 ln 3
2

≤
( 1

1 − rl1

)2α1
( 1

1 − |z1|

)ρ−4α1

≤
( 1

1 − rl1

)ρ−2α1

,

«
$
5

∑

v=1

n1)(Γ1, av) > 5
( 1

1 − rl1

)ρ−2α1

≥ 5
( 1

1 − |z1|

)ρ−2α1

,

F1±�¥'Ï1Ö1j1k1Ç Ë a,
{

n1)(Γ1, a) ≥
( 1

1 − |z1|

)ρ−2α1

,
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+
- /
01j1�1Ç Ë ¶
11� 4 k1Ã x ¨1©1¯ ( 1
1−|z1|

)−
ρ

8
+ 1

2
α1 �1Ã x �1�'�

? n = 2 @1gO� (2) p
51g3Ï1� α2,
¦1§ Ñ Ë rl2 ∈ (rl1 , T2], Õ § {Ωpq2} �'¶
$
B
C1j1k¾1¿1gJ´1¯ {Ωl2}, Õ Ωl2 ⊂ {z : rl1 ≤ |z| ≤ rl2}, ª

S(Ωl2 , f) > 6
( 1

1 − rl2

)ρ−2α2

.

( D1Ä
S(T2, f) − S(rl1 , f) ≤ 6M

ln rl1

lnT2

( 1

1 − rl2

)ρ−2α2

,

S(T2, f) ≤ S(rl1 , f) + C ln
1

rl1

( 1

1 − rl2

)ρ−2α2

,

Ø�� C = − 6M
lnT2

> 0. «
$E� (2) p1¶1u
( 1

1 − rl2

)ρ−α2

< S(rl2 , f) ≤ S(T2, f) ≤ S(rl1 , f) + C ln rl1

( 1

1 − rl2

)ρ−2α2

,

( 1

1 − rl2

)α2

≤ C ln
1

rl1
+ (1 − rl2)

ρ−2α2S(rl1 , f),

? rl2 → 1 @1g�F
G
H1½1n1¶
.1�1� )¼ Ωl2 = {z = reiθ : T2
p2+1 < r ≤ T2

p2 , |θ − 2q2π
M

| ≤ π
M
}. > z2 = 1

2 (T p2

2 + T p2+1
2 )ei

2q2π

M ,

Γ2
′ = {z : |z − z2| < d2} Ý�Þ �AI § z2 ∈ Ωl2 , ¨�©�¯ d2 = 2

3 ( 1
T2

− 1)|z2| � � g Γ2 = {z :

|z − z2| < σ2|z2|}, σ2 = 1
T2

− 1, Ä rl1 < |z2| < rl2 < 1, q1ª
J
K
�1�
�
 1¶1u
Ωl2 ⊂ Γ2

′ ⊂ Γ2 ⊂ {z : |z| < 1}.

�1½
S(Γ2

′, f) > 6
( 1

1 − rl2

)ρ−2α2

.

L
M1_
! 1.1( Ú q=5) ¶1u
5

∑

v=1

n1)(Γ2, av) +
217π8K

δ8 ln 3
2

> 6
( 1

1 − rl2

)ρ−2α2

.

Ú δ = ( 1
1−|z2|

)−( ρ
8
− 1

2
α2), qE� (3) p
N ρ − 4α2 > 0, |z2| ≤ rl2 ¶1u

217π8K

δ8 ln 3
2

≤
( 1

1 − rl2

)2α2
( 1

1 − |z2|

)ρ−4α2

≤
( 1

1 − rl2

)ρ−2α2

,

«
$
5

∑

v=1

n1)(Γ2, av) > 5
( 1

1 − rl2

)ρ−2α2

≥ 5
( 1

1 − |z2|

)ρ−2α2

,

F1±�¥'Ï1Ö1j1k1Ç Ë a,
{

n1)(Γ2, a) ≥
( 1

1 − |z2|

)ρ−2α2

,
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+
- /
01j1�1Ç Ë ¶
11� 4 k1Ã x ¨1©1¯ ( 1

1−|z2|
)−

ρ

8
+ 1

2
α2 �1Ã x �1�'�

F�kPKPQ�¶P$PR |PS `PT æ 0�gJ��½�u�v���� ��� ��j�¢ � Γn U { ²P! 2.1 «PVPWX gJØ�� εn = 2αn.

