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1 � &
Chemostat(�����) ���������������'( [1−4], �������

�� ���!������")�#�$��%������ Chemostat � �&��
!�'��� ���! "#(�*)�+��!$��,����,*�� Chemostat
� ���+���� -�"�� [2−4]

{
Ṡ(t) = D(S0 − S) − δ−1µ(S)X,

Ẋ(t) = (µ(S) − D)X,
(1)

#) S(t) � X(t) �%&�, t �$��%)*��&'�����&'�S0 ����(�

*�&'�D &�')(� δ &�*��-�(� µ(S) �����.�(� Monod (1950)
/0�))��.*�&'(��.��� µ(S) = µmS

km+S (#) µm, km �1*�). / �

µ(S) , [0, +∞) !� S �.��� +�,0���������) ,,�1!*"�
*�&'-+22#�.��03�."#3&��/0$��4% )0514#21&

* ������6$*%&'5'��$* (10671011) 67+(3
)(*,42006-09-04, )57)(*,42007-05-11.
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892*9"+,8�!9:03 [2,5]. :103#�-:�;(�� �-.���)+
.;/;"�:1< 03��<<1��/�� (1) .</0 [3,5]. 1��=0>�.
��� [2,3,6−14] "=02*�-�(�*��10 [2,7−12] "==��4 [1,2,5,13−27] "�

34��51+=�>1= - 1?�?2+��4�&���))@( �10�3>
1=�1?�45 -@�>1=,2�1?,2�6'@>�� [2,3,28]. 3 [12, 29] 78
A� (1) )����*�?5,,�>1�B>1�4�&�)�@(/C 45-@�
��&�.���� Chemostat � �3.���4� µ = µmax

S
X

Ks+ S
X

. 5. Monod  @6�

,!��6978:(�D� S
X E9)D�&' S, :,&��:� BOD(��AB;) �

F;:(�7CD�G S
X � Ks ��E.����&H:@ µ ≈ µmax

Ks
· S

X . / �G�69

78:(�D��;��97�.�(.D�&'I1@�+.97&'I-@�3 [12] 8
&��:74%� �⎧⎪⎪⎨⎪⎪⎩

Ṡ(t) = (S0 − S(t))D − µS(t)
kX(t) + S(t)

X(t)
A + BS(t)

,

Ẋ(t) =
µS(t)

kX(t) + S(t)
X(t) − DX(t),

(2)

#) D, S0, µ, k, A, B �1*�� S(t) � X(t) �CD.4% (1) ?<=.��� µ(S) =
µS(t)

kX(t)+S(t) �@(/C 45-@��= δ(S) = A + BS, 02)*�-�(�*��10�

+=�4% (2) -�83F�0F)G#��=�.A<)B)1=9J,,��4% (2)
>�K��,��<��:))4% (2) ,,;Æ<�1=9J>?83?C�L�@=�

 +�,�������� )�����.>.8-�M�*�./�A�BI��
3**,,�54#03��<3 [2–5] )C)��C*�4�E+/D,E@=A�N�
�����*��,O�*�B���F4#(�-�HG� �3*�> ,���7B

,O�P�5 [18−21] "=Q����:(IHC�D,���#(IHC�."B(IH�
���R5S�>���7=D�����>TEI+��E?#�HG*��A5��
 �U����<�S>��;�� �J� I(�54#,, (�4)0,-@#�.
��� )). E>TEI=A4#.�-@03 (Delay Growth Response) �� �� DGR
� [13,14,22−27] "�V;�&�@A&<,�14%� )��4�5 FB4%=9J�
?C:�+S�DC89=+,�14%� )��4�4%=9J�?C:�4%�KÆ
:I�-C��

W3>,3 [12] �DX!�0�Y78:( DGR �4%� (2), 378+�:(�4
�!9:��4% ⎧⎪⎪⎨⎪⎪⎩

Ṡ(t) = (S0 − S(t))D − µS(t)
kX(t) + S(t)

X(t)
A + BS(t)

,

Ẋ(t) =
µS(t − τ)

kX(t − τ) + S(t − τ)
X(t − τ) − DX(t),

(3)

#) τ ≥ 0 ��4��)&�!��Z�JK�4% (3) -;E���[�G

X = AS0x, S = S0y, t =
T

D
, a =

µ

D
, b = kA, c =

BS0

A
,
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K� t F T , E4% (3) ��⎧⎪⎪⎨⎪⎪⎩
ẋ(t) =

ay(t − τ)
bx(t − τ) + y(t − τ)

x(t − τ) − x(t),

ẏ(t) = 1 − y(t) − ay(t)
bx(t) + y(t)

x(t)
1 + cy(t)

.

