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1 % &
�� !�"#� $��%���&' ( Brouwer-Schauder-Tychonoff )*+,

-'./�! Pareto-Nash 01+23'"45'(6' (#78)'$%���23'
"45&'2')(9)*2:*45+;<=>+,-! Pareto-Nash 01+23'"4
5'?@ [1–5] A.>�/B

0 Y &#7 Hausdorff 1234CD' C & Y ,2#7-B- C &52'E6FE

C + C = C; - C &G2'E6FE C ∩ (−C) = {θ}, ,, θ H7 Y ,28.B
'��,'IJ9K:%';/"L I &#7*<L' =M i ∈ I, ; Xi N Yi &>7

Hausdorff 1234CD'Ki & Xi ,2#7JC5O)L' θi H7 Yi ,28.'Ci & Yi

,2#7P5G-'6 intCi �= ∅, ,, intCi H7 Ci 2?QBR K =
∏
i∈I

Ki, K
î
=

∏
j∈I,j �=i

Kj.

 =M x ∈ K, S@ x = (xi, x̂i
). 0 2K H7 K 2JC)LABB

 =M i ∈ I, ; fi : K → Yi &#7341TC' Gi : K
î
→ 2Ki &2D EB!�"#

� $��&UFÆ x∗ ∈ K G3' =M i ∈ I, x∗
i ∈ Gi(x∗

î
), V6

fi(yi, x
∗
î
) − fi(x∗

i , x
∗
î
) �∈ intCi,  +* yi ∈ Gi(x∗

î
).

x∗ ∈ K 9WH!�"#� $2#7! Pareto-Nash 01+B#7!�"#� $�
� X9H7H {Ki, Gi, fi}i∈I .

* ��I4JY�Z[56\K]
L^MN_2007-01-04, L`Oa^MN_2008-07-17.
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 =M i ∈ I, 0T Gi(x̂i
) = Ki, ∀x̂

i
∈ K

î
, UV'!�"#� $��deH!�" 

$��'#7!�" $�� X9H7H {Ki, fi}i∈I .

2 89:;
WÆXfYg�hZN4[B

<= 2.1 ; X N Y &>71234CD' K & X ,2#7JC5)L' C & Y ,
2#7P5G-'6 intC �= ∅, ,, intC H7 C 2?QB f : K �→ Y &#7341TCB

1) f 9WH& C- 52'>\ =M x1, x2 ∈ K N=M t ∈ [0, 1],

f(tx1 + (1 − t)x2) ∈ {tf(x1) + (1 − t)f(x2)} − C;

f 9WH& C- i2'>\ −f & C- 52'j]*'
f(tx1 + (1 − t)x2) ∈ {tf(x1) + (1 − t)f(x2)} + C.

2) f 9WH& C- *^52'>\ =M x1, x2 ∈ K N=M t ∈ [0, 1],

k? f(tx1 + (1 − t)x2) ∈ f(x1) − C, k? f(tx1 + (1 − t)x2) ∈ f(x2) − C;

f 9WH& C- *^i2'>\ −f & C- *^52'j]*'
k? f(tx1 + (1 − t)x2) ∈ f(x1) + C, k? f(tx1 + (1 − t)x2) ∈ f(x2) + C.

WÆ245'@�/ [4] ,_- 1.1.
@A 2.1 0 Y &#7 Hausdorff1234CD'C & Y ,2#7P5G-' intC �= ∅,

,, intC H7 C 2?Q'UV'* intC + C ⊂ intC.
B`''�/ [4],'ab45&' BanachCD./2'cda'-2C%(l' Hausdorff

1234CDefm/B

WÆ245@ [5] ,_- 2.1.
@A 2.2 0 X &#7O12CD'Y &#75CD'G, T : X �→ 2Y &>7L1gh

G3U =M x ∈ X, G(x) �= ∅, coG(x) ⊂ T (x), 6 X =
⋃

y∈Y

intG−1(y), ,, coG(x) H7 G(x)

25;BUV T 3'#7ij2kD f : X �→ Y , n&$'3'#7ij2kD f : X �→ Y

l f(x) ∈ T (x) ' =M x ∈ X .
WÆ245&E%2 Brouwer-Schauder-Tychonoff)*+,-'@�/ [6].
@A 2.3 0 K &oQ5 Hausdorff 34CD,2#7JC5O)L' f : K �→ K &