L
M1_
! 1.2, r1s1²
! 2.1 �1�1¬1g�"
#1¶1uº�
2.2 ¼ f(z) ¯z�z���z� } ¯ ρ(0 < ρ < +∞) � K− bzczd~ezfzgJÄ ¦z§ jz¢z���� Γn : |z − zn| < σn|zn|, n = 1, 2, · · ·Õ1u § Ö1j1k Γn �'g f(z)− a(a ∈ C) Ú1  } ≤ l(l > 2¯zÑzÒ Ë ) �zãz�zk Ë�+ , (1 − 2

l
)2( 1

1−|zn| )
ρ−εn ë ( n��z  Ë ),

+�- ¶�.�/�0zjz�zÇ Ë ¶�1� 2 k�Ã x ¨�©�¯ ( 1
1−|zn| )

− ρ

6
+ εn

3 ��Ã x ��� gJØ � lim
n→∞

|zn| = 1−, lim
n→∞

εn = 0(εn > 0),

lim
n→∞

σn = 0.

L
M1_
! 1.3( Ú q=4), r1s1²
! 2.1 �1�1¬1g�"
#1¶1uºP
2.3 ¼ f(z) ¯���� ��� } ¯ ρ(0 < ρ < +∞) � K− b�c�d e�f�gJÄ ¦�§ j�¢�z��� Γn : |z − zn| < σn|zn|, n = 1, 2, · · ·Õzu § Özjzk Γn ��g f(z) − a(a ∈ C) Úz  } ≤ 2�zãz�zk Ë�+ , ( 1

1−|zn| )
ρ−εn ë ( n��z  Ë ),

+�- ¶�.�/�0zjz�zÇ Ë ¶�1z� 3 kzÃ x ¨z©z¯
( 1
1−|zn| )

− ρ
8
+ εn

4 �1Ã x �1�'gJØ�� lim
n→∞

|zn| = 1−, lim
n→∞

εn = 0(εn > 0), lim
n→∞

σn = 0.º�
2.4 ¼ f(z) ¯z�z��� |z| < 1 ��� } ¯ ρ(0 < ρ < +∞) � K− bzczd ezfzgJÄ

f(z)
§

|z| < 1 � + , ¦1§ j
Y Borel ¨1© L(θ) = {z : |z| < 1, arg z = θ}Õ1u
lim
r→1

ln nl)(r, θ, ε, a)

ln 1
1−r

= ρ a.e. a ∈ V,

Ï1� Û1â Ç Ë a(
+
- {

2 k
Z
[ ),
Û1â Ñ1Ò Ë l(l > 2) N Û1â ε > 0 �1i1�3Ø�� nl)(r, θ, ε, a)Ý1Þ f(z) − a

§
(|argz − θ| < ε)

⋂

(|z| < r) �'  } n
\
K l �1ã1�1k Ë gJn
�1  Ë �*]2 �'²
! 2.2 u1g ¦1§ f(z) �1j1¢1�1��� Γn : |z − zn| < σn|zn|, n = 1, 2, · · · Õ1u § Öjzk Γn ��g f(z) Ú Ûzâ Ç Ë�+ , ( 1
1−|zn|)

ρ−εn
(1 − 2

l
)2 ëzg +�- /�0zjz�zÇ Ë ¶�1z� 2 kÃ x ¨1©1¯ ( 1

1−|zn| )
− ρ

6
+ εn

3 �1Ã x �1�'� ´ θ ¯ {arg zn} �1j1k
^1�1g Ä1Ï1� Û1â Ç Ë a Û1â Ñ Ë ε
{

lim
r→1

ln nl)(r, θ, ε, a)

− ln(1 − r)
≥ ρ (4)

�ßißg +*- ¶*.*/*0ß�ß� a � 2 k*Z*[ � � Âßn*Hßg Ä ¦ß§ ε0 > 0 $*N*�ßk*_ 	 �ßÇ Ë ai(i =

1, 2, 3), Õßu*$*`ß�ß¯*a*b*$ L(θ) ¯*aßw �*c �*d*eßÁß¿ Ω0 : (| arg z− θ| < ε0)
⋂

(|z| < 1)
{

lim
r→1

ln nl)(r, θ, ε0, a)