(4)

78A��JCD�0(�@=�

x(t) = ϕ1(t) ≥ 0, y(t) = ϕ2(t) ≥ 0, ϕ2
1(t) + ϕ2

2(t) �= 0, t ∈ [−τ, 0], (5)

#) ϕ1(t) � ϕ2(t) � [−τ, 0] !������
W3�-I�+N\ 2 G�=4% (4) JF(�@= (5) �-�,,:2!H:�(K

:�\ 3 GBG;LL4% (4) =9J�?]?C:� Hopf �H�\ 4 G&�4% (4) ^
K=9J�>?83?C:�\ 5 GLL4%�KÆ:�/#�\ 6 G�W3�@L�

2 IJK
L_MNLO�PL
:�G>LL4% (4) JF(�@= (5) �-�,,:2!H:�(K:�MM(+/

�@L�

QR 2.1 4% (4) JF(�@= (5) �- (x(t), y(t)) , [0, +∞) !,,2!H�."
JF

lim sup
t→+∞

x(t) ≤ a

b
, lim inf

t→+∞ y(t) ≥ b

a + b
, lim sup

t→+∞
y(t) ≤ 1.

� EI���� -�?],,:C @ [28,30−32], �N�*� δ > 0, x(t) � y(t) ,
[0, δ) !,,�JKA<G t ∈ (0, δ) �� y(t) > 0. N�!��A/IO�E ϕ2(t) ≥ 0 � y(t)
���:�`,, t1 ≥ 0, Oa y(t1) = 0, ẏ(t1) ≤ 0, " y(t) ≥ 0(−τ ≤ t ≤ t1), #)G t1 = 0
�� ẏ(t1) &� y(t) , t = t1 �!Nb��O[�E4% (4) �\Q�� a

ẏ(t1) = 1 − y(t1) − ax(t1)y(t1)
(bx(t1) + y(t1))(1 + cy(t1))

= 1 > 0,

:. ẏ(t1) ≤ 0 Pc�O[��PC� t ∈ (0, δ), ( y(t) > 0 IO�
+/A<�PC� t ∈ [0, δ), ( x(t) ≥ 0 �IO��Q,E@LL
i) τ = 0. 4% (4) �\��� ��

ẋ(t) = x(t)
( ay(t)

bx(t) + y(t)
− 1

)
, t ≥ 0.

O+�SJK��@ x(t) ≥ 0 (0 ≤ t < δ).
ii) τ > 0. �A/ �EE x(t) , [−τ, δ) !���:�`,, t2 > 0, Oa x(t2) < 0,

ẋ(t2) ≤ 0, " x(t2 − τ) ≥ 0. O[�E4% (4) �\��� a

ẋ(t2) =
ax(t2 − τ)y(t2 − τ)

bx(t2 − τ) + y(t2 − τ)
− x(t2) ≥ −x(t2) > 0,
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:. ẋ(t2) ≤ 0 Pc�O[��PC� t ∈ [0, δ), ( x(t) ≥ 0 �IO�
+/A< x(t) � y(t) , [0, δ) !(K�N�!�E4% (4) � x(t), y(t) , [−τ, δ) !�!

H:��PC� t ∈ [0, δ), ( {
ẋ(t) ≤ ax(t − τ) − x(t),

ẏ(t) ≤ 1 − y(t).
(6)

E!�49:4% {
u̇(t) = au(t − τ) − u(t),

v̇(t) = 1 − v(t)
(7)

JF(�@= u(t) = ϕ1(t), v(t) = ϕ2(t) (−τ ≤ t ≤ 0, ϕ1, ϕ2 �< (5)) �- (u(t), v(t)) ,
[0, +∞) !,,"Q��O[�EI���� -�@6; [33] �@��PC� t ∈ [0, δ),
(

x(t) ≤ u(t), y(t) ≤ v(t). (8)

/ �E (8) @ (x(t), y(t)) `, [0, δ) !(K�O[�EI���� -�PRC [28,30−32]

�@� (x(t), y(t)) , [0, +∞) !,,�."0�Y�A�!H��E4% (4) �\Q�� �
/ ( lim sup

t→+∞
y(t) ≤ 1. �E

ẏ(t) > 1 − y(t) − a

b
y(t) = 1 − a + b

b
y(t),

Q@ lim inf
t→+∞ y(t) ≥ b

a+b . RE4% (4) �\��� � lim sup
t→+∞

y(t) ≤ 1 �@��PC� ε > 0,

,, t > 0, OaG t ≥ t ��(

ẋ(t) ≤ a

b
y(t − τ) − x(t) ≤ a

b
(1 + ε) − x(t).

