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1 4 5
&'( )*�!"�#+($, %-!.&�"/.'#+�"/Æ()#+

0 )12�"63*7+8,4# )*� (X, Y ) ($5678"- H(x, y), 9.6
78"6:- F (x) 0 G(y), %;&&/( (x, y) ∈ R2 3* H(x, y) = H(y, x), 0' 
)*� (X, Y ) '()< (&') (=* H(x, y) �= H(y, x), ' )*� (X, Y ) '>()<
(4+1?/, (X, Y ) (2@-A8" (Copula) - C(u, v), (u, v) ∈ I2, I = [0, 1], ./*
H(x, y) = C(F (x), G(y)), %; (X, Y ) '034 )*�/1Æ2(9.678" F (x) 0
G(y) 25/0 H(x, y) = H(y, x) (B+63' C(u, v) = C(v, u). 7 [1] 845()<(
 )*�(990:,/7 [2] ;"59.678"25/C>()<( )*�(D�
099/6D�(E<'F=7>(>()<9�"0 C(u, v) G C(v, u) ( L∞ 89/<

:H;<I2005-12-12, :J?KH;<I2007-04-17.



7 = L@>MN����$	
� Copula %A
�����
�
 887

7(/O, δXY = δC = 3 sup
u,v∈I

|C(u, v) − C(v, u)| 8- )*�(>()<9D�/66
3 '?P δC :Q- 1 (RÆSB"4T7C184@UVW'XE( Copula (:A7D
BY “ M (EF ”[3] CU (u, v) = M(4, {[0, θ], [θ, a], [a, a + b − θ], [a + b − θ, 1]}, (1, 3, 2, 4), 1) 0
CL(u, v) = M(4, {[0, a− θ], [a − θ, a], [a, 1 − b + θ], [1 − b + θ, 1]}, (4, 2, 3, 1),−1) (>()<9
(D�/ÆC5:Q>()< Copula (-AGW0994+1?/H+ZDI&'0Z$
5&'(E</;"5 3 ;>()<9D�(2J94E1[F/845!1\( LP 89

/<D(>()<9D�(+K]G4

84@UVW'XEH( Copula I*7+/</J% Blomqvist’s 6L2@B" β:
β = βX,Y = P [(X − x̃)(Y − ỹ) > 0] − P [(X − x̃)(Y − ỹ) < 0], MK x̃ 0 ỹ 6:' )*� X

0 Y (6L"4%;# X 0 Y '034 )*�/$5678"- H , 9.678"6:
' F 0 G, 2@-A- C, ./ F (x̃) = G(ỹ) = 1

2 , ^1* β = 4H(x̃, ỹ) − 1 = 4C(1
2 , 1

2 ) − 1.
O Blomqvist’s β LN Copula !6E<% I2 (6OW (1

2 , 1
2 ) ('ME4+1?/N β _(

PN Kendall’s τ 0 Spearman’s ρ <2@B"(OJ'4

2 CU = CL >?@ABCDE
&/1U Copula C(u, v), (u, v) ∈ I2, 3PF*B9/O*DG`Q

max(u + v − 1, 0) ≤ C(u, v) ≤ min(u, v), (1)

66 W (u, v) = max(u + v − 1, 0), M(u, v) = min(u, v) 6:'- Fréchet–Hoeffding 7DB/
Æ2TRQ' Copula. C'%; C(u, v) !@UVW(''XE(/Æ( Fréchet–Hoeffding
B+*R/QS'DFE�ST>(4

GH 1[4] # C(u, v) '1U Copula, *& I2 7(1W (a, b) * C(a, b) = θ, ^1 θ PF
max(a + b − 1, 0) ≤ θ ≤ min(a, b) 0*

CL(u, v) ≤ C(u, v) ≤ CU (u, v), (2)

T- CL(a, b) = CU (a, b) = θ, SP CL 0 CU ':U(7DB4
J%/# X 0 Y '678"- F 0 G (034 )*�/6$5678"- H , 2

@-A Copula - C, a1VW C(1
2 , 1

2 ) = θ. ./NE� 1 (PMX( Copula C(u, v) PF
CL(u, v) ≤ C(u, v) ≤ CU (u, v), 66

CU (u, v) = M
(
4,

{
[0, θ],

[
θ,

1
2

]
,
[1
2
, 1 − θ

]
, [1 − θ, 1]

}
, (1, 3, 2, 4), 1

)
,

CL(u, v) = M
(
4,

{[
0,

1
2
− θ

]
,
[1
2
− θ,

1
2

]
,
[1
2
,
1
2

+ θ
]
,
[1
2

+ θ, 1
]}

, (4, 2, 3, 1),−1
)
.

