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1 2 3
Huber[1] ���������������� ��� �!��" X #$�� F (x),

� F (x) = (1− ε)F1(x) + εF2(x), ε ∈ (0, 1), F1(x) ! F2(x) !"��"�  %#!�$&'
��%(##$�� F1(x), )"'&4�� F2(x) ��%�$% '&!�*#'$&'�
�%�( 1 − ε �($&4 F1(x), ( ε �($&4 F2(x). Huber[1] +��',- ��)%
���&)�.)5���" X ���"�"

F (x) = (1 − ε)Φ
(x− µ

σ

)
+ εΦ

(x− µ

3σ

)
,

*+&��%&4,,)%�� N(µ, σ2) - N(µ, 9σ2), '(�)*+*��/0*�.&�
�/1,+& 

* ��,-���/0-. (TJ05-TJ001), 1.26�-. (05JJD91015) 2 �������������
 �6�-. (05JJD910152) 7Æ3
/40152006-12-15.
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Landsman[2] 45�/9�0��"%#��� ��� 6��" X �78"�"

fε(x|θ, φ, β) = (1 − ε)exp
{θx − b(θ)

φ
+ c(x, φ)

}
+ εexp

{
θx − b(θ)

φ
β

+ c(x, φ)
}
, (1)

θ ∈ Θ "489�� φ > 0 "399�� S ⊂ R "1:4 . ����:;!� f1(x) !
f2(x) ")*+*��/0*�9�0��� f2(x) ��/! f1(x) �/� 1

β <�=.;0

" �9��� 23�< β = 1, X ���">:�9�0���4.� �9���!9
�0���55 Landsman[2] ?'@ ���6(=6�;A> β ∈ (0, 1], . ����
?8-B8(C'@71��?8-B8�81<>7, ε - β �= 4D�95�%45
����5:8!?;'���<E�F(=@��9>:;�A< 

G?=B5H@�B<I,��" -���"��D-���"���BHH!J
HKA� *LM� (Comonotonicity) >5��B�"?#CD@E�A�:;�N6 
Dhaene[3] - Dhaene[4] *@>5B #=9>�C��CF (D45 �9���6G?
>G�D<O?;0 D5/ Gamma ��>" �9����%#���*#���=>
 � Gamma �� D5�E�E, � Gamma ���K< Poisson ��B �;�*9
��F�9>��E�P*.;0�O?�G5�#=9>�45 "?#HG? ���
"���BC�@E�H=*LM�>5?'���IF7G6HG? ��" S ��

�CI Sc, P* Sc ���"�BHQJKGR9>�45 

2 @A Gamma BCDEFG
Gamma ��78"��9�0>:IL"

exp{ν[xθ − κ(θ)] + c(x, ν)}, (2)

 5
θ = − 1

µ
, κ(θ) = − log(−θ), c(x, ν) = ν log(νx) − log x− log(Γ (ν)),

Γ (a) =
∫ ∞

0

xa−1e−xdx, a > 0.

Gamma ����/"�" V (µ) = µ2.
6��" Y #$ � Gamma ���JCD� Y �78"�"SS

fε(x) = (1 − ε)exp{ν[yθ + log(−θ)] + c(y, ν)} + εexp{βν[yθ + log(−θ)] + c(y, βν)}, (3)

 5 θ, c(y, ν)JG*C�c(y, βν) = βν log(βνy)−log y−log(Γ (βν)). K.��" CGD(µ, ν, y)
(Contaminated Gamma Distribution). Y �LM"�"

MY (t) = (1 − ε)
(

1 − t
ν
µ

)−ν

+ ε

(
1 − t

βν
µ

)−βν

, t < min
{ν
µ
,
βν

µ

}
. (4)

J Landsman[2] �M5� � Gamma ���?8"

γ1(ν, ε, β) =
2√
ν

1 − ε+ ε
β2

(1 − ε+ ε
β )