O[�R� ε �PC:�a lim sup
t→+∞

x(t) ≤ a
b . C Ad�

3 TUVJWXYZL� Hopf [�
:�G>#\;LL4% (4) =9J�?]?C:�JK�E!,\ 4 GC 4.1 �A

<)A<)LM

G =
{
ϕ = (ϕ1, ϕ2) ∈ C | 0 ≤ ϕ1 ≤ a

b
,

b

a + b
≤ ϕ2 ≤ 1

}
�!4% (4) �1S/e��.]CAC 2.1, MMBA, G !LL4% (4) 3��4% (3)
.4% (2) �=9J����\��.(+/�@L�
�R 3.1[12] 4% (4) ^(^K=9J E0 = (0, 1). G a > 1 ��,,Q��1=9J

E+ = (x∗, y∗), #) x∗ = (a−1)y∗

b , y∗ = σ+
√

σ2+4b2c
2bc , y∗ �� f(y) = y2 − (bc−a−b+1)y

bc − 1
c

�Q�1N� σ = bc − a − b + 1.
JK��^K=9J E0 �?]?C:�(�+�@L�
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QR 3.1 G a < 1 ���PC� τ ≥ 0, E0 �?]83?C�=G a = 1 ���PC�
τ ≥ 0, 4% (4) , E0 !�9:3S4%�S-�?C�=G a > 1 ���PC� τ ≥ 0, E0

�/?C��

� 0 E
∗

= (x∗, y∗) �4% (4) �P�=9J�+EO X = x − x∗, Y = y − y∗, E4%
(4) , E

∗
!�@�9:�4%�⎧⎨⎩ Ẋ(t) = −X(t) + PX(t− τ) + QY (t − τ),

Ẏ (t) = AX(t) + BY (t),
(9)

#)

A = − ay∗2

(1 + cy∗)(bx∗ + y∗)2
, P =

ay∗2

(bx∗ + y∗)2
,

Q =
abx∗2

(bx∗ + y∗)2
, B = −1 − ax∗(bx∗ − cy∗2)

(bx∗ + y∗)2(1 + cy∗)2
.

4% (9) �T_� �
λ2 + (1 − B)λ − B + (−Pλ + BP − AQ)e−λτ = 0. (10)

78^K=9J E0 = (0, 1), �@�( A = − a
1+c , P = a, Q = 0, B = −1. � (10) "

P!

(λ + 1 − ae−λτ )(λ + 1) = 0. (11)

/ �λ = −1 �T_� (11) �N�+�!fT� λ+1− ae−λτ = 0, E3 [28] @� i) G
a < 1 ���PC� τ ≥ 0, 8(�NT:(H�]�O[� E0 �?]83?C�= ii) G
a > 1 ���PC� τ ≥ 0, ,,:(1�]�N�O[� E0 �/?C�= iii) G a = 1 ��
� λ + 1 − ae−λτ = 0 "P! λ + 1 − e−λτ = 0. [� (�N λ = 0, "�PC� τ ≥ 0, 8
(#5�NT:(H�]�O[��PC� τ ≥ 0, 4% (4) , E0 !�9:3S4%�S-

�?C��C Ad�
+/0 a > 1, 34% (4) ,,Q��1=9J E1. (+/�@L�
QR 3.2 1)U B < a−1

a ,E(�+@LIONi) U B2 > (BP−AQ)2 Q −B = BP−AQ,
E�PC� τ ≥ 0, E+ �?]83?C�= ii) U B2 < (BP − AQ)2, E,, τ0, OaG
τ < τ0 �� E+ �?]83?C�=G τ > τ0 �� E+ �/?C�=G τ = τ0 ��4%,

E+ R3�H)DC-�
2) U B > a−1

a , E�PC� τ ≥ 0, E+ �/?C��

� �!1=9J E+ = (x∗, y∗), O bx∗ + y∗ = ay∗, E�@( A = − 1
a(1+cy∗) , P =

1
a , Q = (a−1)2

ab , B = −1 − (a−1)(a−1−cy∗)
ab(1+cy∗)2 . +/78T_� (10). G τ = 0 ��34% (4)

)/S(�4���@�T_� (10) ��

λ2 + (1 − B − P )λ + BP − AQ − B = 0. (12)

E3 [12])��=(NG B < a−1
a ��( 1−B−P > 0, BP −AQ−B > 0,3� (12)�NT

:(H�]�O+�4% (4) �1=9J E+ ?]83?C�G B > a−1
a ��( 1−B−P < 0,
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BP − AQ − B > 0, 3� (12) T(1�]�N�O+1=9J E+ /?C=G B = a−1
a

��( 1 − B − P = 0, BP − AQ > 0, 3 E+ �!VW =9J�

�! τ ≥ 0 �EU���+Q,E@LL�
1) 0 B < a−1

a . JK�]CA −B + BP − AQ > 0, �@�PC� τ ≥ 0, λ = 0 /�T
_� (10) �N�/T0 λ = iω(ω > 0) �T_� (10) �PC��gVN�> λ = iω E
�� (10), .�U�].V]�({

B + ω2 = −Pω sin ωτ + (BP − AQ) cosωτ,

(1 − B)ω = Pω cosωτ + (BP − AQ) sin ωτ.
(13)

!:Q^=�2?.�G a
ω4 + (1 + B2 − P 2)ω2 + B2 − (BP − AQ)2 = 0. (14)

X-a

ω2 =
1
2
{P 2 − 1 − B2 ±

√
(P 2 − 1 − B2)2 − 4[B2 − (BP − AQ)2]}, (15)

#)
P 2 − 1 − B2 =

(1
a

)2

− 1 − B2 < 0, a > 1.