-5bU6 Fréchet–Hoeffding B(*SVW/Y2E<8"

m(θ) = 6
∫ ∫

I2

[
Aθ(u, v) − Aθ(u, v)

]
dudv

XcC6 Fréchet–Hoeffding B(YR2D466 Aθ 0 Aθ 'd5

Aθ =
{
C|C '1U Copula, C

(1
2
,
1
2

)
= θ

}
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(7DB4e Fréchet–Hoeffding B\*f]H/O Aθ = W, Aθ = M H m(θ) = 1; e7DB
75H/ m(θ) = 0; &= θ ∈ [0, 1

2 ] * m(θ) = 1−36θ2+18θ
4 , I]+K-;%Dc4

θ 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

m(θ) 0.25 0.45 0.61 0.72 0.79 0.81 0.79 0.72 0.61 0.45 0.25

DF84 CU 0 CL (>()<9D�/^^XgM_U Copula (6Æ"_chG

CU (u, v) = min(u, v, θ + (u − a)+ + (v − b)+) (3)

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

min(u, v, θ), (u, v) ∈ [0, a] × [0, b],

min(u, v − b + θ), (u, v) ∈ [0, a] × [b, 1],

min(u − a + θ, v), (u, v) ∈ [a, 1] × [0, b],

min(u, v, u − a + v − b + θ), (u, v) ∈ [a, 1] × [b, 1].

(4)

CL(u, v) = max(0, u + v − 1, θ − (a − u)+ − (b − v)+) (5)

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

max(0, u − a + v − b + θ), (u, v) ∈ [0, a] × [0, b],

max(0, u + v − 1, u − a + θ), (u, v) ∈ [0, a] × [b, 1],

max(0, u + v − 1, v − b + θ), (u, v) ∈ [a, 1] × [0, b],

max(θ, u + v − 1), (u, v) ∈ [a, 1] × [b, 1].

(6)

b

a
(a)

b

a
(b)

` 1 CU � CL �ai

66 x+ = max(o, x), 6bj%c 1 6( (a) 0 (b), @=Æ2(>()<9*%DI+
-"4

GH 2 # CU (u, v) 0 CL(u, v) 'N (3) 0 (5) GE<( Copula, ./*

sup
u,v∈I

|CU (u, v) − CU (v, u)| = min{|a − b|, a − θ, b − θ}, (7)
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sup
u,v∈I

|CL(u, v) − CL(v, u)| = min{|a − b|, θ}. (8)

J Kd` (7) G/ (8) G(aJd`4

b a

b

a

(a)
b a

b

a

   (b)

` 2 CU (u, v) − CU (v, u) �ai

b# b − θ ≤ a − b ≤ a − θ, 6bj%c 2(a) SC/%;W (u, v) cdeef%
[0, b]2, [a, 1]2, [b, a]× [0, θ], [b, a]× [a+ b−θ, 1], [0, θ]× [b, a]0 [a+ b−θ, 1]× [b, a]Pkf9ef
% [0, b]× [max(a, u+(a− θ)), 1] 0 [a, 1]× [0, min(b, u− (a− θ))] g/h* CU (u, v) = CU (v, u),
O |CU (u, v) − CU (v, u)|=0. 6ÆVW6g%D