3
2

= γ1(ν)ϕ(β), (5)
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 5� γ1(ν) = 2√
ν
" Gamma �� (2) �?8� ϕ(β) =

1−ε+ ε
β2

(1−ε+ ε
β )

3
2
, ϕ(β) �OP (0, 1] !LM

Q"��� ϕ(0) = ∞, ϕ(1) = 1. <>! ε �=� � Gamma ���?8� β �0*>=
D"R��(/C'@71 

 � Gamma ���B8"

γ2(ν, ε, β) =
(6
ν

+ 3
) 1 − ε+ ε

β3

(1 − ε+ ε
β )2

= γ2(ν)ψ(β), (6)

 5� γ2(ν) = 6
ν + 3 " Gamma �� (2) �B8 ψ(β) �OP (0, 1] !LMQ"���

ψ(0) = ∞, ψ(1) = 1. <>! ε �=� � Gamma ���?8� β �0*>=D"R��(
/C'@71 

3 HIJKLMNJKBO
6 Yi "G?SPQGGL�T i UGVQ��" � N !LÆ�PR (=',T�S

'GLS) T(@GGL�WU>G?U����" � S "@�PXRGV?Q��"
 �N S =

n∑
i=1

Yi. �6

1) ��" N , Yi(i = 1, 2, · · · , n) +UYVZ

2) Yi
i.i.d.∼ CGD(µ, ν, β), (i = 1, 2, · · · , n);

3) N ∼ Poi(λω), Poi [V Poisson ��� ω "O?ÆWLÆ 

N��" S �LM"�"

MS(t) = exp
{

(1 − ε)ωλ
((

1 − t
ν
µ

)−ν

− 1
)}

· exp
{
εωλ

((
1 − t

βν
µ

)−βν

− 1
)}

, (7)

 5� t < min{ ν
µ ,

βν
µ }. JLM"��IL(3� S (/W>,,YV��" S1 ! S2 �

-�* S
d= S1 + S2.  5

1) S1 #$>GU�" N1, #U>GQ1O" Y1i �K< Poisson ���� N1 ∼
Poi((1 − ε)ωλ), Y1i ∼ G(ν, ν

µ), G [V Gamma ��� S1 ���78"

fS1(s) =
{∑

r

( ν
µ)rν ((1 − ε)ωλ)r

srν−1

Γ (rν)r!

}
exp

{
− ν

µ
s− (1 − ε)ωλ

}
. (8)

X9�"Y�("I"

fS1(s) =
{∑

r

srν−1

((p− 1)ν(2 − p)φν+1)r Γ (rν)r!

}
exp

{ τ1−p

1 − p
s− τ2−p

2 − p

}
, (9)

 5

p =
ν + 2
ν + 1

∈ (1, 2), τ = (1 − ε)ωλµ, φ =
(1 − ε)1−pω1−pλ1−pµ2−p

2 − p
.
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9'\�K

θ =
τ1−p

1 − p
, c(s;φ, p) =

∑
r

srν−1

((p− 1)ν(2 − p)φν+1)r Γ (rν)r!
,

κp(θ) =
1

2 − p
((1 − p)θ)

2−p
1−p ,

N(

fS1(s) = c(s;φ, p) exp
{sθ − κp(θ)

φ

}
, (10)

4D� S1 ���X, Tweedie G�� 
2) S2 #$>GU�" N2,#U>GQ1O" Y2i �K< Poisson����N2 ∼ Poi(εωλ),

Y2i ∼ G(βν, βν
µ ), S2 ���78"

fS2(s) =
{∑

r

(βν
µ )rν (εωλ)r

srβν−1

Γ (rβν)r!

}
exp

{
− βν

µ
s− εωλ

}
, (11)

GY, 1), X9�"Y�CL("I"

fS2(s) =
{∑

r

srβν−1

((p− 1)βν(2 − p)φβν+1)r Γ (rβν)r!