R�Q,E@LLN i) U B2 < (BP −AQ)2, EE (15) �@�,,Q��1- ω = ω+.
[��T_� (10) (��gVN λ = ±iω+. E (13) @�@! ω+, �Xa�@� τ = τn �

τn =
θ

ω+
+

2nπ

ω+
, 0 ≤ θ < 2π, n = 0, 1, 2, · · · ,

cos θ = −P (B − 1)ω2
+ − (BP − AQ)(B + ω2

+)
P 2ω2

+ + (BP − AQ)2
,

sin θ =
(1 − B)(BP − AQ)ω+ − Pω+(B + ω2

+)
P 2ω2

+ + (BP − AQ)2
.

+/A< λ(τn) = iω+ ��N�F

F (λ) ≡ λ2 + (1 − B)λ − B + (−Pλ + BP − AQ)e−λτ . (16)

!:Q^� λ Xb�a

dF (λ)
dλ

= 2λ + 1 − B + [−P − τ(−Pλ + BP − AQ)]e−λτ .

U λ(τn) = iω+ /��N�EG τ = τn, λ = iω+ ��
dF (λ)

dλ = 0, 3

{2λ + 1 − B + [−P − τ(−Pλ + BP − AQ)]e−λτ}|τ=τn,λ=iω+ = 0.

� λ(τn) = iω+ �T_� (10) �N�<+

{τλ2 + [2 + (1 − B)τ ]λ + 1 − B − τB − Pe−λτ}|τ=τn,λ=iω+ = 0.
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3 {
1 − B − Bτn − τnω2

+ − P cos(ω+τn) = 0,

((1 − B)τn + 2)ω+ + P sin(ω+τn) = 0.
(17)

 +�E B < 1 − 1
a = 1 − P (

((1 − B)τn + 2)ω+ + P sin(ω+τn)

> 2ω+ + (1 − B)ω+τn − Pω+τn = 2ω+ + (1 − B − P )ω+τn > 0,

:. (17) �\Q:Pc�O[� λ(τn) = iω+ ��N�

�T_� (10) Q^�! τ Xb�a

{2λ + 1 − B + [−P − τ(−Pλ + BP − AQ)]e−λτ}dλ(τ)
dτ

= λ(−Pλ + BP − AQ)e−λτ . (18)

E (18) a(dλ

dτ

)−1

=
2λ + 1 − B + [−P − τ(−Pλ + BP − AQ)]e−λτ

λ(−Pλ + BP − AQ)e−λτ
=

(2λ + 1 − B)eλτ − P

λ(−Pλ + BP − AQ)
− τ

λ
.

]CA (10), ( eλτ = Pλ−BP+AQ
(λ2+(1−B)λ−B . O[

sign
{d(Reλ)

dτ

}
λ=iω

= sign
{
Re

(dλ

dτ

)−1}
λ=iω

= sign
{
Re

[ −(2λ + 1 − B)
λ(λ2 + (1 − B)λ − B)

]
λ=iω

+ Re
[ −P

λ(−Pλ + BP − AQ)

]
λ=iω

}
= sign

{ (1 − B)2 − 2(−B − ω2)
(−B − ω2)2 + (1 − B)2ω2

+
−(−P )2

(BP − AQ)2 + (−P )2ω2

}
= sign{1 + B2 − P 2 + 2ω2} = sign

{
1 + B2 − 1

a2
+ 2ω2

}
= 1,

3 d(Reλ)
dτ |λ=iω+,τ=τn > 0. O+�E3 [28, 32] @�G τ = τn ��( Hopf �H�3G τ = τn

��4% (4) , E+ R3�H)DC-��G τ = 0 �� E+ �?]83?C��O[�G

τ < τ0 �� E+ �?]83?C��G τ > τ0 ��T_� (10) ,,:(1�]�N�3
E+ �/?C��

ii) U B2 > (BP − AQ)2, Q −B = BP − AQ, E� (14) /,,1�N�3T_�
 (10) /,,gVN��G τ = 0 �� E1 �?]83?C��O[�E3 [28] @�G
B2 > (BP − AQ)2, Q −B = BP − AQ ���PC��4 τ ≥ 0, E1 �?]83?C��

2) 0 B > a−1
a . E!G B > a−1

a ��( BP −AQ > B > 0, <+ (BP −AQ)2 > B2, E
T_� (10) ,,��gVN��OG τ = 0 ��1=9J E+ �/?C��O[��S!