1) W (u, v) c!_hl v = u + (a − θ), u ∈ [θ, b] 0 v = u + (b − θ), u ∈ [θ, a] Si(f
%gHY

i) e θ ≤ u ≤ b, a ≤ v ≤ u + (a − θ) H/

|CU (u, v) − CU (v, u)| = |u − (v − a + θ)| = u − (v − a + θ) ≤ b − (a − a + θ) = b − θ;

ii) e θ ≤ u ≤ b, u + (b − θ) ≤ v ≤ a H/

|CU (u, v) − CU (v, u)| = |u − θ| = u − θ ≤ b − θ;

iii) e b ≤ u ≤ a − (b − θ), u + (b − θ) ≤ v ≤ a H/

|CU (u, v) − CU (v, u)| = |u − (u − b + θ)| = b − θ;

iv) e b ≤ u ≤ a, max{a, u + (b − θ)} ≤ v ≤ a + b − θ H/

|CU (u, v) − CU (v, u)| = |u − (u − a + v − b + θ)| = (a + b − θ) − v ≤ (a + b − θ) − a = b − θ.

2) W (u, v) c!_hl v = u + (b − θ), u ∈ [θ, a] 0 v = u − (b − θ), u ∈ [b, a + b − θ] S
i(f%gHY

i) e θ ≤ u ≤ b, b ≤ v ≤ u + (b − θ) H/

|CU (u, v) − CU (v, u)| = |(v − b + θ) − θ| = v − b ≤ (2b − θ) − b = b − θ;

ii) e b ≤ u ≤ a, max{b, u − (b − θ)} ≤ v ≤ min{a, u + (b − θ)} H/
|CU (u, v) − CU (v, u)| = |(v − b + θ) − (u − b + θ)| = |v − u| ≤ b − θ;
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iii) e a − (b − θ) ≤ u ≤ a, a ≤ v ≤ u + (b − θ) H/

|CU (u, v) − CU (v, u)| = |(v − b + θ) − (u − a + v − b + θ)| = a − u ≤ a − (a − b + θ) = b − θ;

iv) e b ≤ u ≤ 2b − θ, u − (b − θ) ≤ v ≤ b H/

|CU (u, v) − CU (v, u)| = |θ − (u − b + θ)| = u − b ≤ (2b − θ) − b = b − θ;

v) e a ≤ u ≤ a + b − θ, u − (b − θ) ≤ v ≤ a H/

|CU (u, v) − CU (v, u)| = |(u − a + v − b + θ) − (u − b + θ)| = a − v ≤ a − (a − (b − θ)) = b − θ.

3) W (u, v) c!_hl v = u− (b−θ), u ∈ [b, a+ b−θ]0 v = u− (a−θ), u ∈ [a, a+ b−θ]
Si(f%gHY

i) e b ≤ u ≤ a, θ ≤ v ≤ min{b, u − (b − θ)} H/

|CU (u, v) − CU (v, u)| = |θ − v| = v − θ ≤ b − θ;

ii) e 2b − θ ≤ u ≤ a, b ≤ v ≤ u − (b − θ) H/

|CU (u, v) − CU (v, u)| = |(v − b + θ) − v| = b − θ;

iii) e a ≤ u ≤ a + b − θ, b ≤ v ≤ u − (b − θ) H/

|CU (u, v) − CU (v, u)| = |(u − a + v − b + θ) − v| = (a + b − θ) − u ≤ (a + b − θ) − a = b − θ;

iv) e a ≤ u ≤ a + b − θ, u − (a − θ) ≤ v ≤ b H/

|CU (u, v) − CU (v, u)| = |(u − a + θ) − v| = (a − θ) − (u − v) ≤ (a − θ) − (a − b)| = b − θ.