− ln(1 − r)
< ρ. (5)

f ½ § Ω0 �Og
11a Γn �1j1k
R
h
i1¢ Γnk
, ? k � �
j @1g {

2
( 1

1 − |znk
|

)− ρ

6
+

εnk
3

< min
1≤u6=v≤3

{|au, av|},

F�k |au, av| ÝzÞ au  av �z�z�zÃ x���� �J�z½ ai(i = 1, 2, 3) � + , { jzkzg�ZzÌ a1 nl � y V1�1¨1©1¯ ( 1
1−|znk

| )
− ρ

6
+

εnk
3 �1Ã x �1�'�nm f(z)

§
Γnk

�'Ú a1

+ ,
( 1
1−|znk

| )
ρ−εnk
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ë1�
lim
r→1

ln nl)(r, θ, ε0, a1)

− ln(1 − r)
≥ lim

k→∞

ln nl)(Γnk
, a1)

ln 2
1−|znk

|

≥ lim
k→∞

(ρ − εnk
) ln 1

1−|znk
|

ln 3
2 + ln 1

1−|znk
|

= ρ,

F1 (5) p
o
p1�J«
$ L(θ) = {z : |z| < 1, argz = θ} �
q (4) p1�
Hß�ß¤ ¥JÕ (4) p �Jn1oßµ*�ßiß�ßÇ Ë a ½ßjßã*r*sß� ¯ß°*> rn = 1− ( 1

2 )n  σ > 0, ´
E = {a ∈ V, a �
q (4) �'n1o1p },

El)
n =

{

a ∈ V, nl)(rn, θ, ε, a) >
( 1

1 − rn

)ρ+2σ}

. (6)

En =
{

a ∈ V, n(rn, θ, ε, a) >
( 1

1 − rn

)ρ+2σ}

. (7)

�'�
? n → ∞ @1g rn → 1, «
$
lim

n→∞

ln πS(rn, f)

− ln(1 − rn)
= ρ,

t °
? n � �
j @1g {
πS(rn, f) <

( 1

1 − rn

)ρ+σ

,

u
v
(7) p

(mesEn)
( 1

1 − rn

)ρ+2σ

< πS(rn, f) <
( 1

1 − rn

)ρ+σ

.

w � (6) p
mesEl)

n ≤ mesEn <
( 1

1 − rn

)−σ

= 2−σn. (8)

Ï Û1â
j �1Ñ1Ò Ë N
{ g

E ⊂
∞
⋃

n=N

El)
n ⊂

∞
⋃

n=N

En,

«
$E� (8) p
x1u
mesE ≤

∞
∑

n=N

mesEn ≤

∞
∑

n=N

2−σn = Cσ2−σN , (9)

Ø�� Cσ ¯
�1Ó1Ô1� σ �
y Ë g § (9) p��O> N → ∞, m1u mesE = 0.
t °

lim
r→1

ln nl)(r, θ, ε, a)

− ln(1 − r)
= ρ, a.e. a ∈ V,

z ²
!1u1¤1�
L
M1²
! 2.3, r1s1²
! 2.4 �1�1¬1g�"
#1¶1u
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2.5 ¼ f(z) ¯���� � |z| < 1 � � } ¯ ρ(0 < ρ < +∞) � K− b�c�d e�f�gJÄ
f(z)

§
|z| < 1 � + , ¦1§ j
Y Borel ¨1© L(θ) = {z : |z| < 1, arg z = θ} Õ1u

lim
r→1

ln n2)(r, θ, ε, a)

ln 1
1−r

= ρ a.e. a ∈ V,

Ï1� Û1â Ç Ë a(
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THE MULTIPLE VALUES OF K-QUASIMEROMORPHIC

MAPPINGS IN THE UNIT DISK

Liu Mingsheng Li Shuyun

(Department of Mathematics, South China Normal University, Guangzhou 510631)

Abstract In this paper, we study the multiple values of quasimeromorphic mappings in
the unit disk, and obtained the filling disks and the existence theorems of Borel radius on their
multiple values by using the geometric method of covering surface.

Key words Quasimeromorphic mapping, multiple value, filling disks, Borel radius.


