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1 �����
������ m ≥ 2, ���� x ∈ (0, 1) ���� m �� ���!"�

x =
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i=1

xi

mi
, xi ∈ {0, 1, 2, · · · , m − 1}.

�#!���

Fm =
{
x ∈ [0, 1) : {mkx} ≥ 1

m2
, k ∈ N

}
.
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2 Fm A k BCD�EAFGHI�
J9����CK� x = x1

m + x2
m2 + · · · + xk

mk + · · ·, DE mkx "?�F?7 {mkx} =
xk+1

m + xk+2
m2 + · · ·. D� {mkx} ≥ 1

m2 �LMEFÆ" xk+1 9 xk+2 ++&�G9G(N k ∈ N

"��OP x  �3"�QR� {x1, x2, · · ·} G*HSI�F�G(H'/ Fm �T"R�
�T7!�GGUJR��

Dk =
{
σ = (σ1, σ2, · · · , σk) : σi ∈ {0, 1, · · · , m − 1}, i ∈ N, σi �= 0 �= σi−1 = 0

}
. (1)

���� k ∈ N 9 σ = (σ1, σ2, · · · , σk) ∈ Dk, �# k . m �/0

Iσ = cl{x ∈ (0, 1], x1 = σ1, x2 = σ2, · · · , xk = σk}.

8

Jσ = Iσ

⋂
Fm,

9V Fm "&�?I�!
Fm =

⋃
σ∈Dk

Jσ, (2)

46J Jσ 9� Fm "&� k .84W(N Jσ "�#KXL2"!�4=
1) ���� σ = (σ1, σ2, · · · , σk) ∈ Dk, M a(σ) 9 Jσ "YKL- b(σ) 9 Jσ "ZKL-

MN σ|k−1 = (σ1, σ2, · · · , σk−1). 9V
a(σ) = a(σ|k−1); b(σ) = b(σ|k−1).

2) Fm " k .84W Jσ(σ = (σ1, σ2, · · · , σk) ∈ Dk) ":+?FO

i) σk �= 0 P, |Jσ| =
1

mk

(
1 − 1

m2
− 1

m4
− 1

m6
− · · ·

)
=

1
mk

(
1 − 1

m2 − 1

)
; (3)

ii) σk = 0 P, |Jσ| =
1

mk

(
1 − 1

m
− 1

m3
− 1

m5
− · · ·

)
=

1
mk

(
1 − m

m2 − 1

)
. (4)

3) ���� σ = (σ1, σ2, · · · , σk) ∈ Dk, σk = 0 �LM σk−1 �= 0, D�V
⋃

σ∈Dk

Jσ =
⋃

σ ∈ Dk
σk �= 0

Jσ +
⋃

σ ∈ Dk
σk−1 �= 0

σk = 0

Jσ. (5)

�!N qk 9 Fm " k .84W�� (qk = #Dk), 9 (5) �12

q0 = 1, q1 = m, qk = (m − 1)qk−1 + (m − 1)qk−2, k ≥ 2. (6)

,&5N#Fm "DV k .84W Jσ(σ = (σ1, σ2, · · · , σk) ∈ Dk) 3-�T σk �= 0 "V
(m − 1)qk−1 �-'�T σk = 0 "V (m − 1)qk−2 �(

O (6) �QRL2
SM

qk

qk−1
=: rk, (7)
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9V
r1 = m, rk = m − 1 +

m − 1
rk−1

(k ≥ 2), (8)

UR_ r = lim
k→+∞

rk !

(m − 1) +
m − 1

r
= r S r2 = (m − 1)(r + 1), (9)

�'V

r =
m − 1 +

√
(m − 1)2 + 4(m − 1)

2
.
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�� 2 %V12" qk 9 r Yb

lim
k→∞

qk · 1
rk

=
(r + 1)2

r(r + 2)
.

� N (7)–(9), 46!7&��L&1

qk

(
rk+1 +

m − 1
r

) 1
rk

= (r1r2 · · · rk)
(
m − 1 +

m − 1
rk

+
m − 1

r

) 1
rk

= (r1r2 · · · rk)
(m − 1

rk
+ r

) 1
rk

= qk−1

(
rk +

m − 1
r

) 1
rk−1

,

T2c�&1 k T!7

qk

(
rk+1 +

m − 1
r

) 1
rk

= q0

(
r1 +

m − 1
r

) 1
r0

= m +
m − 1

r
= r + 1,

FUV� rk+1 + β−1
r , MdTT2 (6) W!

lim
k→∞

qk · 1
rk

=
(r + 1)

r + m−1
r

=
(r + 1)2

r(r + 2)
.