L7* sup
u,v∈I

|CU (u, v) − CU (v, u)| = b − θ. 5�(dYe a − θ ≤ b − a ≤ b − θ H/

sup
u,v∈I

|CU (u, v) − CU (v, u)| = a − θ. &= a − b ≤ b − θ ≤ a − θ, 6bj%c 2(b), mH_h

l v = u + (b − θ), u ∈ [θ, a] 0 v = u − (b − θ), u ∈ [b, a + b − θ] ij(89k*Q/Æ2
h9lj[ef% [b, a]2, MX7Fd`6Sn6( 13 Ukf%k*Sf*/mn6 3 ;
VW;"O(PG sup

u,v∈I
|CU (u, v) − CU (v, u)| = a − b. :o&= b − a ≤ a − θ ≤ b − θ, aJ

a − b ≤ b − θ ≤ a − θ H(;"/(P sup
u,v∈I

|CU (u, v) − CU (v, u)| = b − a. (7) GPd4

& CU (u, v) o a = 1
3 (2

3 ), b = 2
3 (1

3 ), θ = 0: & CL(u, v) o a = 1
3 (2

3 ), b = 2
3 (1

3 ), θ = 1
3 k

PG 4 U:Q(>()<( Copula. -5l`MUmn/H+DF(E�4
GH 3[2] &&/( Copula C 0&/( u, v ∈ I *

|C(u, v) − C(v, u)| ≤ min{u, v, 1 − u, 1 − v, |u − v|}. (9)

e u ≤ v H (9)Gk*` |C(u, v)−C(v, u)| ≤ min{u, 1−v, v−u},66 min{u, 1−v, v−u}
!W (u, v) = (1

3 , 2
3 ) phG:Q' 1

3 , 5�e v ≤ u H/ (9) Go9!W (u, v) = (2
3 , 1

3 ) ph
G:Q' 1

3 . SP* |C(u, v) − C(v, u)| ≤ 1
3 .
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MN DF 4 UGp( Copula I*:Q(>()<9D�4

C1(u, v) = min
(
u, v,

(
u − 2

3

)+

+
(
v − 1

3

)+)
, (10)

C2(u, v) = min
(
u, v,

(
u − 1

3

)+

+
(
v − 2

3

)+)
, (11)

C3(u, v) = max
(
0, u + v − 1,

1
3
−

(1
3
− u

)+

−
(2

3
− v

)+)
, (12)

C4(u, v) = max
(
0, u + v − 1,

1
3
−

(2
3
− u

)+

−
(1

3
− v

)+)
. (13)

J C1(u, v) S' CU (u, v) e θ = 0, a = 2
3 , b = 1

3 H(GpVW/6bjpc 3(a):
C2(u, v) ' CU (u, v) e θ = 0, a = 1

3 , b = 2
3 H(GpVW/6bjpc 3(b): C3(u, v) '

CL(u, v) e θ = 1
3 , a = 1

3 , b = 2
3 H(GpVW/6bjpc 3(c): C4(u, v) ' CL(u, v) e

θ = 1
3 , a = 2

3 , b = 1
3 H(GpVW/6bjpc 3(d).

1

1
(a)

1

1
(b)

1

1
(c)

1

1
(d)

` 3 4 �%����� Copula �ai

NE� 2 W sup
u,v

|Ci(u, v) − Ci(v, u)| = 1
3 , ^1 |Ci(1

3 , 2
3 ) − Ci(2

3 , 1
3 )| = 1

3 (i = 1, 2, 3, 4), q

NE� 3 WÆ2':Q(>()<( Copula, OPF δC = 3 sup
u,v∈I

|C(u, v) − C(v, u)| = 1.
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>L%m/!DF&:Q>()< Copula (99(6g6/M 4 U Copula qOZq7
+(8,4

3 PQ?@AB Copula >CR
+1?847rr"st( 4 U Copula, (PKP

C1

(1
3
,
2
3

)
=

1
3
, C1

(2
3
,
1
3

)
= 0; C2

(1
3
,
2
3

)
= 0, C2

(2
3
,
1
3

)
=

1
3
;

C3

(1
3
,
2
3

)
=

1
3
, C3

(2
3
,
1
3

)
= 0; C4

(1
3
,
2
3

)
= 0, C4

(2
3
,
1
3

)
=

1
3
.

