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/3J@3 [7,8] "��9:�AB�;;<<=C>0D=5%3"�EK5%3"
" SIRS  �!��+LMN>���"�/?��������"F%1?�3)���
"@!AGH�@!�BH2O-!AGH"CN1DI+D=3"��@�P R0 ≤ 1 ;�
@!AGHEJF%CN<P R0 > 1 ;�;CN<EK3"��@�P R̃0 ≤ 1 ;�@!�
BHEJF%CN<P R̃0 > 1 ;�@!�BH;CN+3@KQL�D=3"�EK3"
"M6+

2 A*+,B-.C/0123456B SIRS D7E89

2.1 :;<=
J@1!" �NFFG�/3GF>OHHIJ+
1) S, I, R LMRKI6,��!,�PS,<
2) $QJ�HL N, N = S + I + R, M S, R "N�,LI6,� I N�,@R)T:

3 �"ULLI6,<
3) b LV�!, S � R "0�S��� d LO/0S��< b′ L�!, I "0�S

��� d′ LO/0S��< r �PSS��< δ � R "<<PQS��< q �:3 �S
(p + q = 1); m �&I6,N�W(&5%3""QT<

4) βSI L�!B�0 �S+

S I R
β SI � rI �

(1-m)bS+bR+pb′I
�

dS
�

d′I
�

dR
�

�
qb′I

�
mbS

�
�

�
δR�

R 1 U��
�VKR
OH b′ = d′, b = d, L'-" �!,� ��L⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

dS

dt
= −βSI + (1 − m)bS + bR + pb′I − bS + δR,

dI

dt
= βSI + qb′I − b′I − rI,

dR

dt
= rI + mbS − bR − δR.

(2.1)

2.2 >?MNO@A
X (2.1) "SY-Z'W3 d(S+I+R)

dt = d(N)
dt = 0.

[J$Q N L\��;]H N = S + I + R = 1, P p + q = 1, L-Z (2.1) ^L⎧⎪⎨⎪⎩
dS

dt
= −βSI − (mb + δ + b)S + (pb′ − δ − b)R + δ + b,

dI

dt
= βSI − (pb′ + r)I.

(2.2)
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-Z (2.2) J)AG_ E0( δ+b
mb+δ+b , 0). Z R0 = β(δ+b)

(pb′+r)(mb+δ+b) , P R0 > 1 ;�)SAG
_

E1

(pb′ + r

β
,
β(δ + b) − (pb′ + r)(mb + δ + b)

β(δ + b + r)

)
= E1(S∗, I∗).

H E0 &-" (2.1) "AG_ M0( δ+b
mb+δ+b , 0, mb

mb+δ+b ) �@!AG_�H E1 &-" (2.1) "A
G_ M1(S∗, I∗, 1 − S∗ − I∗) �O-!AG_+(

Ω = {(S, I) ∈ R2 : S ≥ 0, I ≥ 0, S + I ≤ 1}.
VW� Ω � (2.2) "SX;^[+.�)

TB 2.1 -ZU (2.2) "AG_L E0( δ+b
mb+δ+b , 0), PM\P R0 > 1 ;)SAG_

E1

(pb′ + r

β
,
β(δ + b) − (pb′ + r)(mb + δ + b)

β(δ + b + r)

)
= E1(S∗, I∗).

2.3 >?MNCTA
TB 2.2 P R0 ≤ 1 ;��Y (2.2) "AG_ E0( δ+b

mb+δ+b , 0) EJF%CN<P R0 > 1
;� E0( δ+b

mb+δ+b , 0) ;CN+
D �Y (2.2) �AG_ E0( δ+b

mb+δ+b , 0) "Z1Æ]VL

A0 =

⎛⎜⎜⎝ −mb − δ − b − β(δ + b)
mb + δ + b

+ pb′ − δ − b

0
β(δ + b) − (pb′ + r)(mb + δ + b)

mb + δ + b

⎞⎟⎟⎠ .