}
exp

{ τ1−p

1 − p
s− τ2−p

2 − p

}
, (12)

 5� p = βν+2
βν+1 ∈ (1, 2), τ = εωλµ, φ = ε1−pω1−pλ1−pµ2−p

2−p . P8� S2 ���QX, Tweedie

G�� 

,!�(?'GV? S �78"�" fS = fS1 ∗ fS2 , ]Z “ * ” [V[\ 
J/C�E3�<6#UGVQ#$ � Gamma ���#'GL�HGU�#$9�

" λ � Poisson ���NLÆ�PR?�" ω �GL�HG?Q(W>J,E�P^�'E
�"�GL�#UHGQ#$ G(ν, ν

µ) ���RE�GL��Z" (1− ε)ω; ['E��Z"

εω �GL� #UHGQ#$ G(βν, βν
µ ) �� ,GGL�#UGVQ#$)*+*��/

0*� Gamma ���.&��/!+&� 1
β < 

CD��(>9'\55�6GV?Q#$��78"
fS(s) = ε1 exp{β1ν(sθ + log(−θ)) + c(s, β1, ν)}

+ · · · + εn exp{βnν(sθ + log(−θ)) + c(s, βn, ν)} (13)

�K< Poisson ���R] ε1 + ε2 + · · · + εn = 1, GY,C\��E�S((^.GLP
<�" n G�T i GGL��Z" εiω, _GGL�#UHGQ#$)*+*��/0*�
Gamma �� 

E, � Gamma ���K< Poisson ;0�O?_>!G?=B56(QT�#=`
= <6+!GV? �%#$#UGVQ" � Gamma ���K< Poisson ���=.
��*JK�%9>A<�P`%9��F�=^@PGL9>�G�#'GLHGU�#
$+*����HGQ#$)*+*��/0*� Gamma �� ]a�G�"G?^�A
UV�aGO?WX�"GLR_�b!�AY% bR�<QGL4<c�Z;��(d
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=#UGVQ��" � Gamma �� (' '��) �K< Poisson ��9>A<�*(^
+c�Z;O?<P"'G�"aG^�A<P.GLPWX 

4 STUVW
GV? S ���78"���BJHKA�4D+`=LF��a9��F�= 

J��" S �LM"��(? )*-_d5:L (= vk [V)

E[S] = ωλµ,

v2 = ωλµ2
(
(1 − ε)

ν + 1
ν

+ ε
βν + 1
βν

)
,

v3 = ωλµ3
(
(1 − ε)

(ν + 1)(ν + 2)
ν2

+ ε
(βν + 1)(βν + 2)

(βν)2
)
,

v4 = ωλµ4
(
(1 − ε)

(ν + 1)(ν + 2)(ν + 3)
ν3

+ ε
(βν + 1)(βν + 2)(βν + 3)

(βν)3
)

+ 3v2
2 .

6 λ [3�9��LF�(J/6�eP?'
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ωλµ = S,

ωλµ2ψ1(ε, ν, β) = ṽ2,

ωλµ3ψ2(ε, ν, β) = ṽ3,

ωλµ4ψ3(ε, ν, β) = ṽ4 − 3ṽ2
2 ,

(14)

 5

ψ1(ε, ν, β) = (1 − ε)
ν + 1
ν

+ ε
βν + 1
βν

,

ψ2(ε, ν, β) = (1 − ε)
(ν + 1)(ν + 2)

ν2
+ ε

(βν + 1)(βν + 2)
(βν)2

,

ψ3(ε, ν, β) = (1 − ε)
(ν + 1)(ν + 2)(ν + 3)

ν3
+ ε

(βν + 1)(βν + 2)(βν + 3)
(βν)3

,

S "\(!=� ṽk [V\(5:L� λ (H=GVU��%9>F��Q(JX]'eb

�%?' 