GH 4 # C '&/1U:Q(>()< Copula, *
1) i) C(1

3 , 2
3 ) = 1

3 , C(2
3 , 1

3 ) = 0 r ii) C(1
3 , 2

3 ) = 0, C(2
3 , 1

3 ) = 1
3 `Q=

2) * C PF i), 0 C3 ≺ C ≺ C1; * C PF ii), 0 C4 ≺ C ≺ C2.
J 1) %; C ':Q(>()<( Copula, 01Es!W (u0, v0) ∈ I2(st# u0 ≤ v0)

?P |C(u0, v0) − C(v0, u0)| = 1
3 , NE� 3 P min(u0, 1 − v0, v0 − u0) = 1

3 O u0 = 1
3 , v0 = 2

3 ,
tN Copula (*B9 (G (1)) W 0 ≤ C(1

3 , 2
3 ) ≤ 1

3 , 0 ≤ C(2
3 , 1

3 ) ≤ 1
3 , SPK* C(1

3 , 2
3 ) =

1
3 , C(2

3 , 1
3 ) = 0 r C(1

3 , 2
3 ) = 0, C(2

3 , 1
3 ) = 1

3 `Q/e u0 ≥ v0 H(5�;"4

2) un C1, C3 hPF i), NE� 1, C1, C3 6:'PF C(1
3 , 2

3 ) = 1
3 , C(2

3 , 1
3 ) = 0 (

Copula (:U7uDB/O* C3 ≺ C ≺ C1, 5�(d C4 ≺ C ≺ C2.
DF;":Q>()< Copula (1S9D�/T7uv,+K CU 0 CL ( Kendall’s

τ 0 Spearman’s ρ PG Ci (i = 1, 2, 3, 4) (_;<2@B"/^1(PPG1\ Copula (_
;<2@B"(B4

GH 5 # X, Y ':Q(>()<(034 )*�/&:(Copula- C, τXY 0 ρXY

6:cC X, Y ( Kendall’s τ 0 Spearman’s ρ<2@B"/0 τXY ∈ [− 5
9 , 1

9 ], ρXY ∈ [− 5
9 ,− 1

3 ].
J (wvc 1)

τCU = 4
∫ ∫

I2
CU (u, v)dCU (u, v) − 1

= 4
(∫ θ

0

udu +
∫ a

θ

udu +
∫ a+b−θ

a

(u − a + θ)du +
∫ 1

a+b−θ

udu
)
− 1

= −4θ2 + 4(a + b)θ − 4ab + 1.

τCL = 4
∫ ∫

I2
CL(u, v)dCL(u, v) − 1

= 4
(∫ a−θ

0

0du +
∫ a

a−θ

0du +
∫ 1−b+θ

a

θdu +
∫ 1

1−b+θ

0du
)
− 1

= 4θ(1 − b − a + θ) − 1.
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ρCU = 12
∫ ∫

I2
uvdCU (u, v)) − 3

= 12
(∫ θ

0

u2du +
∫ a

θ

u(u + b − θ)du +
∫ a+b−θ

a

u(u − a + θ)du +
∫ 1

a+b−θ

u2du
)
− 3

= 6(θ − a)(θ − b)(2θ − a − b) + 1.

ρCL = 12
∫ ∫

I2
uvdCL(u, v) − 3

= 12
(∫ a−θ

0

u(1 − u)du +
∫ a

a−θ

u(a + b − θ − u)du +
∫ 1−b+θ

a

u(1 + θ − u)du

+
∫ 1

1−b+θ

u(1 − u)du
)
− 3

= 6θ(1 − a − b + 2θ)(1 − a − b + θ) − 1.

k a = 2
3 (1

3 ), b = 1
3 (2

3 ), θ = 0 xd τCU 0 ρCU (chGP

τC1 =
1
9

(
τC2 =

1
9

)
, ρC1 = −1

3

(
ρC2 = −1

3

)
.

k a = 1
3 (2

3 ), b = 2
3 (1

3 ), θ = 1
3 xd τCL 0 ρCL (chGP

τC3 = −5
9

(
τC4 = −5

9

)
, ρC3 = −5

9

(
ρC4 = −5

9

)
.