3 [28] �LL�@��PC��4 τ ≥ 0, E+ �/?C��C Ad�

4 `PTUV E0 JaWYZL
\ 3 G)�MMG#�=)^K=9J E0 �?]?C:"�:�G�>R� Lyapunov-

LaSalle /e:; [28,31,32], 0�YLL E0 �>?83?C:�.aA�+@L�
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QR 4.1 U a < 1, E�PC�4 τ ≥ 0, E0 �>?83?C�=U a = 1, E�PC�
τ ≥ 0, E0 �>?H=��

� 0 C = C([−τ, 0], R2) &�E [−τ, 0] A R2 �>7����UI� Banach V5�C
D C �bLM

G =
{

ϕ = (ϕ1, ϕ2) ∈ C | 0 ≤ ϕ1 ≤ a

b
,

b

a + b
≤ ϕ2 ≤ 1

}
.

+/A< G �!4% (4) �1S/e��
�PC� ϕ = (ϕ1, ϕ2) ∈ G, 0 (x(t), y(t)) �4% (4) JF(�@= (5) �-�EC 

2.1 �A<@� (x(t), y(t)) �!H��JKA<�PC� t ≥ 0, ( y(t) ≤ 1. N�!�U,,
t3 > 0, Oa y(t3) > 1, " ẏ(t3) > 0. E�E4% (4) �\Q�� a

ẏ(t3) = 1 − y(t3) − ax(t3)y(t3)
(bx(t3) + y(t3)(1 + cy(t3))

< 0,

:. ẏ(t3) > 0 Pc�#hA<�8(� t ≥ 0, ( y(t) ≥ b
a+b . �A/ �E,, t4 > 0, Oa

y(t4) = b
a+b , y(t) ≥ b

a+b (0 ≤ t ≤ t4), ẏ(t4) ≤ 0. E4% (4) �\Q�� a

ẏ(t4) = 1 − y(t4) − ax(t4)
bx(t4) + y(t4)

y(t4)
1 + cy(t4)

≥ 1 − b

a + b
− a

b

b
a+b

1 + c b
a+b

=
a

a + b

(
1 − 1

1 + c b
a+b

)
> 0,

:. ẏ(t4) ≤ 0 Pc�/#A<�PC� t ≥ 0, ( x(t) ≤ a
b . �A/ �E,, t5 ≥ 0, Oa

x(t) ≤ a
b (t ≤ t5), x(t5) = a

b , ẋ(t5) ≥ 0. E4% (4) �\��� a

ẋ(t5) = −x(t5) +
ay(t5 − τ)x(t5 − τ)

bx(t5 − τ) + y(t5 − τ)

≤ −x(t5) +
ax(t5 − τ)

bx(t5 − τ) + 1
≤ −x(t5) +

ax(t5)
bx(t5) + 1

=
(
− 1 +

a

1 + b · a
b

)a

b
= − a

b(a + 1)
< 0,

:. ẋ(t5) ≥ 0 Pc�O[� G �!4% (4) �1S/e��
CD G !�I� V

V (ϕ) = ϕ1(0) +
∫ 0

−τ

ϕ1(θ)dθ. (19)

/ � V (ϕ) , G !���", G ! V (ϕ) W (4) �-�b�JF
V̇ (ϕ)|(4) = ϕ̇1(0) + ϕ1(0) − ϕ1(−τ) = ẋ(t) + x(t) − x(t − τ)

=
ay(t − τ)

bx(t − τ) + y(t − τ)
x(t − τ) − x(t) + x(t) − x(t − τ)
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=
ay(t − τ)

bx(t − τ) + y(t − τ)
x(t − τ) − x(t − τ)

=
(a − 1)y(t − τ) − bx(t − τ)

bx(t − τ) + y(t − τ)
x(t − τ)

=
(a − 1)ϕ2(−τ) − bϕ1(−τ)

bϕ1(−τ) + ϕ2(−τ)
ϕ1(−τ). (20)

G a ≤ 1 ��( (a − 1)ϕ2(−τ) − bϕ1(−τ) ≤ 0. <+�PC� ϕ ∈ G, V̇ (ϕ)|(4) ≤ 0. :&
< V (ϕ) � G !��� Lyapunov �� [28,31,32].