#7ijTCBUV' f 2)*+L&JCO2B

3 F Pareto-Nash GHIJKLM
 =M i ∈ I, x ∈ K, R Si(x) = {yi ∈ Gi(x̂i

) : fi(yi, x̂i
) − fi(xi, x̂i

) ∈ intCi}, Wi = {x ∈
K : Si(x) �= ∅}. N_- 2.1 mnoCU =M x̂

i
∈ K

î
, p5 fi(·, x̂i

) & Ci- i2k& Ci- *
^i2'UV Si(x) &52B

<A 3.1 pq!�"#� $ {Ki, Gi, fi}i∈I .  =M i ∈ I, 0
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1)  =M x̂
i
∈ K

î
, Gi(x̂i

) &52=
2)  =M x̂

i
∈ K

î
, fi(·, x̂i

) & Ci- i2k& Ci- *^i2=
3) p5 x ∈ W i, UV3' x ' K ,rtP Ui(x) lU

⋂
x′∈Ui(x)∩Wi

Si(x′) �= ∅, ,, W i

H7 Wi 2P;BUV'3' x∗ ∈ K G3U =M i ∈ I,

x∗
i ∈ Gi(x∗

î
), V6 fi(yi, x

∗
î
) − fi(x∗

i , x
∗
î
) �∈ intCi, =M yi ∈ Gi(x∗

î
).

Q ,�L1gh H : K �→ 2K H H(x) =
∏
i∈I

Hi(x), ,, Hi : K �→ 2Ki ,�H

Hi(x) =

{
Si(x) p5 x ∈ Wi,

Ki p5 x ∈ K\Wi.

(1)  =M i ∈ I, x ∈ K, N_- 2.1 mnoCU Hi(x) &52=uv'Hi(x) &JC2B
(2)  =M x ∈ K, R J = {i ∈ I : x ∈ W i}.
p5 J = ∅, UV =M i ∈ I, 3' x ' K ,2rtP Ui(x), E x′ ∈ Ui(x) ]'

Hi(x′) = Ki. T U(x) =
⋂
i∈I

Ui(x), UV U(x) & x ' K ,2#7rtP'E x′ ∈ U(x) ]'

* H(x′) =
∏
i∈I

Hi(x′) = K. wj' =M z0 ∈ K, E x′ ∈ U(x) ]' z0 ∈ H(x′), Rxs
U(x) ⊂ H−1(z0), n x ∈ intH−1(z0) ⊂ ⋃

z∈K

intH−1(z).

p5 J �= ∅, UV' =M i ∈ I\J , 3' x ' K ,2rtP U1
i (x), E x′ ∈ U1

i (x) ]'
Hi(x′) = Ki, =M i ∈ J ,Nyt 3),3' x' K ,2rtP U2

i (x),l
⋂

x′∈U2
i
(x)∩Wi

Si(x′) �= ∅,

Rxs ⋂
x′∈U2

i
(x)

Hi(x′) �= ∅ (wHE x′ �∈ Wi ]' Hi(x′) = Ki). z z0 = (z0
i )i∈I ∈ K G3U 

=M i ∈ J , z0
i ∈ ⋂

x′∈U2
i
(x)

Hi(x′). R U(x) = (
⋂

i∈I\J

U1
i (x))∩ (

⋂
i∈J

U2
i (x)). uv' U(x) {& x '

K ,2#7rtP'E x′ ∈ U(x) ]' z0 ∈ H(x′) =
∏
i∈I

Hi(x′), Rxs U(x) ⊂ H−1(z0), n

x ∈ intH−1(z0) ⊂ ⋃
z∈K

intH−1(z).

+|' K =
⋃

z∈K

intH−1(z).

N_- 2.2, H *ij2kD g : K �→ K, ,, g = (gi)i∈I , nU =M i ∈ I, E x ∈ Wi

]' gi(x) ∈ Si(x), E x ∈ K\Wi ]' gi(x) ∈ Ki. N Brouwer-Schauder-Tychonoff )*+,
- (_- 2.3 ), g S}3'#7)*+'n3' x∗ ∈ K G3U =M i ∈ I, x∗

i = gi(x∗). B`
u xi �∈ Si(x), wj =M i ∈ I, x∗ ∈ K\Wi, n*U =M i ∈ I, Si(x∗) = ∅, Nj,-vCB

w0,- 3.1, mnxs!�" $! Pareto-Nash 01+3'"45B
 =M i ∈ I, x ∈ K, R Si(x) = {yi ∈ Ki : fi(yi, x̂i

) − fi(xi, x̂i
) ∈ intCi}, Wi = {x ∈ K :

Si(x) �= ∅}.
TU 3.1 pq!�" $ {Ki, fi}i∈I .  =M i ∈ I, 0
1)  =M x̂

i
∈ K

î
, fi(·, x̂i

) & Ci- i2k& Ci- *^i2=
2) p5 x ∈ W i, UV3' x ' K ,2rtP Ui(x) l

⋂
x′∈Ui(x)∩Wi

Si(x′) �= ∅, ,, W i

H7 Wi 2P;B
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UV'3' x∗ ∈ K G3U =M i ∈ I,

fi(yi, x
∗
î
) − fi(x∗

i , x
∗
î
) �∈ intCi,  =M yi ∈ Ki.