N=e C ≺ C′ H/* τ(C) ≤ τ(C′), ρ(C) ≤ ρ(C′) `Q/qNE� 4 W-"`Q4
+1?/k a = 1

2 , b = 1
2 xdP

τCU = −4θ2 + 4θ = 1 − 1
4
(1 − β)2,

τCL = 4θ2 − 1 =
1
4
(β + 1)2 − 1,

ρCU = 6
(1

2
− θ

)2

(2θ − 1) + 1 = 1 − 3
16

(1 − β)3,

ρCL = 12θ3 − 1 =
3
16

(β + 1)3 − 1,

66 β = 4C(1
2 , 1

2 )− 1 = 4θ− 1 ' Blomqvist’s 6L2@B"4qNE� 1 (PG1\ Copula
(_;<2@B"(B

1
4
(1 + β)2 − 1 ≤ τ ≤ 1 − 1

4
(1 − β)2, (14)

3
16

(1 + β)3 − 1 ≤ ρ ≤ 1 − 3
16

(1 − β)3. (15)
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4 ?@ABC>TUDE
7F84(>()<9�"'wQ!1\(Z&'�"0 L∞ 897(/DFH+ 

)*�(Ev_;Z&'9 – ZDI&'0Z$5&'XE< )*�(>()<94
# X, Y '_U )*�/W (a, b) ∈ R2, %; )*� (X − a, Y − b) w (a− X, b − Y )

*25(678"/0' )*� (X, Y ) @=W (a, b) DI&'=%; )*� (X − a, Y −
b), (X − a, b − Y ), (a− X, Y − b) 0 (a − X, b− y) *25(678"/0' )*� X, Y @

=W (a, b) $5&'4# )*� X, Y 6:@=W a, b &'/Æ2(2@-A8" (Copula)
- C /./

1) (X, Y ) @=W (a, b) DI&'(B+63'/&&/( (u, v) ∈ I2, *

C(u, v) = C(u, v) = u + v − 1 + C(1 − u, 1 − v). (16)

%;s!W (u, v) ∈ I2, ?P C(u, v) �= C(u, v), 0' )*� X, Y r Copula C ZDI&'=

2) (X, Y ) @=W (a, b) $5&'(B+63'/&&/( (u, v) ∈ I2, *

C(u, v) = u − C(u, 1 − v), C(u, v) = v − C(1 − u, v). (17)

%;s!W (u, v) ∈ I2, ?P C(u, v) �= u − C(u, 1 − v) r C(u, v) �= v − C(1 − u, v) 0' )
*� X, Y r CopulaC Z$5&'4

(Pxd/&= (10)–(13) GE<( 4 U:Q>()<( Copula *

sup
u,v∈I

|Ci(u, v) − Ci(u, v)| =
∣∣∣Ci

(1
3
,
2
3

)
− Ci

(2
3
,
1
3

)∣∣∣ =
1
3
, i = 1, 2, 3, 4,

sup
u,v∈I

|Cj(u, v) − (u − Cj(u, 1 − v))| =
∣∣∣Cj

(2
3
,
1
3

)
+ Cj

(2
3
,
2
3

)
− 2

3

∣∣∣ =
1
3
, j = 1, 3,

sup
u,v∈I

|Cj(u, v) − (v − Cj(1 − u, v))| =
∣∣∣Cj

(2
3
,
1
3

)
+ Cj

(1
3
,
1
3

)
− 1

3

∣∣∣ =
1
3
, j = 1, 3,

sup
u,v∈I

|Ck(u, v) − (u − Ck(u, 1 − v))| =
∣∣∣Ck

(1
3
,
2
3

)
+ Ck

(1
3
,
1
3

)
− 1

3

∣∣∣ =
1
3
, k = 2, 4,

sup
u,v∈I

|Ck(u, v) − (v − Ck(1 − u, v))| =
∣∣∣Ck

(1
3
,
2
3

)
+ Ck

(2
3
,
2
3

)
− 2

3

∣∣∣ =
1
3
, k = 2, 4.

