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",#$%&��� ��!$())-*+.,#',%/0 [1] (1',)**-++
"2.,!"/301-$�!"� ��!%/0 [2] 4.)(2�!"� �$356
/�*72356/2�#$$�!"4(0089#$1.1,:5%/0 [3] ;672�
!"#$�',)(<� ��!�7<�!7=89:;6$� �356/�7<6/
>3=1.84$ n 5;+%/0 [4] <�!"� �$&*"',)'($2 Lyapunov
+"�=6?7)72+">?=!"89$,: "+"%@�(AB@� Lyapunov C
+$)-AD;<%/0 [5] <*=>EC+$?@ Hölder +"2$?A<5$�!"#
$�;6)2 Luengerger � �%/0 [6] ',)* Lipschitz AB+"2�D,� "CB
�FD(ECD$� ��!*+%/0 [7] ;6)/0 [6] $EG�',)� Lipschitz ,
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4$WTXUa+S D1f(x1, x2, x3), D2f(x1, x2, x3), D3f(x1, x2, x3) (bQVAB,DC+
f(x1, x2, x3) 5=c 1 2�c 2 2�c 3 2[84$ Jacobian QM%

2 $%&'
bcP2�!"#$ {

ẋ = f(x) + g1(x)u1 + g2(x)u2,

y1 = h1(x), y2 = h2(x),
(1)

RL x ∈ Rn Æ#$G-� ui ∈ R, yi ∈ R (i = 1, 2) (bÆ#$$1.1,� f(x) H
gi(x) (i = 1, 2) Æ Rn L$deR4f�hi(x)(i = 1, 2) ÆdeC+%� f(x0) = 0, hi(x0) = 0,
g x0 ��de#$$fhi%

(1j,2gk�%
() 1 #$ (1) ,\]lK389 [ZT

1 , ZT
2 , ηT]T = Φ(x) /mP235F%

żi
j = zi

j+1, j = 1, 2, · · · , ri − 1,

żi
ri

= ai(Z1, Z2, η) + bi1(Z1, Z2, η)u1 + bi2(Z1, Z2, η)u2,

η̇ = q(Z1, Z2, η),

yi = zi
1, i = 1, 2,

(2)

RL Zi = [zi
1, z

i
2, · · · , zi

ri
]T, η = [η1, η2, · · · , ηn−r]T, r = r1 + r2, i = 1, 2.

* 1 / (2) ,^mP2$QM6/
Żi = AriZi + Bri [ai(Z1, Z2, η) + bi1(Z1, Z2, η)u1 + bi2(Z1, Z2, η)u2],
η̇ = q(Z1, Z2, η),
yi = CiZi, i = 1, 2,

(3)

RL Ari ∈ Rri×ri , Bri ∈ Rri×1, Ci ∈ R1×ri ,

Ari =

⎡
⎢⎢⎢⎣

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

⎤
⎥⎥⎥⎦ , Bri =

⎡
⎢⎢⎢⎣

0
0
...
1

⎤
⎥⎥⎥⎦ , Ci =

[
1 0 · · · 0 ]

, i = 1, 2.

() 2 C+ ai(Z1, Z2, η), bik(Z1, Z2, η), i, k = 1, 2, �?@ Lipschitz $%
* 2 PGk� 1 m%�6 u1, u2 �:h$�_&*`"+ l1, l2, l3, l4, l5, l6 iU

∥∥∥a1(Z1, Z2, η) +
2∑

k=1

b1k(Z1, Z2, η)uk − a1(Z1, Z2, η) −
2∑

k=1

b1k(Z1, Z2, η)uk

∥∥∥
≤ l1‖Z1 − Z1‖ + l2‖Z2 − Z2‖ + l3‖η − η‖,

∥∥∥a2(Z1, Z2, η) +
2∑

k=1

b2k(Z1, Z2, η)uk − a2(Z1, Z2, η) −
2∑

k=1

b2k(Z1, Z2, η)uk

∥∥∥
≤ l4‖Z1 − Z1‖ + l5‖Z2 − Z2‖ + l6‖η − η‖, ∀Z1, Z1 ∈ Rr1 , Z2, Z2 ∈ Rr2 , η ∈ Rn−r.