V 1 ,- 3.1 N4[ 3.1 0&'2! Pareto-Nash 01+3'"45B
0 R H7dCDBWÆ28)$%,- 3.1 ~d&#7'2! Pareto-Nash01+3'

"45B

W 3.1 pq!�"#� $ {Ki, Gi, fi}i∈I , ,, I = {1, 2}, X1 = X2 = R, Y1 = Y2 =
R2, K1 = K2 = [0, 1], C1 = C2 = [0, +∞) × [0, +∞). R K = K1 × K2 = [0, 1]2.  =M i ∈ I,
Gi : K

î
�→ 2Ki 9,�H

G1(x2) =

⎧⎪⎪⎨⎪⎪⎩
[
0,

1 + x2
2

2

]
, x2 >

1
2
,

[1
2
, 1 − x2

2

3

)
, yX=

G2(x1) =

⎧⎪⎪⎨⎪⎪⎩
[1 + x1

5
, 1

]
, x1 >

1
3
,[

1 − 1 + x1

4
, 1

)
, yXB

 =M i ∈ I, fi : K �→ Yi 9,�H

f1(x) = (f1
1 (x), f2

1 (x)) =

⎧⎪⎨⎪⎩
(
− 4x1x2 +

(
x2 − 1

2

)2

,−3x1x2 − 7
(
x2 − 1

2

)2)
, x2 >

1
2
,

(0,−1) , yX=

f2(x) = (f1
2 (x), f2

2 (x)) =

⎧⎪⎨⎪⎩
(
x1x2 −

(
x1 − 1

5

)2

, 5x1x2 + 2
(
x1 − 1

5

)2)
, x1 >

1
3
,

(1, 2) , yXB
mnoC
(1)  =M x2 ∈ K2, G1(x2) &JC52' =M x1 ∈ K1, G2(x1) &JC52=
(2)  =M x2 ∈ K2, f1(x2, ·) & [0, +∞)× [0, +∞)− i2= =M x1 ∈ K1, f2(x1, ·) &

[0, +∞) × [0, +∞)− i2B
(3)  =M x ∈ K, S1(x) = {y1 ∈ G1(x2) : f1(y1, x2) − f1(x1, x2) ∈ (0, +∞)2} = {y1 ∈

G1(x2) : x2 > 1
2 , 6y1 < x1}, W1 = {x ∈ K : S1(x) �= ∅}, S2(x) = {y2 ∈ G2(x1) : f2(y2, x1) −

f2(x2, x1) ∈ (0, +∞)2} = {y2 ∈ G2(x1) : x1 > 1
3 , 6y2 > x2}, W2 = {x ∈ K : S2(x) �= ∅}. B

`' =M x ∈ W1, y1 = 0 ∈ S1(x);  =M x ∈ W2, y2 = 1 ∈ S2(x); wj' =M x ∈ W 1 |

A x ' K ,2rtP U1(x), y1 = 0 ∈ ⋂
x′∈U1(x)∩W1

S1(x′);  =M x ∈ W 2 |A x ' K ,2
rtP U2(x), y2 = 1 ∈ ⋂

x′∈U2(x)∩W2

S2(x′); R$%,- 3.1 ,2yt 3) {m/B

+|'N,- 3.1, z!�"#� $3'! Pareto-Nash 01+B
V 2 B`u'8 3.1 ,'L1gh Gi(i = 1, 2) ' K

î
a{)&a|ij2{)&W|

ij2 ( {)}O1), e]'dTC f1
1 (;~ f2

1 , f1
2 , f2

2 ) ' K a{)&a|ij2{)&W

|ij2'wj',- 3.1(|A4[ 3.1) 2~&'2! Pareto-Nash 01+23'"45'
-)(9�/ [1–5] , E23'"45+;<B
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A NEW EXISTENCE RESULT OF WEAKLY PARETO-NASH

EQUILIBRIUM POINTS

LIN Zhi

(College of Science, Chongqing Jiaotong University, Chongqing 400074)

Abstract The multiobjective generalized games are considered, and the existence result
of weakly Pareto-Nash equilibrium points is established by Brouwer-Schauder-Tychonoff’s fixed
points theorem. Then an example shows that the obtained existence result is new.

Key words The multiobjective generalized game, Pareto-Nash equilibrium point, C-
convex, C- quasiconvex-like.