'-"[W$L λ1 = −mb − δ − b, λ2 = β(δ+b)−(pb′+r)(mb+δ+b)
mb+δ+b . P R0 ≤ 1 ;�)

λ1 < 0, λ2 ≤ 0. X2^�� E0 �\Y Ω %JUF%CN<=Z Liapunov _� V (t) = I(t),
[-Z (2.2) `Z"a�L

V ′(t) = [βS − (pb′ + r)]I ≤
[β(δ + b) − (pb′ + r)(mb + δ + b)

mb + δ + b

]
I ≤ 0.

X2�� I(t) → 0(t → +∞), -Z (2.2) "`]-ZL

dS

dt
= −(mb + δ + b)S + δ + b,

�^3

S = ce−(mb+δ+b)t +
δ + b

mb + δ + b
→ δ + b

mb + δ + b
, t → ∞.

!a c L_\\��4 (S, I) ∈ Ω , X LaSalle ;^]!�� E0 EJCN+P R0 > 1 ;�)
λ1 < 0, λ2 > 0 >�+X2^��2; E0( δ+b

mb+δ+b , 0) ;CN+
TB 2.3 P R0 > 1 ;��Y (2.2) "SAG_ E1(S∗, I∗) EJCN+
D �Y (2.2) �SAG_ E1(S∗, I∗) "Z1Æ]VL

A1 =

( −βI∗ − mb − δ − b − r − δ − b

βI∗ 0

)
.
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H A1 "[W$L λ1, λ2, L) λ1 + λ2 = −βI∗ − mb − δ − b < 0, λ1λ2 = (r + δ + b)βI∗ > 0.

X2^�� A1 )bYb`U[W$� E1 �\Y Ω %JUF%CN+>^EJCN1cJ
@_!�=Z Liapunov _�

V (t) = ω1

(
S − S∗ − S∗ ln

S

S∗
)

+ ω2

(
I − I∗ − I∗ ln

I

I∗
)
.

[-Z (2.2) `Z"a�L

V ′(t) = (S − S∗)(I − I∗)
[
ω2β + ω1

(
− β +

pb′ − δ − b

S∗
)]

−ω1
[δ + b + (pb′ − δ − b)I]

SS∗ (S − S∗)2.

`( ω2 = r+δ+b
pb′+r ω1 (∀ω1 > 0), L V ′(t) = −ω1

[δ+b+(pb′−δ−b)I]
SS∗ (S − S∗)2 ≤ 0. 4 (S, I) ∈ Ω , X

LaSalle ;^]!�� E1 EJCN+

3 A*+,B-.C/0Ea3456B SIRS D7E89

3.1 :;<=
&�� (2.1) db�P3";�D="�d�c�B T (&EK3";�L�Y (2.1) ^

L ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

dS

dt
= −βSI + bS + bR + pb′I − bS + δR,

dI

dt
= βSI − (pb′ + r)I,

dR

dt
= rI − bR − δR,

(3.1)

O@ t �= tn, tn+1 = tn + T. ⎧⎪⎨⎪⎩
S(t+) = (1 − m)bS(t−),
I(t+) = I(t−),
R(t+) = R(t−) + mbS(t−),

(3.2)

O@ t = tn, n = 0, 1, 2, · · · . (3.1) 8.be'W3

d(S + I + R)
dt

=
d(N)
dt

= 0.

[J$Q N L\��;]H N = S + I + R = 1, �cdeAB>2"-ZU⎧⎪⎨⎪⎩
dI

dt
= βI(1 − I − R) + −(pb′ + r)I,

dR

dt
= rI − (b + δ)R,

(3.3)

O@ t �= tn, tn+1 = tn + T.{
I(t+) = I(t−),
R(t+) = R(t−) + mb(1 − I(t−) − R(t−)),

(3.4)
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O@ t = tn, n = 0, 1, 2, · · · .
3.2 FfGHÆNO@A

@!�BH"f�1��gh i = 0 ;�ci-ZU (3.3) � (3.4) " T �BH+P i = 0
;�-ZU (3.3) � (3.4) ^L{

R′(t) = −(b + δ)R(t), t �= tn,

R(t+) = R(t−) + mb(1 − R(t−)), t = tn.
(3.5)

-ZU (3.5) �\d tn ≤ t ≤ tn+1 ""HL

R(t) =

{
R(t+) exp{−(b + δ)(t − tn)}, tn ≤ t < tn+1,

R(t+n+1) = mb + (1 − mb)R(t−n+1), t = tn+1.
(3.6)

Z R(t+n+1) = R(tn+1), L (3.6) 3

Rn+1 = mb + (1 − mb)Rn exp{−(b + δ)T }.