(4)
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() 3 q(Z1, Z2, η) 5= Z1, Z2 �?@ Lipschitz $�g&*`"+ l7, l8 iU

‖q(Z1, Z2, η) − q(Z1, Z2, η)‖
≤ l7‖Z1 − Z1‖,

|q(Z1, Z2, η) − q(Z1, Z2, η)‖
≤ l8‖Z2 − Z2‖, ∀Z1, Z1 ∈ Rr1 , Z2, Z2 ∈ Rr2 , η ∈ Rn−r.

(5)

() 4 &*(2`EQM P3 ∈ R(n−r)×(n−r) H(2`"+ k0 iU

vTP3{D3q(Z1, Z2, η)}v ≤ −1
2
k0‖v‖2, ∀Z1 ∈ Rr1 , Z2 ∈ Rr2 , η ∈ Rn−r, v ∈ Rn−r. (6)

J/$l$�<=#$ (1) �!� ��i� 30K�L=M%

3 bc+,-
bcP2�!"� �

ẋ = f(x) +
2∑

k=1

gk(x)uk +
[

∂Φ(x)
∂x

]−1

⎡
⎣ K1(ε) 0r1

0r2 K2(ε)
0n−r 0n−r

⎤
⎦ [

y1 − h1(x)
y2 − h2(x)

]
, (7)

RL

Ki(ε) =
[

k1i

ε

k2i

ε2
· · · krii

εri

]T

, 0ri =
[

0 0 · · · 0
]T
1×ri

, i = 1, 2.

k1i, k2i, · · · , krii iU sri + k1is
ri−1 + · · · + krii = 0, i = 1, 2, � Hurwitz $%m Pi, i = 1, 2 �

2gQM*q
AT

i Pi + PiAi = −Iri (8)

$n�RL

Ai =

⎡
⎢⎢⎢⎣

−k1i 1 0 · · · 0
−k2i 0 1 · · · 0

...
...

...
...

−krii 0 0 · · · 0

⎤
⎥⎥⎥⎦ .

m x0 H x0 (b� (1) H (7) $roG-�6 e0 = x0 − x0. 2NspdeEG%
f. 1 bc�!"#$ (1) H� � (7), PGk� 1–4 Oqg�=61. uj , j = 1, 2

�:h$�_<Uhro+" e0, x0 , D 0 < ε < ε∗ D�: lim
t→∞ ‖x(t) − x(t)‖ = 0, RL

ε∗ ≤ min
( 1

4l1‖P1‖ ,
1

4l5‖P2‖ ,
k0

32(l3‖P1‖ + l7‖P3‖)2 ,
3k0

64(l6‖P2‖ + l8‖P3‖)2 ,

√
3

8(l2‖P1‖ + l4‖P2‖)
)
.

/ *P2?7$lqLOk� 0 < ε < 1. *i$K3#$ [ZT
1 , ZT

2 , ηT]T = Φ(x), � 
� (7) ,\89Æ

Żi = AriZi + Bri

[
ai(Z1, Z2, η) +

2∑
k=1

bik(Z1, Z2, η)uk

]
+ Ki(ε)(yi − CiZi),

η̇ = q(Z, η), i = 1, 2.

(9)
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Ej� I30Æ e1 = Z1 − Z1, e2 = Z2 − Z2, e3 = η − η. _k (3) H (9) ,\U:

ė1 = A1(ε)e1 + Br1

[
a1(Z1, Z2, η) +

2∑
k=1

b1k(Z1, Z2, η)uk − a1(Z1, Z2, η)

−
2∑

k=1

b1k(Z1, Z2, η)uk

]
,

ė2 = A2(ε)e2 + Br2

[
a2(Z1, Z2, η) +

2∑
k=1

b2k(Z1, Z2, η)uk − a2(Z1, Z2, η)

−
2∑

k=1

b2k(Z1, Z2, η)uk

]
,

ė3 = q(Z1, Z2, η) − q(Z1, Z2, η) + q(Z1, Z2, η) − q(Z1, Z2, η)

+q(Z1, Z2, η) − q(Z1, Z2, η),

(10)

RL

Ai(ε) = Ari − Ki(ε)Ci =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−k1i

ε
1 0 · · · 0

−k2i

ε2
0 1 · · · 0

...
...

...
. . .

...

−krii

εri
0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, i = 1, 2.

Ej

Hi(ε) =

⎡
⎢⎢⎢⎣

1 0 · · · 0
0 ε · · · 0
...