3 Fm A k BCD�EAFG��e
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µ(J(σ1, σ2, · · · , σk)) =

⎧⎪⎨
⎪⎩

1
rk

, �= σk �= 0,

1
rk−1(r + 1)

, �= σk = 0.
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�8 3 8 s = log r
log m , ���� σ, τ ∈ Dn, S a(σ) < b(τ), 9V

µ
(
[a(σ), b(τ)]

) ≤
(m2 − 1

m2 − 2

)s(
b(τ) − a(σ)

)s
. (11)

� (2�g�ZZ) �� n = 1, G[8 [a(σ), b(τ)] 3\V i(1 ≤ i ≤ m) � 1 .84W-
h?/[\Fi]^

1) ] a(σ) �= a(σ|0)(WG^_jYK" 1 .84W) P-N (10) 9 (3) �?/!

µ([a(σ), b(τ)]) =
i

r
,

(m2 − 1
m2 − 2

)s(
b(τ) − a(σ)

)s =
(m2 − 1

m2 − 2

)s

· 1
r

(
i − 1

m2 − 1

)s

.

�` (11) ��Q,6
i ≤

(
i − 1

m2 − 1

)s(m2 − 1
m2 − 2

)s

.

J9_� f(x) = x − (x − 1
m2−1 )s(m2−1

m2−2 )s "`.a�b�G-a f(1) = 0, f(m − 1) < 0, N
f(x) "cOP- (11) * i Yb 1 ≤ i ≤ m − 1 Pd�Q(

2) ] a(σ) = a(σ|0)(W^_jYK"&.84/0), N (10) 9 (4) �!

µ([a(σ), b(τ)]) =
i − 1

r
+

1
1 + r

;

(m2 − 1
m2 − 2

)s

(b(τ) − a(σ))s =
(m2 − 1

m2 − 2

)s[ 1
m

(
i − 1

m
− 1

m3
− 1

m5
− · · ·

)]s

=
1
r

( i(m2 − 1) − m

m2 − 2

)s

.

H (11) ��Q,6
i − 1 +

r

r + 1
≤

( i(m2 − 1) − m

m2 − 2

)s

,

N f(x) = x − 1 + r
r+1 − (x(m2−1)−m

m2−2 )s "cO> f(m) = 0, f(1) < 0 !- (11) �* i Yb
1 ≤ i ≤ m P�Q(

NY�`-k$bi]^!- (11) �* n = 1 P��Q(
lc8 (11) �* n = k P�Q-46?m n = k + 1 P"ei]^(
S σ, τ ∈ Dk+1 a σ|k = τ |k , Od� n = 1 P"neV (11) ��Q(JY46!V,6

f$ σ, τ ∈ Dk+1, σ|k �= τ |k "]"(
]" A a(σ) = a(σ|k). J9 Jτ |k g* Jσ|k "Zf-�M Jτ ′ 9hi Jτ |k Yf"84

W-N
λ =

b(τ |k) − b(τ)
b(τ |k) − b(τ ′)

, 0 ≤ λ < 1, (12)

9
b(τ) − a(σ) = b(τ) − a(σ|k) = λ(b(τ ′) − a(σ|k)) + (1 − λ)(b(τ |k) − a(σ|k)),
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N xs "cO>�Zc8-!
(b(τ) − a(σ))s ≥ λ(b(τ ′) − a(σ|k))s + (1 − λ)(b(τ |k) − a(σ|k))s

≥
(m2 − 1

m2 − 2

)s(
λµ

(
[a(σ), b(τ ′)]

)
+ (1 − λ)µ

(
[a(σ|k), b(τ |k)]

))

=
(m2 − 1

m2 − 2

)s(
µ
(
[a(σ|k), b(τ |k)]

) − λµ
(
[b(τ ′), b(τ |k)]

))
. (13)

(12) 12

λ ≤ (m − i) 1
mk+1

1
mk

=
1
m

(m − i),

D�
λµ([b(τ ′), b(τ |k)]) ≤ 1

m
(m − i)

1
rk

< (m − i)
1

rk+1
= µ([b(τ), b(τ |k)]),

gj (13), !

(b(τ) − a(σ))s =
(m2 − 1

m2 − 2

)s

{µ([a(σ|k), b(τ |k)]) − µ([b(τ), b(τ |k)])}

=
(m2 − 1

m2 − 2

)s

µ([a(σ), b(τ)]),

he (11) �*]" A !�Q(
]" B a(σ) �= a(σ|k). YP-46o��?]^k/0 [a(σ), b(τ)] �plYKiZK

SlZKiYKSq� k + 1 84/0YrZ-km�]" B "/0 [a(σ), b(τ)] jk�m�
]" A "/0 [a(σ′), b(τ ′)], 'aÆl�:+Gs;0,Gn

i) σk+1 ≥ τk+1 P-l! [a(σ), b(τ)] YK"F? Jσ|k i7ZK-MomEV"0n-
D!/0 [a(σ′), b(τ ′)] Yb a(σ′) = a(σ′|k), N]" A