CD E = {ϕ ∈ G | V̇ (ϕ)|(4) = 0}, E (20) a

E = {ϕ ∈ G | ϕ1(−τ) = 0 Q (a − 1)ϕ2(−τ) − bϕ1(−τ) = 0}. (21)

U a ≤ 1, E (a− 1)ϕ2(−τ)− bϕ1(−τ) ≤ 0. O[�E = {ϕ ∈ G | ϕ1(−τ) = 0}. �0 M �

E )�/V/eL�E! E0 = (0, 1) ∈ M , EM �!V���PC� ϕ ∈ M , 0 (x(t), y(t)) �
4% (4) < ϕ �(����-�E M �/e:��PC� t ∈ R, (xt, yt) ∈ M ⊂ E. O[��
PC� t ∈ R, x(t−τ) = 0, 3�PC� t ∈ R, x(t) ≡ 0, 0+ ϕ1 ≡ 0. E4% (4)�\Q�� 
a ẏ(t) = 1 − y(t). O+G t → +∞ �� y(t) → 1. O[� ϕ2 ≡ 1. <+ M = {(0, 1)} = {E0}.
!��E Lyapunov-LaSalle /e:; [28,31,32], �PC� τ ≥ 0, E0 �>?H=���EC

 3.1 @�G a < 1 �� E0 �?]83?C��O[�G a < 1 ���PC��4 τ ≥ 0, E0

�>?83?C��G a = 1 ���PC��4 τ ≥ 0, E0 �>?H=��C Ad�

5 cdJefL
��4%�KÆ:&�:(*)���JCD [2−4]. :�G>i�.3 [34] �S��

:0�YLL4% (4) �KÆ:�E!LL�A)�JK:)�+��]-�
� 1 R�.C 2.1 A<)�S��:��4��� X-��Y:��<A<�@

!PC!H2���(��� ϕ ∈ C, +/�@LIO
1) 4% (4) �- (x(t), y(t)) ,,�." x(t) ≥ 0 (t ≥ 0) � y(t) > 0 (t > 0);
2) U ϕ1(θ) = 0(θ ∈ [−τ, 0]), E4% (4) �- (x(t), y(t)) ,,�" x(t) = 0 (t ≥ 0),

y(t) > 0 (t > 0);
3) U ϕ1(0) > 0, E4%�- (x(t), y(t)) ,,�" x(t) > 0 (t ≥ 0), y(t) > 0 (t > 0);
4) U ϕ1(0) > 0, ϕ2(0) > 0,E4% (4)�- (x(t), y(t)) ,,�" x(t) > 0 (t ≥ 0), y(t) > 0

(t ≥ 0).
QR 5.1 U a > 1, E�PC��4 τ ≥ 0, 4% (4) �KÆ��
� ]CAC 2.1 �KÆ:�CD�MMBAA<4% (4) JF(�@= (5) �-

(x(t), y(t)) JF lim inf
t→+∞ x(t) > 0 3���EC 4.1 �A<@�BA78(��� ϕ JF

ϕ ∈ G �- (x(t), y(t))(t ≥ 0) 3��JK�EC 2.1 �@- (x(t), y(t))(t ≥ 0) � Ω /eL
ω(ϕ) �!V�2W�2/e��" ω(ϕ) ⊂ G [28,31,32].

�A lim inf
t→+∞ x(t) = 0, MM>Y)Pc�

N�!��A lim inf
t→+∞ x(t) = 0, E,,1�5XX tn: tn → +∞ (n → ∞) Oa

lim inf
n→+∞ x(tn) = 0, ẋ(tn) ≤ 0, x(t) ≥ x(tn), tn − τ ≤ t ≤ tn.
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EC 2.1 @�- (x(t), y(t)) , [0, +∞) !�(K��<+�E (4) @� (x(t), y(t)) , [0, +∞)
!��\����O[�E Ascoli C �@,,��XX {tn} (KF+ {tn}) Oa

lim
n→+∞(x(t + tn), y(t + tn)) = (x̃(t), ỹ(t))

, R !VD��\IO�EC 4.1 �A<�@��PC� t ∈ R, ( (x̃(t), ỹ(t)) ∈ G, ."
�PC� s ∈ R, �! t ��� (x̃(t + s), ỹ(t + s)) �4% (4) JF(�@= (x̃s, ỹs) �-�#
)��PC� t ∈ R, ( x̃(0) = 0, b

a+b ≤ ỹ(t) ≤ 1.
MM0Y�PC� t ∈ R, ( (x̃(t), ỹ(t)) = (0, 1).
E ϕ̃1(0) = 0 �] 1 )@L 3) @��8(� t < 0, ( x̃(t) = 0. O[�E (4) a x̃(t) = 0

(t ∈ R), ."
dỹ(t)
dt

= 1 − ỹ(t), t ≥ s.

O[�
ỹ(t) = e−tỹ(0) + (1 − e−t), t ≥ s.

E s �PC:�a��PC� t ∈ R,

ỹ(t) = 1 + (ỹ(0) − 1)e−t.