...
. . .

...
0 0 · · · εri−1

⎤
⎥⎥⎥⎦ , i = 1, 2,

lr: Ai(ε) = ε−1H−1
i (ε)AiHi(ε), i = 1, 2. t (8) /,\U,

Pi(ε) = HT
i (ε)PiHi(ε), i = 1, 2, (11)

qg
AT

i (ε)Pi(ε) + Pi(ε)Ai(ε) = −ε−1HT
i (ε)Hi(ε), i = 1, 2. (12)

ms Lyapunov C+Æ V (e1, e2, e3) =
2∑

i=1

ε(2−2ri)eT
i Pi(ε)ei + eT

3 P3e3, k (10) /u (11) /H

(12) /,\U:

V̇ = −
2∑

i=1

ε(1−2ri)eT
i HT

i (ε)Hi(ε)ei + 2
2∑

i=1

ε(2−2ri)BT
ri

HT
i (ε)PiHi(ε)ei

·
[
ai(Z1, Z2, η) +

2∑
j=1

bik(Z1, Z2, η)uk − ai(Z1, Z2, η) −
2∑

k=1

bik(Z1, Z2, η)uk

]

+ ėT
3 P3e3 + eT

3 P3ė3.
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k (6) /H (10) /,U

ėT
3 P3e3 + eT

3 P3ė3

≤ −k0‖e3‖2 + 2[q(Z1, Z2, η) − q(Z1, Z2, η) + q(Z1, Z2, η) − q(Z1, Z2, η)]TP3e3, (13)

m ξi = Hi(ε)ei, i = 1, 2, nÆ ‖BT
ri

Hi(ε)‖ = εri−1, i = 1, 2, k (4) /� (5) /H (13) /,U

V̇ ≤−
2∑

i=1

ε(1−ri)‖ξi‖2 + 2ε(1−r1)l1‖P1‖‖ξ1‖‖e1‖ + 2ε(1−r1)l2‖P1‖‖ξ1‖‖e2‖

+ 2ε(1−r1)l3‖P1‖‖ξ1‖‖e3‖ + 2ε(1−r2)l4‖P2‖‖ξ2‖‖e1‖ + 2ε(1−r2)l5‖P2‖‖ξ2‖‖e2‖
+ 2ε(1−r2)l6‖P2‖‖ξ2‖‖e3 − k0‖e3‖2 + 2l7‖e1‖‖P3‖‖e3‖ + 2l8‖e2‖‖P3‖‖e3‖,

onÆ ‖H−1
i (ε)‖ = ε(1−ri), i = 1, 2, S\ ‖ei‖ ≤ ε(1−ri)‖ξi‖, i = 1, 2, _:

V̇ ≤−
2∑

i=1

ε(1−2ri)‖ξi‖2 + 2ε(2−2r1)l1‖P1‖‖ξ1‖2 + 2ε(2−r1−r2)l2‖P1‖‖ξ1‖‖ξ2‖ − k0‖e3‖2

+ 2ε(1−r1)l3‖P1‖‖ξ1‖‖e3‖ + 2ε(2−2r2)l5‖P2‖‖ξ2‖2 + 2ε(2−r1−r2)l4‖P2‖‖ξ1‖‖ξ2‖
+ 2ε(1−r2)l6‖P2‖‖ξ2‖‖e3‖ + 2ε(1−r1)l7‖P3‖‖ξ1‖‖e3‖ + 2ε(1−r2)l8‖P3‖‖ξ2‖‖e3‖.

nÆ ε ≤ min( 1
4l1‖P1‖ , 1

4l5‖P2‖ ), S\

V̇ ≤− k0

[1
2
‖e3‖ − 2

k0
ε(1−r2)(l3‖P1‖ + l7‖P3‖)‖ξ1‖

]2

+
4
k0

ε(2−2r1)(l3‖P1‖ + l7‖P3‖)2‖ξ1‖2

− 1
2
k0‖e3‖2 − 1

2
ε(1−2r1)‖ξ1‖2 − k0

[1
2
‖e3‖ − 2

k0
ε(1−r2)(l6‖P2‖ + l8‖P3‖)‖ξ2‖

]2

− 1
2
ε(1−2r2)‖ξ2‖2 +

4
k0

ε(2−2r2)(l6‖P2‖ + l8‖P3‖)2‖ξ2‖2

+ 2ε(2−r1−r2)(l2‖P1‖ + l4‖P2‖)‖ξ1‖‖ξ2‖
≤ − 1

2
k0‖e3‖2 − 1

4
ε(1−2r1)‖ξ1‖2 − ε(1−2r1)