µ[a(σ), b(τ)] = µ[a(σ′), b(τ ′)] ≤
(m2 − 1

m2 − 2

)s

(b(τ ′) − a(σ′))s <
(m2 − 1

m2 − 2

)s

(b(τ) − a(σ))s;

ii) σk+1 < τk+1 a σk = 0 P-l! [a(σ), b(τ)] ZK σk+1 − 1 � k + 1 .84/0i7
YK-D!/0 [a(σ′), b(τ ′)], Yb a(σ′) = a(σ′|k) , N]" A P

µ[a(σ), b(τ)] = µ[a(σ′), b(τ ′)] ≤
(m2 − 1

m2 − 2

)s

(b(τ ′) − a(σ′))s =
(m2 − 1

m2 − 2

)s

(b(τ) − a(σ))s;

iii) σk+1 < τk+1 a σk �= 0 P-k [a(σ), b(τ)] 3�� k + 1 .84/0?/pYro7
YU"p mσk+1 � k + 1 .84/0%-q/0 [a(σ), b(τ)] j9 [a(σ′), b(τ ′)], Yb σ′

k = 0,
N ii) P

µ[a(σ), b(τ)] ≤ µ[a(σ′), b(τ ′)] ≤
(m2 − 1

m2 − 2

)s

(b(τ ′) − a(σ′))s ≤
(m2 − 1

m2 − 2

)s

(b(τ) − a(σ))s.

O'] n = k + 1 P- (11) �t�Q(N�Zc8-f# 3  n(



540 > A B ? @ � ? 28 C

4 Fm A Hausdorff ���uG
9�&�" Hausdorff *+-46qh6!V"
�8 4[4] N Gk 9�0 F " k .84/0"DV�*M�- G =

∞⋃
k=0

Gk, 9V

Hs(F ) = Hs
G(F ).

78 1 v�� * G 3�U� Fm "&� δ rs {Ui}, Mc8 Ui 7rw k(i) .8
4W"M-Nt� Ui "jYK84W9 Jσ(i) , t� Ui "jZK84W9 Jτ (i), 9 |Ui| =
b(τ (i)) − a(σ(i)) (Nf# 3, !

Σ |Ui|s ≥
(m2 − 2

m2 − 1

)s

.

D�

Hs
G(Fm) ≥

(m2 − 2
m2 − 1

)s

.

O'Nf# 4, !

Hs(Fm) ≥
(m2 − 2

m2 − 1

)s

.

!VneUu"Gv�(
N (2), (5) �-���� k > 0, sF qk � k .84W7 Fm "xtrs(N (6), Fm " k

.84W Jσ(σ = (σ1, σ2, · · · , σk) ∈ Dk) 3-�T σk �= 0 "V (m− 1)qk−1 �-�T σk = 0 "
V (m − 1)qk−2 �-lk�T σk = 0 "�� k .84W�u9 k + 1 .(w!�T σk+1 �= 0
" k + 1 .84W (m− 1)2qk−2 �-HvyV" (m− 1)qk−1 ��T σk �= 0 " k .84Ww
t7 Fm "rs(H'V

Hs(Fm) ≤
∑

σ ∈ Dk
σk �= 0

|Jσ|s +
∑

σ ∗ i ∈ Dk+1
i �= 0

σk = 0

|Jσ∗i|s,

D�-N (3), (8) 9 ms = r, 46V
Hs(Fm) ≤ (m − 1) · qk−1|Jσ|s + (m − 1)2 · qk−2|Jσ∗i|s

= (m − 1)
(
qk−1

1
rk

+ (m − 1) · qk−2 · 1
rk+1

)(
1 − 1

m2 − 1

)s

.

T2xy 2, !7

Hs(Fm) ≤ (m − 1)
(r + 1)2

r2(r + 2)

(
1 +

m − 1
r2

)(
1 − 1

m2 − 1

)s

=
(m2 − 2

m2 − 1

)s

.

z0!WW!*+"&5)
Hs(Fm) =

(m2 − 2
m2 − 1

)s

.
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HAUSDORFF MEASURE FOR THE SET OF m-ADIC NUMBERS

WITHOUT NEIGHBORING ZEROES

ZHONG Ting ZHANG Qingqing TANG Liang

(College of Information Management and Engineering, Jishou University, Hunan 427000)

Abstract For any integer m ≥ 2, let Fm =
{
x ∈ [0, 1) : {mkx} ≥ 1

m2 , k ∈ N
}
, where

{mkx} is the fractional part of mkx. This paper gives the Hausdorff measure of Fm: Hs(Fm) =

(m2−2
m2−1 )s, where s = logm

m−1+
√

(m−1)2+4(m−1)

2 is the Hausdorff dimension of Fm.

Key words m-adic, sequence of no double zeroes linked, mass distribution, Hausdorff
dimension, Hausdorff measure.