5 XYZ[ S U\]^_
aHG?Q S ��"���BcB'KA�[\^B � (13) 5��` n �8f�\

��Q�0f8f�4D S ���"�!:E=gE���?'� 'ah;�_i!�
jb*LM�>5�+c��?' S ���II�>" S ���'akY�]a*��I
Ig_:��45�?'(cHG?Q�WX /6lcmL�dI ((13) 5 n = 2) ")e
f@���&B� n > 2 �dI(GY?' 

6��" X - Y ���"��h" FX(·) - FY (·). = R(G,H) [Vin��" G

- H �j`��a �4< 
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de 1 *g_oP (Ω ,F , P ) C�,��" X - Y , <(

[X(ω1) −X(ω2)][Y (ω1 − Y (ω2))] ≥ 0, a.s. (15)

N= X ! Y *LM 

de 2 =��" X �IF7G6b, Y . <*@7g? E[u(X)] ! E[u(Y )] c��
&�I"� u, ( E[u(X)] ≤ E[u(Y )]. K> X ≤cx Y . Q= Y ! X ���CI 

*��IF�(=6M5

1) < X ≤cx Y , N E[X ] = E[Y ], � Var[X ] ≤ Var[Y ]; < X ≤cx Y � Var[X ] = Var[Y ],
N X ! Y k(+*��� 

2) < X ≤cx Y , SN E[(X − d)+] ≤ E[(Y − d)+].
!G��" X �haIL�i��"�

F−1
X (p) = inf{x ∈ R|FX(x) ≥ p}, F−1+

X (p) = sup{x ∈ R|FX(x) ≤ p},

F
−1(α)
X (p) = αF−1

X (p) + (1 − α)F−1+
X (p), p ∈ [0, 1].

6\+�,,c>� df9pD [3].
fg 1 6��" X1 ! X2 ���"��h" FX1 (·) - FX2(·), S = X1 +X2, U #

$ (0, 1) C�!e���N(

S ≤cx S
c def= F−1

X1
(U) + F−1

X2
(U). (16)

j&C���" X ! F−1
X1

(U), X2 ! F−1
X2

(U) ����h+*�4D S ! Sc �)*

+*�)J, F−1
X1

(U) ! F−1
X2

(U) 6(:k�+YcC (*LM�), $Dg Sc ��/q1 

flf [5] df��=r��" X - Y �+cC�C'c1�N X - Y *LM $g=

5�s8� S ≤cx S
c 7h`*T(�O?tl&&um?;O? S D4i Sc, <=O? Sc

nm S, 7oTmvn�R!O?_>5�',QTjN S
fg 2 6��a X1 ! X2 ���"��h" FX1(·) - FX2 (·), U #$ (0, 1) C�!

e��� Sc def= F−1
X1

(U) + F−1
X2

(U), N(

F−1
Sc (p) = F−1

X1
(p) + F−1

X2
(p). (17)

Jc> 2, (?' Sc ���"�

FSc(s) = sup{p ∈ (0, 1)|FSc ≥ p}
= sup{p ∈ (0, 1)|F−1

Sc (p) ≤ s}
= sup{p ∈ (0, 1)|F−1

X1
(p) + F−1

X2
(p) ≤ s}. (18)

dg 6��a X1 ! X2 ���"�" FX1(·) - FX2(·), ��78"�" fX1(·)
- fX2(·), U #$ (0, 1) C�!e��� S = X1 + X2, Sc def= F−1

X1
(U) + F−1

X2
(U), N*

d ∈ (F−1+
Sc (0), F−1

Sc (1)) (

E[(Sc − d)+] = E[S] − d−
∫ d1

0

(x− d1)fX1(x)dx −
∫ d2

0

(x − d2)fX2(x)dx, (19)



180 K N N L M � L 29 O

 5 di = F
−1(αd)
Xi

(FSc(d)) (i = 1, 2), � d1 + d2 = d, αd ∈ [0, 1] J6Lo!