E!�PC� t ∈ R, ỹ(t) �(K��O[� ỹ(0) = 1, 3�8(� t ∈ R, ỹ(t) = 1. E (4) �
C 2.1 a�PC� t ∈ R, ( (x̃(t), ỹ(t)) = (0, 1). :>A<)MM�0Y�T%;�MM(

lim
n→+∞x(tn − τ) = x̃(−τ) = 0, lim

n→+∞ y(tn − τ) = ỹ(−τ) = 1,

lim
n→+∞

y(tn − τ)
bx(tn − τ) + y(tn − τ)

= 1 >
1
a
.

<+��L�Z� ε > 0, ,,L�V� n1, OaG n ≥ n1 ��(

y(tn − τ)
bx(tn − τ) + y(tn − τ)

> 1 − ε >
1
a
.

O[�G n ≥ n1 ��(

ẋ(tn) =
ay(tn − τ)

bx(tn − τ) + y(tn − τ)
x(tn − τ) − x(tn)

≥
[ ay(tn − τ)
bx(tn − τ) + y(tn − τ)

− 1
]
x(tn)

> [a(1 − ε) − 1]x(tn) > 0,

:. ẋ(tn) ≤ 0 Pc�C Ad�
QR 5.2 U a > 1, E�PC��4 τ ≥ 0, 4% (4) ��\KÆ��
� <[�]CAC 2.1 ��\KÆ:�CD�B)A<4% (4) JF(�@= (5) �

- (x(t), y(t)) JF
lim inf
t→+∞ x(t) ≥ ν (22)
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3��#) ν �/\Y!(��� ϕ �1*��
�PW(���XX ϕn = {(ϕ(n)

1 , ϕ
(n)
2 )} ⊂ G, 0 (x(n)(t), y(n)(t)) �4% (4) JF(�

@= ϕn �-�0 ωn(ϕn) � (x(n)(t), y(n)(t)) � Ω ;ÆL��.3 [35, 36] B>�S��
:��@,,N�W�/eL ω∗ ⊂ G OaG n → +∞ �� dist(ωn(ϕn), ω∗) → 0, #)
dist(ωn(ϕn), ω∗) � Hausdorff ZU�

�A (22)/IO�3GN�(���XX ϕn = {(ϕ(n)
1 , ϕ

(n)
2 )} ⊂ G JF ϕ

(n)
1 (0) > 0 ��

,,N� ϕ = (ϕ1, ϕ2) ∈ ω∗ � θ0 ∈ [−τ, 0], Oa ϕ1(θ0) = 0. 0 (x(t), y(t)) �4% (4) JF
(�@= ϕ �-�[\�E ω∗ �/e:�E�8(� t ∈ R, (xt, yt) ∈ ω∗. E! ϕ1(θ0) = 0,
E] 1 @�8(� t ≤ θ0, x(t) = 0, 0+�Y@ ϕ1(θ) = 0(−τ ≤ θ ≤ 0) � x(t) = 0(t ∈ R).
!���8(� t ∈ R, x(t) = 0, y(t) = g(t), #) g(t) = 1 − (1 − ϕ2(0))e−t.

�A ϕ2(0) < 1, [\4% (4) �HjX9 (xt, yt)(t ≤ 0) �-K��:.-�(K:P
c��A ϕ2(0) = 1, E�8(� t ∈ R, x(t) = 0, y(t) = 1. :Z< ϕ = (0, 1) = E0 ∈ ω∗.

+/A< E0 �YO� [34−36], 3, G ),, E0 �N�]] U Oa E0 � U �/V/
eL�N�!�^4

U = {ϕ | ϕ = (ϕ1, ϕ2) ∈ G, ‖ ϕ − E0 ‖< ε},

#) ε �L�Z�1*��"JF ε < a−1
b+a−1 . MM>A<�L�Z� ε, E0 � U �/V/

eL��A E0 /�YO��E�L�Z� ε, ,,N�/eL W (W ⊂ U) Oa W\E0 �!

V��0 ϕ = (ϕ1, ϕ2) ∈ W\E0, " (xt, yt) �4% (4) JF(�@= ϕ �-�<+��8(�
t ∈ R, (xt, yt) ∈ W .

�A ϕ1(0) = 0,EE] 1�W �/e:�MM�<Y) ϕ = E0 QHjX9 (xt, yt)(t < 0)
-K�Pc��A ϕ1(0) > 0, EE] 1 @��8(� t ≥ 0, x(t) > 0. +/78����

P (t) = x(t) + ρ

∫ t

t−τ

x(θ)dθ,

#) ρ > 1 �kC*���O (xt, yt) ∈ U(t ∈ R), E( 1 − ε ≤ y(t) ≤ 1, 0 ≤ x(t) ≤ ε(t ∈ R).
O+�G t ≥ 0 �� P (t) W- (x(t), y(t)) �b�JF

Ṗ (t) = ẋ(t) + ρ(x(t) − x(t − τ))

= (ρ − 1)x(t) +
( ay(t − τ)

bx(t − τ) + y(t − τ)
− ρ

)
x(t − τ)

≥ (ρ − 1)x(t) +
( a(1 − ε)

bx(t − τ) + 1 − ε
− ρ

)
x(t − τ)

≥ (ρ − 1)x(t) +
( a(1 − ε)

bε + 1 − ε
− ρ

)
x(t − τ).