[1
2
‖ξ1‖ − 2ε(1−r2+r1)(l2‖P1‖ + l4‖P2‖)‖ξ2‖

]2

+ 4ε(3−2r2)(l2‖P1‖ + l4‖P2‖)2‖ξ2‖2 − 1
2
ε(1−2r2)‖ξ2‖2

+
4
k0

ε(2−2r1)(l3‖P1‖ + l7‖P3‖)2‖ξ1‖2 +
4
k0

ε(2−2r2)(l6‖P2‖ + l8‖P3‖)2‖ξ2‖2

≤− 1
2
k0‖e3‖2 −

[1
4
ε(1−2r1) − 4

k0
ε(2−2r1)(l3‖P1‖ + l7‖P3‖)2

]
‖ξ1‖2

−
[1
2
ε(1−2r2) − 4

k0
ε(1−2r2)(l6‖P2‖ + l8‖P3‖)2 − 4ε(3−2r2)(l2‖P1‖ + l4‖P2‖)2

]
‖ξ2‖2.

onÆ ε ≤ min( k0
32(l3‖P1‖+l7‖P3‖)2 , 3k0

64(l6‖P2‖+l8‖P3‖)2 ,
√

3
8(l2‖P1‖+l4‖P2‖) ), S\

V̇ ≤ −1
2
k0‖e3‖2 − 1

8
ε(1−2r1)‖ξ1‖2 − 1

8
ε(1−2r2)‖ξ2‖2.

?v%
t(wp,P2k�%
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() 5 k�&*`"+ l9, l10, l11(< 1
2‖P4‖ ), iU R(Z1, Z2, η) = q(Z1, Z2, η) − A3η qg

‖R(Z1, Z2, η)−R(Z1, Z2, η)‖ ≤ l9‖Z1 −Z1‖+ l10‖Z2 −Z2‖+ l11‖η − η‖, RL A3 �Uh(2
Hurwitz QM� P4 � AT

3 P4 + P4A3 = −I $n%

f. 2 bc#$ (1) H� � (7), PGk� 1, k� 2, k� 5 m%�=61.
u1, u2 �:h$�uv&*`"+ k′

0, iU<UhroG- e0, x0 , D 0 < ε < ε+ D�:
lim

t→∞ ‖x(t) − x(t)‖ = 0, RL

ε+ ≤ min
( 1

4l1‖P1‖ ,
1

4l5‖P2‖ ,
k′
0

32(l3‖P1‖ + l9‖P4‖)2 ,

3k′
0

64(l6‖P2‖ + l10‖P4‖)2 ,

√
3

8(l2‖P1‖ + l4‖P2‖)
)
.

/ Ej Lyapunov C+ V (e1, e2, e3) =
2∑

i=1

ε(2−2ri)eT
i Pi(ε)ei + eT

3 P4e3. ,U

ėT
3 P4e3 + eT

3 P4ė3 = 2eT
3 P4(R(Z1, Z2, η) − R(Z1, Z2, η)) + eT

3 (AT
3 P4 + P4A3)e3

≤ (2l11‖P4‖ − 1)‖e3‖2 + 2l9‖e3‖‖P4‖‖e1‖ + 2l10‖e3‖‖P4‖‖e2‖.

nÆ l11 < 1
2‖P4‖ , S\ 2 l11‖P4‖ − 1 < 0 , s k′

0 = −(2 l11‖P4‖ − 1) , 2w=Ex 1 $?7�
D 0 < ε < ε+ D�:

V̇ ≤ −1
2
k′
0‖e3‖2 − 1

8
ε(1−2r1)‖ξ1‖2 − 1

8
ε(1−2r2)‖ξ2‖2.