(p/&M 4 UGp( Copula ^y/ 3 ;>()<9D�'25(/&=1\ Copula
(ZDI&'0Z$5&'9D�*y+1?(844

E1[F/(P,1\( LP 89E< )*�(>()<9D�

δp
C =

(
kp

∫ 1

0

∫ 1

0

|C(u, v) − C(v, u)|pdudv
) 1

p

. (18)

66 kp '?P δp
C :Q- 1 (RÆSB"/NE� 3 W k∞ = 3 ':Q(89+K]G4

DF84 kp, 1 ≤ p < ∞ (o'YN89(1\�"W/_U8"(89!@1;89
E<Do'UQ (k) , !E1;89E<Do'mnUQ (k). &=r"Xg( 4 U:Q>
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�����
�
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()<( Copula ^y/Æ2(>()<9! L∞ 89E<DhG:Q/en!1\( LP

89E<DQhG:Q4SPC1NxG (10) E<( C1(Q(P'6Æ 3 U) ! LP 89E

<D(>()<9D�/S(PyERÆSB" kp.
v,wE� 2 (d`25([zXNx

∫ 1

0

∫ 1

0 |C1(u, v)−C1(v, u)|pdudv: wvc 3(a)(b),
eW (u, v) c!eef% [0, 1

3 ]2 0 [23 , 1]2 Pkz{ef% [0, 1
3 ]× [u+ 1

3 , 1] 0 [23 , 1]× [0, u− 2
3 ]

gH/ |C1(u, v) − C1(v, u)| = 0. k|z(f%6x` 12 Ukz{ef%/N}Ukz{e
f%7(

∫ ∫ |C1(u, v) − C1(v, u)|pdudv, -;uCÆ2({6'25/SP*

∫ 1

0

∫ 1

0

|C1(u, v) − C1(v, u)|pdudv = 12
(∫ 1

3

0

(∫ 2
3

u+ 1
3

updv
)
du

)
=

4
3p+1(p + 1)(p + 2)

.

NmyE (18) G6(RÆSB"-

kp =
3p+1(p + 1)(p + 2)

4
. (19)

G:| k1 = 27
2 ('-:k89), k2 = 81('-~[89) H( δ1

C 0 δ2
C (P8-q,(>(

)<9D�4

8-:,/Nx CU (u, v) !:k890~[89D(>()<9D�4
wvE� 2 (d`/K{k 3 Qa(}1kf% (} 13 U) N|X(N sup |CU (u, v) −

CU (v, u)| f-N ∫ ∫ |CU (u, v) − CU (v, u)|dudv r
∫ ∫

(CU (u, v) − CU (v, u))2dudv O(4C1

bU~}({6~KNP-;%D (b − θ ≤ a − b ≤ a − θ)

∫ 1

0

∫ 1

0

|CU (u, v) − CU (v, u)|dudv = (a − b)(b − θ)(a − θ),

∫ 1

0

∫ 1

0

(CU (u, v) − CU (v, u))2dudv = (a − b)2(b − θ)2.

(p CU (u, v) !:k890~[89D(>()<9D�6:-

δ1
CU

=
27
2
|a − b|(b − θ)(a − θ),

δ2
CU

= 9|a − b|(min{a, b} − θ).
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NONEXCHANGEABLE DEGREES OF

BEST-POSSIBLE BOUNDS FOR COPULAS SPECIFIED

AT A SINGLE INTERIOR POINT

DONG Yongquan

(Department of Mathematics and Information Science, Tangshan Normal College, Tangshan 063000)

SU Hongshun

(College of Mathematics and Information Science, Hebei Normal University, Shijiazhuang 050016)

XU Fuxia

(Department of Mathematics and Information Science, Tangshan Normal College, Tangshan 063000)

Abstract The degrees of nonexchangeability about the best bounds of Copulas being
specified at a single interior point are studied to construct four maximally nonexchangeable
Copulas whose features and properties are studied as whell. Moreover this paper define non-
radially and non-jointly symmetry about random variables and Copulas, and show that for the
four Copulas the three nonexchangeable measures are equivelent. On the other hand, using LP

distance theory we calculate another nonexchangeable degree formulate whose normal coefficient
is kp = 3p+1(p +1)p+2

4 , in particular, the formulate with k1 = 27
2 or k2 = 81 may be commonly

used.

Key words Copulas, nonexchangeable random variables, correlation coefficient, bounds,
distance.