E! ε < a−1
b+a−1 , E a(1−ε)

bε+1−ε > 1, Z�^4 ρ > 1 O#JF

1 < ρ <
a(1 − ε)

bε + 1 − ε
.

O+��PC� t ≥ 0, (
Ṗ (t) ≥ (ρ − 1)x(t) > 0. (23)
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EC 5.1, ,,N�*� η (�5.- (x(t), y(t)) (�) �L�V� t1 �OaG t ≥ t1 > 0
��( x(t) ≥ η > 0 IO�!��E (23) �@�8(� t ≥ t1, (

Ṗ (t) ≥ (ρ − 1)η > 0.

0+�E!:Q@�G t → +∞ �� P (t) → +∞ �:.C 2.1 )4%-�(K:Pc�O
[� E0 �YO��

/ �E4% (4) �-CD�j2JF3 [36] )= 4.3 �@=�O[�E3 [36] �=
 4.3, ,,N� ξ = (ξ1, ξ2), Oa ξ ∈ ω∗ ∩ (W s(E0)\E0), #) W s(E0) &� E0 �?CL�

�A ξ1(0) = 0, EE] 1 � W �/e:�MM�<Y) ξ = E0 QHjX9 (x̂t, ŷt)(t <

0) -K�Pc��A ξ1(0) > 0, EE] 1 @�8(� t > 0, x̂(t) > 0, ŷ(t) > 0. E
ξ ∈ ω∗ ∩ (W s(E0)\E0) a lim

t→+∞ x̂(t) = 0, lim
t→+∞ ŷ(t) = 1, :.C 5.1 Pc�C Ad�

6 g h
78A�1��JCD�W3i)&�):(�4�e-�(�@(/C Chemostat

4%� (4)(3 (3)). U:�l^4%� )�4�S�34%)/S(�4+[��*�
�4% (3 (2)) ��#-�C::j<[4%�KÆ:,3 [12] )aA)#\�&��W3
�!�44%� (4) �&� (C 3.1, C 4.1) &<�4 τ �=��!4%^K=9J�

?].>?83U&._(Wj!�_`�3�4�-C� (Harmless).  +��4 τ �=

��4%1=9J�?]83U&.!^�-C��3,�1E@?+�4�<FB4%�
?C:�0+S��4X��HDC- (C 3.2). �!4% (4) �KÆ:&� (C 5.2) &
<B)4% (4) ,,1=9J�[\��4 τ �!4%�KÆ:K �-C��<4% (3) �
��JCD78�4% (4) ^K=9J�>??C: (C 4.1) <[4% (4) �KÆ: (C 
5.2) &<m� a �4>n\B>/C)��������I4.\�3U a ≤ 1, E����
����/ I4�"#3�5�Ya���)�����6'/k>]3!S�U a > 1,
E���������I4��3#3�5�Ya�/k^(�C�;���� ��/
0;��)��:`A)C)��J��!4% (4) 1=9J�>?83U&�&�K 
���>a]�^L�_`�:�J-b, L!�*)��":(+�$$���JCD�
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STABILITY ANALYSIS OF

A RATIO-DEPENDENT CHEMOSTAT MODEL

WITH VARIABLE YIELD AND TIME DELAY

DONG Qinglai

(Department of Mathematics and Mechanics, School of Applied Science University of Science and

Technology Beijing, Beijing 100083;

School of Mathematics and Computer Science, Yan’an University, Yan’an 716000)

MA Wanbiao

(Department of Mathematics and Mechanics, School of Applied Science University of Science and

Technology Beijing, Beijing 100083)

Abstract In this paper, based on some biological meanings, a class of ratio-dependent
Chemostat model with variable yield and time delay is considered. In the Chemostat model,
time delay is introduced into growth response of microbial population. Firstly, a detailed
theoretical analysis about existence and boundedness of the solutions and local asymptotic
stability of the equilibria are carried out, and the Hopf bifurcation is also studied. Then by
using classical Lyapunov-LaSalle invariance principle, it is shown that the washout equilibrium
(i.e., boundary equilibrium) is globally asymptotically stable for any time delay. Finally, it is
shown that the Chemostat model is uniformly persistent for any time delay.

Key words Chemostat, time delay, stability, Hopf bifurcation, Lyapunov-LaSalle invari-
ance principle, permanence.