H F : Rn → Rn+1 �/Yja�ci
Rn+1 = F (Rn) = mb + (1 − mb)Rn exp{−(b + δ)T }. (3.7)

gja)b/;,_ R∗
0, ci

R∗
0 = F (R∗

0) =
mb exp{(b + δ)T }

exp{(b + δ)T } − 1 + mb
.

4L ∣∣∣dF (Rn)
dR

∣∣∣
Rn=R∗

0

= (1 − mb) exp{(b + δ)T } < 1,

�c;,_ R∗
0 �CN"�hd3)ke {Rn} icf. R∗

0, [-ZU (3.3) � (3.4) )@!
" T �BH (I∗(t), R∗(t)), ( R(t+) = R∗

0,⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
R∗

t =

⎧⎪⎨⎪⎩
mb exp{(b + δ)T }

exp{(b + δ)T } − 1 + mb
exp{−(b + δ)(t − tn)}, tn ≤ t < tn+1,

R∗
0, t = tn+1,

I∗(t) = 0.

3.3 FfGHÆNCTA
-Z (3.3) (.�BH (I∗(t), R∗(t)) "Z1Æ]VL

A =

(
β − pb′ − r − βR∗(t) 0

r − b − δ

)
,

L'-"(. (I∗(t), R∗(t)) "Z1Æ�YL{
x′ = [β − pb′ − r − βR∗(t)]x,

y′ = rx − (b + δ)y.
(3.8)
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H Φ(t) ��Y (3.8) "�H]V�Mci
dΦ(t)

dt
=

(
β − pb′ − r − βR∗(t) 0

r − b − δ

)
Φ(t),

O@ Φ(0) = I, I �jdV+H"e]V-ZU3�

Φ(t) =

(
Φ11(t) 0

Φ21(t) Φ22(t)

)
,

O@

Φ11(t) = exp
{
[β − pb′ − r]t − β

∫ t

0

R∗(S)dS
}
,

Φ22(t) = exp{−(b + δ)t},

Φ21(t) = exp{−(b + δ)t}
∫ t

0

rΦ11(S) exp{(b + δ)S}dS.

P t = tn ;�X (3.4) 3[
x′(t+n )

y′(t+n )

]
=

[
1 0

−mb 1 − mb

][
x′(t−n )

y′(t−n )

]
+
[

0
mb

]
.

Z

M =

(
1 0

−mb 1 − mb

)
Φ(T )

=

(
Φ11(T ) 0

−mbΦ11(T ) + (1 − mb)Φ21(T ) (1 − mb) exp{−(b + δ)T }

)
,

X Floquet N!3�@!�BHCN"klDI�]V M "[W$"�f. 1, 42�de
Φ11(T ) < 1, g

[β − (pb′ + r)]T < β

∫ T

0

R∗(t)dt,

4L S∗(t) + I∗(t) + R∗(t) = 1, [2;8.8h.
1
T

∫ T

0

S∗(t)dt <
pb′ + r

β
.

N>
R̃0 =

β
∫ T

0
S∗(t)dt

T (pb′ + r)
=

β

pb′ + r
× [T (b + δ) − mb][eT (b+δ) − 1] + T (b + δ)mb

T (b + δ)[eT (b+δ) − 1 + mb]
,

L R̃0 L�/?��+X"2"g"^3>2"N!+
TB 3.1 P R̃0 < 1 ;� (3.3) � (3.4) "@! T �BH (S∗(t), 0, R∗(t)) JUF%C

N+>^@!�BH (S∗(t), 0, R∗(t)) "EJCN1+X�Y (3.1) � (3.2) 3{
S′ = (b + δ) − (b + δ)S + (pb′ − b − δ)I − βSI,

I ′ = βSI − (pb′ + r)I,
(3.9)
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O@ t �= tn, tn+1 = tn + T. {
S(t+) = (1 − mb)S(t−),

I(t+) = I(t−),
(3.10)

O@ t = tn, n = 0, 1, 2, · · · . OH pb′ < b + δ, ^c3)c>N!+
TB 3.2 P R̃0 < 1 ;� (3.3) � (3.4) "@!�BH (S∗(t), 0, R∗(t)) EJCN+
D XN! 3.1 ��de^JP R̃0 < 1 ;��Y (3.9) � (3.10) "_/HlhX.