F
−1(αd)
Sc (FSc(d)) = d.

h JD [3] !> 7, S(

E[(Sc − d)+]

= E[(X1 − d1)+] + E[(X2 − d2)+]

=
∫ ∞

d1

(x − d1)fX1(x)dx +
∫ ∞

d2

(x − d2)fX2(x)dx

=
∫ ∞

0

(x − d1)fX1(x)dx −
∫ d1

0

(x− d1)fX1(x)dx +
∫ ∞

0

(x− d2)fX2(x)dx

−
∫ d2

0

(x− d2)fX2(x)dx

= E[X1] − d1 + E[X2] − d2 −
∫ d1

0

(x − d1)fX1(x)dx −
∫ d2

0

(x− d2)fX2(x)dx

= E[S] − d−
∫ d1

0

(x− d1)fX1(x)dx −
∫ d2

0

(x− d2)fX2(x)dx,

 5� di = F
−1(αd)
Xi

(FSc(d)) (i = 1, 2), JD [3] !> 6, S(

d1 + d2 = F
−1(αd)
X1

(FSc(d)) + F
−1(αd)
X2

(FSc(d)) = F
−1(αd)
Sc (FSc(d)) = d.

Jc> 1 (3�*GV?Q��" S, S((/k''�',��CI

Sc def= F−1
S1

(U) + F−1
S2

(U).

^��I>" S �',kY�P]a*��CI" g_:���E�?'c,GV?Q
S �WX�Rwg7�CDl'�aGV?Q��"��@E�Q]<G?=B�vn�j
N Jc> 2, Sc �i��"� (*�Æ�) !:p2a?��D��" ����Æ�)!
O?_>-G?=B^mcc:�9> [n�*HG? ��" �S(mp�!c: 
o<��;�=HQJKGR (Stop-loss premiums m= SLP) �F��(D!>+���B
HG?QCI�HQJKGR�',mLDJH(=�M5 c,CD���6q#=�^
�6)545 

6 Tijk
6QGGLHG? �%#$E, � Gamma ���K< Poisson ���GL�"

50, =Br->G^m`%eb�%-X]sfo!#'GL�HGU�#$!=" 0.2 �
Poisson ���$&=�\(!=-_d\(5:L�h"A S = 20, ṽ2 = 52.8, ṽ3 = 176.64,
ṽ4 = 11889.408. JLF��eP (14) g? µ = 2, ε = 0.4, ν = 5, β = 0.4. J/C�BMr(
/?��@PGL(�",G�,GGL�#UHGQ#$)*F" 2 �/�h" 0.8 - 2
� Gamma �� 
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6\45HG? S ���CI P8� FS1(·) - FS2(·) F"xp"��4D F−1
S1

(·)
- F−1

S2
(·) F"qqr8"� Jc> 2 3

F−1
Sc (p) = F−1

S1
(p) + F−1

S2
(p),

) F−1
S1

(·) - F−1
S2

(·) �PL02a?�S((d=r�s=�?' kY= / F−1
S1

(·) "
)�^ S1 �1:4�t"OP (0, δ], (δ, 2δ] · · · �P�< p ∈ (FS1((k − 1)δ), FS1(kδ)], N=r
�s=�(?'

F−1
S1

(p) ≈ kδ +
δp− δFS1(kδ)

FS1(kδ) − FS1((k − 1)δ)
, p ∈ (0, 1). (20)

u 1 FSc ��s�

p F−1
Sc (p) p F−1

Sc (p) p F−1
Sc (p) p F−1

Sc (p) p F−1
Sc (p)