?v%

4 0 1
Jy]l(2zq$xr{s�O7J/S',$�!*+$`>"H,t"%bc

P2�!"#$ ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ =

⎡
⎢⎢⎢⎢⎢⎣

0.01 sinx1 + x2 + 0.5x3

0.02 sin2x2 + x4

−1.5x1 − 0.01 sin2x3

− sinx4 − 2x4

⎤
⎥⎥⎥⎥⎥⎦ +

⎡
⎢⎢⎣

1
1
0
0

⎤
⎥⎥⎦u1 +

⎡
⎢⎢⎣

0
1
0
0

⎤
⎥⎥⎦u2,

y1 = h1(x) = x1 + x2, y2 = h2(x) = x2 + 2x3,

(14)

yuv?#$ (14) $A<5 r = {r1, r2} = {1, 1} , (z G = span{g1, g2} �<{$%mwK
389

[
z1 z2 η1 η2

]T = Φ(x) =
[
x1 + x2 x2 + 2x3 x3 x4

]T
, #$ (14) ,\89ÆP235

F
ż1 = 0.01 sin(z1 − z2 + 2η1) + z2 − 1.5η1 + 0.02 sin(z2 − 2η1) + η2 + u1,

ż2 = 0.02 sin2(z2 − 2η1) + η2 − 3z1 + 3z2 − 6η1 − 0.02 sin2η1 + u1 + u2,

η̇1 = −1.5z1 + 1.5z2 − 3η1 − 0.01 sin 2η1,

η̇2 = − sin η2 − 2η2.
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,\v?#$ (14) qgk� 1–4, xJ (7) �G-� �Æ

ẋ =

⎡
⎢⎢⎢⎣

0.01 sinx1 + x2 + 0.5x3

0.02 sin2x2 + x4

−1.5x1 − 0.01 sin2x3

− sinx4 − 2x4

⎤
⎥⎥⎥⎦ +

⎡
⎢⎢⎣

1
1
0
0

⎤
⎥⎥⎦u1 +

⎡
⎢⎢⎣

0
1
0
0

⎤
⎥⎥⎦u2 +

⎡
⎢⎢⎢⎢⎢⎢⎣

k11

ε

k12

ε

0
k12

ε

0 0
0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

[
y1 − x1 − x2

y2 − x2 − 2x3

]
.

s l1 = 2, l2 = 5, l3 = 8, l4 = 4, l5 = 6, l6 = 15, l7 = 2, l8 = 2, k0 = 2, k11 = 1, k12 = 2, ε =

0.001, P3 =
[

1 0
0 1

]
, S\ P1 = 0.5, P2 = 0.25, ‖P1‖ = 0.5, ‖P2‖ = 0.25, ‖P3‖ =

√
2. s1.

u1 = 10, u2 = −100,roI x0 =
[
10 60 80 20.5

]T
, x0 =

[
10 70 89 20

]T
, e0 =

[
0 10 9 0.5

]T
.

xrEGPy 1– 4 SV%ty,|�|!30K�L=M (t → ∞).

0 10 20 30 40 50
−4

−2

0

2

4

6

8

10

12

t/min
0 10 20 30 40 50

−4

−2

0

2

4

6

8

10

t/min

z 1 �� e1 = x1 − x1 �} z 2 �� e2 = x2 − x2 �}

0 10 20 30 40 50
−4

−2

0

2

4

6

8

10

t/min
0 10 20 30 40 50

−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

t/min

z 3 �� e3 = x3 − x3 �} z 4 �� e4 = x4 − x4 �}
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5 2 Æ
J/& )(2�!"#$� ��!{}�E{1.1,!"/',)(2�!"

#$$� ��!*+%I/0 [5] SFG$R1.R1,�!"#$;6:(2I1.I
1,�!"#$�=j,)K?G-|!30K�L=M$'(+"%|~�xr~{v?
)SUEG$:}"%
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OBSERVER DESIGN FOR A CLASS OF NONLINEAR SYSTEM

BASED ON INPUT OUTPUT LINEARIZATION APPROACH

DONG Yali YANG Yingjuan FAN Jiaojiao

(School of Science, Tianjin Polytechnic University, Tianjin 300160)

Abstract The problem of observer design for a class of nonlinear system is considered.
Based on input-output linearization approach, the observer design for the nonlinear system
is developed. The nonlinear system presented in this paper is of characteristic of multi-input
multi-output. Under appropriate conditions, it is proved that the proposed observer assured
that the observation error converges to zero asymptotically. A simulation result shows the
validity of the results.

Key words Nonlinear system, linearization, state observer, Lyapunov function, coordi-
nate transformation.