(S∗(t), 0). ij^JP R̃0 < 1 ;� lim
t→∞ I(t) = 0. LMX (3.9) H (3.10) "m/Y-Z3{

S′(t) ≤ (b + δ) − (b + δ)S(t), t �= tn,

S(t+) = (1 − mb)S(t−), t = tn.
(3.11)

&- (3.11), -�EKkL;8.3

S(t) ≤ S(0+)
[ ∏

0<k<t

(1 − mb)
]

exp
[
−
∫ t

0

(b + δ)dt

]

+
∫ t

0

[ ∏
s<k<t

(1 − mb)
]
(b + δ) exp[−(b + δ)(t − s)]ds

= S(0+)(1 − mb)[
t
T ]e−(b+δ)t + e−(b+δ)t

∫ t

0

[ ∏
s<k<t

(1 − mb)
]
e(b+δ)sd[(b + δ)s]

= S(0+)(1 − mb)[
t
T ]e−(b+δ)t

+e−(b+δ)t

{∫ T

0

[ ∏
s<k<t

(1 − mb)
]
e(b+δ)sd[(b + δ)s]

+
∫ 2T

T

[ ∏
s<k<t

(1 − mb)
]
e(b+δ)sd[(b + δ)s]

+ · · · +
∫ [ t

T ]T

[ t
T ]T−T

[ ∏
s<k<t

(1 − mb)
]
e(b+δ)sd[(b + δ)s]

+
∫ t

[ t
T ]T

[ ∏
s<k<t

(1 − mb)
]
e(b+δ)sd[(b + δ)s]

}

= S(0+)(1 − mb)[
t
T ]e−(b+δ)t

+e−(b+δ)t
{
(1 − mb)[

t
T ](e(b+δ)T − 1) + (1 − mb)[

t
T ]−1e(b+δ)T (e(b+δ)T − 1)

+ · · · + (1 − mb)e([ t
T ]−1)(b+δ)T (e(b+δ)T − 1) + e(b+δ)t − e[ t

T ](b+δ)T
}

= S(0+)(1 − mb)[
t
T ]e−(b+δ)t

+e−(b+δ)t

[ (1 − mb)[
t
T ](e(b+δ)T − 1)[1 − ( e(b+δ)T

1−mb )[
t
T ]]

1 − e(b+δ)T

1−mb

+ e(b+δ)t − e[ t
T ](b+δ)T

]

= e−(b+δ)t

[
S(0+)(1 − mb)[

t
T ] − (1 − mb)[

t
T ]+1(e(b+δ)T − 1)

e(b+δ)T + mb − 1

]
+ 1 − mbe(b+δ)([ t

T ]T+T−t)

e(b+δ)T + mb − 1

= r(t) + 1 − mbe(b+δ)([ t
T ]T+T−t)

e(b+δ)T + mb − 1
,
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O@

r(t) = e−(b+δ)t

[
S(0+)(1 − mb)[

t
T ] − (1 − mb)[

t
T ](e(b+δ)t − 1)

e(b+δ)t + mb − 1

]
≤ e−(b+δ)tS(0+). (3.12)

X (3.12) 2 (3.9) "mnY-Z3

I ′(t) ≤
[
β − pb′ − r + βr(t) − βmbe(b+δ)([ t

T ]T+T−t)

e(b+δ)T + mb − 1

]
I(t),

X (3.10) 2".3

I(t) ≤ I(0) exp
{

[β − pb′ − r]t + β

∫ t

0

r(t)ds − βmbe(b+δ)T

e(b+δ)T + mb − 1

∫ t

0

e(b+δ)([ s
T ]T−s)ds

}
. (3.13)