0.02 3.7125 0.22 11.9262 0.42 17.0810 0.62 22.3657 0.82 29.6314
0.04 5.1862 0.24 12.4784 0.44 17.5819 0.64 22.9557 0.84 30.6576
0.06 6.3005 0.26 13.0169 0.46 18.0855 0.66 23.5647 0.86 31.7979
0.08 7.2363 0.28 13.5442 0.48 18.5928 0.68 24.1957 0.88 33.0901
0.10 8.0604 0.30 14.0625 0.50 19.1054 0.70 24.8521 0.90 34.5943
0.12 8.8079 0.32 14.5739 0.52 19.6242 0.72 25.5379 0.92 36.4172
0.14 9.4999 0.34 15.0800 0.54 20.1509 0.74 26.2581 0.94 38.7776
0.16 10.1497 0.36 15.5825 0.56 20.6866 0.76 27.0185 0.96 42.2767
0.18 10.7664 0.38 16.0825 0.58 21.2333 0.78 27.8272 0.98 51.9069
0.20 11.3568 0.40 16.5817 0.60 21.7923 0.80 28.6938

P8

lim
δ→0

kδ +
δp− δFS1(kδ)

FS1(kδ) − FS1((k − 1)δ)
= F−1

S1
(p),

[n

F−1
S1

(0) = 0, F−1
S1

(∞) = 1.

[ 1 +�� p = 0.02 i (i = 1, 2, · · · , 49) � F−1
Sc (p) �kY= �l>C5^C\?'�

_;Æ�P=yztrxM(?'��" ���"��kYt (t 1).
J(D!>3

E[(Sc − d)+] = E[S] − d−
∫ d1

0

(s− d1)fS1(s)ds−
∫ d2

0

(s− d2)fS2(s)ds,

 5 di = F−1
Si

(FSc(d))(i = 1, 2), d1 - d2 (vCDs=�?' [ 2 +�� d > 1–25 �u
��HQJKGR (SLP)E[(Sc − d)+] �kY= ^_;�l>C5Æ�P=yztrxM
?'t 2. j&C� E[(Sc − d)+] �'dw�" FSc(d) − 1 ≤ 0, Sjdw�" fSc(d) > 0 4
D E[(Sc − d)+] !6I�qqrQ"���(

lim
d→∞

E[(Sc − d)+] = 0.
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u 2 Sc �������

d E[(Sc − d)+] d E[(Sc − d)+] d E[(Sc − d)+] d E[(Sc − d)+] d E[(Sc − d)+]

1 19.0002 6 14.0708 11 9.4494 16 5.3836 21 2.0929
2 18.0022 7 13.1137 12 8.5806 17 4.6586 22 1.5321
3 17.0121 8 12.1699 13 7.7426 18 3.9643 23 1.0099
4 16.0204 9 11.2445 14 6.9297 19 3.3146 24 0.5258
5 15.0414 10 10.3357 15 6.1406 20 2.4384 25 0.0414

v 1 Sc �����{uvw v 2 E[(Sc − d)+] �{uvw

m n o p
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COLLECTIVE RISK MODEL BASED ON THE CONTAMINATED

GAMMA DISTRIBUTION AND ITS APPLICATION

IN RISK CLASSFICATION

LU Zhiyi

(School of Statistics, Tianjin University of Finance and Economics, Tianjin 300222)

LIU Leping

(School of Statistics, Tianjin University of Finance and Economics, Tianjin 300222;

The Reserch Center for Applied Statistics of Renmin University of China, Beijing 100872)

MENG Shengwang

(The Reserch Center for Applied Statistics of Renmin University of China, Beijing 100872)

Abstract The contaminated Gamma distribution and its properties are analyzed. The
collective risk model based on contaminated Gamma distribution is put forward and its prob-
ability character is considered. Then the application of the model in risk classification is dis-
cussed. To overcome the difficulty in calculating the distribution function of claim amount S, a
stochastic upper bound Sc of S in the sense of stochastic convex order is obtained by using the
comonotonicity theory. The distribution function of Sc and stop-loss premium are discussed.
A numerical examples is given to illustrate the validity of the proposed method.

Key words Contaminated Gamma distribution, collective risk model, risk classification,
comonotonicity, stochastic convex bounds.