4L ∫ t

0

e(b+δ)([ s
T ]T−s)ds

=
∫ T

0

e−(b+δ)sds +
∫ 2T

T

e(b+δ)(T−s)ds + · · · +
∫ [ t

T ]T

[ t
T ]T−T

e(b+δ)([ t
T ]T−T−s)ds

+
∫ t

[ t
T ]T

e(b+δ)([ t
T ]T−s)ds

=
∫ T

0

e−(b+δ)sds + e(b+δ)T

∫ 2T

T

e−(b+δ)sds + · · · + e(b+δ)([ t
T ]T−T )

∫ [ t
T ]T

[ t
T ]T−T

e−(b+δ)sds

+
∫ t

[ t
T ]T

e(b+δ)([ t
T ]T−s)ds

=
(1 − e−(b+δ)T )

b + δ

[ t

T

]
+

1
b + δ

(1 − e−(b+δ)(t−[ t
T ]T ))

=
(1 − e−(b+δ)T )

b + δ

[ t

T

]
+ (1 − e−(b+δ)T ( t

T −[ t
T ])).

P 0 ≤ t
T − [ t

T ] ≤ 1, [ ∫ t

0

e(b+δ)([ s
T ]T−s)ds ≥ (1 − e−(b+δ)T )

b + δ

[ t

T

]
. (3.14)

i (3.14) ol (3.13) 3

I(t) ≤ I(0) exp
{
[β − pb′ − r]t + β

∫ t

0

r(t)ds − βmbe(b+δ)T

e(b+δ)T + mb − 1

× (1 − e−(b+δ)T )
b + δ

[ t

T

]}
≤ D(t) exp

{[
β
(
1 − mb

e(b+δ)T +mb−1
× e(b+δ)T −1

(b+δ)T

)
− pb′ − r

]
t
}
, (3.15)
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O@

D(t) = I(0) exp
{
− S(0)β

b + δ
e−(b+δ)t +

S(0)β
b + δ

}
exp

{βmb(e(b+δ)T − 1)(t − [ t
T ]T )

[e(b+δ)T + mb − 1](b + δ)T

}
�S�M)"j+X (3.15) ��P R̃0 < 1 ;�) I(t) → 0(t → ∞). >2^JcP R̃0 < 1 ;�
-Z (3.9) � (3.10) "_/H (S(t), I(t)) l) S(t) → S∗(t)(t → ∞). Z W (t) = |S(t)−S∗(t)|,
LP t �= tn ;�)

D+W (t) = sign(S(t) − S∗(t))(S′(t) − S∗(t))
≤ −(b + δ)|S(t) − S∗(t)| + (δ − pb′ + b)I(t) + βS(t)I(t)
= −(b + δ)W (t) + (δ − pb′ + b)I(t) + βS(t)I(t). (3.16)

X (3.15) 2DI R̃0 < 1 ��f�/YS"\� M = sup{D(t)|t > 0} m3>.>�

I(t) ≤ MeLt. (3.17)

!a L = β(1 − mb
e(b+δ)T +mb−1

× e(b+δ)T −1
b+δ ) − pb′ − r. P4L
W (t+n ) = (1 − mb)W (t−n ), (3.18)

�c�X (3.16)–(3.18) .2EKkL;8. [9] 3 lim
t→∞W (t) = 0. g S(t) → S∗(t)(t → ∞). -

!^^ R(t) → R∗(t)(t → ∞). m"�N! 3.2 3^+

4 1256IEa56BnJ
h/3m 1 UL@" R0 = β(δ+b)

(pb′+r)(mb+δ+b) Hm 2 UL@"

R̃0 =
β

pb′ + r
× [T (b + δ) − mb][eT (b+δ) − 1] + T (b + δ)mb

T (b + δ)[eT (b+δ) − 1 + mb]

"QL^�&-/Y0)nZ1" �S SIRS ���p(EK5%3"'kQp(D=5
%3"'kql+

o K L M
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Abstract The SIRS epidemical models with continuous and impulsive vaccinations are
discussed. The reproduction numbers corresponding to those two models are given. A complete
global analysis is given to the continuous vaccination models by using a Liapunov function and
a Lasalle invariable theory. In the SIRS epidemical models with impulsive vaccinations, the
existence and global stability of the disease-free periodic solution is proved by using a Floquet
multiplication theory and a comparative theorem.

Key words Epidemical models, continuous vaccination, impulsive vaccination, periodic
solution, global stability.


