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1 $ %
�����������

(P) min f(x)
s.t. gi(x) ≤ 0, i ∈ I = {1, 2, · · · , m},

�& x ∈ Rn, f : Rn → R, g(x) = (g1(x), g2(x), · · · , gm(x))T : Rn → Rm � ���!�"�

'���
���#�� (P) ������$�#�����  !�����"�� (P) �(%

� x∗ �&� ! xk , ���� (P) �&�����#"#�$'�% xk $%� ! xk+1.
&(�%)�&'&(�')�*((%��+"( !)�&',*"�(�#$�(-
%�')�*(*)(%��.�( !)�&'/&� {xk} �'%0#$���*,*
1*)(%��.�+� !($2�+)%#$�*34,-.+,()���/-$
2".5( /%,06��0+1'���)2��%-7��31.289���&,
��-4��&1.289���3/ h(x) = ‖g(x)+‖, )5 g+

i = max{gi, 0}, ‖ · ‖ :01
65;<��2� l1 736�� π(x, ρ) = f(x) + ρh(x) , �& ρ > 0  64.(/5 ρ =>

?(64/�7,0)�6��(5@ !=>�8�9A+,*64 !���)8�
09�%(&�46�64.%$�#�� (P) �����BC(&�7:'(864

.:#D7:'(06��(�� (P) ��E9;;F(:'�&D7:'<:%01G
��(!�&(�'64.=2�>:(0�'$2�� (P) �0�8*0+3HI6?�
@A4?�Æ&�;(�'64.=2�>?(0<8J-7���503BC(K6#$

* =>7<?�@A (10771162) 89BDL
=C>?M2006-05-15, =NEDC>?M2007-12-21.
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&@�#% "OA64.�=B( Fletcher 3 Leyffer JP"C.��(),��%Æ&
%G1.289��'3-7��'#H"DK@%QRIE�&�'�DK*RC.I
E(S�JSF�1.289��'�80+-7��'3(;C.&LM���'L%
;=>��8�"G#(N#C.��H(��'K' [1], �F�OIPQ#Q��

(C.LJJPM()�NKM02":� SQP[2] T�LM [3] TR�S [4] U���

��;M Ulbrich[5] 3 Fletcher U [6] T>V*N" SQP C.���;F3O;#$�(
Fletcher, Leyffer 3 Toint[7] TJP" SLP C.���O;#$��

M#C.��$2"0WOP3X<(QR=>(U [8] &PSY�(QC.��&�
C.�R8TZ1&$2"&2'���[T(U [9] &QC.��3DK@>�NULK
4� Peng (U [10] &QC.��V@W9��LK4�()X��&�/%V0"-7�
�31.����?(&(\U&(64JPÆY&,��(WXY#C.��(/%37
:S50Z�%(V0 NCP ��#T3C.(]VR�SNULK4(ZZ$2"^��
�O;#$��

2 Fischer-Burmeister NCP @ABCDEF
������� (P) � Lagrangian �� 

L(x, λ) = f(x) + λTg(x) = f(x) +
m∑

i=1

λigi(x), (1)

�& λ = (λ1, λ2, · · · , λm)T ∈ Rm %_.[[�(0\\U]�]V�(0 (x, λ) #:0[[
(xT, λT)T.

64`^G��^W�* (x, λ) ∈ Rn+m  �� (P) � Karush-Kuhn-Tucker(KKT) *

∇xL(x, λ) = 0,

gi(x) ≤ 0, λi ≥ 0, λigi(x) = 0, i ∈ I. (2)

 "�� (2) 7$2�� (P) � KKT *(64\S NCP ���
HI 2.1 �� φ : R2 → R, �'FX;

φ(a, b) = 0 ⇐⇒ a ≥ 0, b ≥ 0, ab = 0,

0` φ  &� NCP ���
G B0� NCP ��;& Fischer-Burmeister NCP ��(YZ F-B NCP ��(F

X;��3/

φ(a, b) =
√

a2 + b2 − a − b.

V0 F-B NCP ��( KKT ^W (2) a 

∇xL(x, λ) = 0,

Φ(x, λ) = 0, i ∈ I. (3)

�& Φ(x, λ) = (φ(−g1(x), λ1), φ(−g2(x), λ2), · · · , φ(−gm(x), λm))T.
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C.LJN Fletcher 3 Leyffer # 2002 GJP [1], F�_[%5�c-7��'31.
289��'�a4,0�1.289�� 

p(x) = ‖g(x)+‖∞,

�& gi(x)+ = max{0, gi(x)} (i ∈ I). `\81.289�� p(x) = 0 0-aK x %�� (P)
��8*�

HI 2.2 `* xk Lb* xl, S�JS pk ≤ pl � fk ≤ f l, �& pk = p(xk).
HI 2.3 C./%X;3/ (p, f) �):(Z F , ,$

0+ p(xi) ≤ p(xj) 0+ f(xi) ≤ f(xj)

�(; i 
= j Hc�

 "J]&,;b���SX(64c5".DK*0RIE�M0�d�+(�' 
!* xk+1 ��M����' (pk+1, fk+1) �BI" xk �M�'0I"/-C(#C.&�
'(F/<RCd�)-aK( (p, f) e;+(64�0RC.IE�*((�fS^c"
&�:�e:�4D(&�DK* x RC.IE(S�JS

p(x) ≤ βp(xl), (4)

0

f(x) ≤ f(xl) − γp(x), (5)

∀(p(xl), f(xl)) ∈ F Hc��& 0 < γ < β < 1  �"�NB��
c5gN�%(C._4%0Wa`�(640 Fk #:0f k � !Z�C._4�

 !hK���R8(64c5Q*� (p, f) PSC.&��' xk + dk RS:C. Fk I

E( !Z xk+1 = xk + dk, ]�

Dk+1 = {(pj, f j)|pj ≥ pk � f j ≥ fk, ∀(pj , f j) ∈ Fk}.

C._4g�i��$'

(Fk+1) Fk+1 = Fk

⋃
{(pk+1, fk+1)} \ Dk+1. (6)

64P`)@h5 “Q xk +dk PSC. ”, jX(da#,(%i)&*�M� (p, f) -
�PSC._4�

3 O P
 "=>V0 NCP ��V KKT ^Wb�ce3 NCP ��6dEE�"��?(64

O3C.&�9[(Q1.289�� p(x) fN 
p(x, µ) = ‖Φ(x, µ)‖∞ = max

1≤i≤m
|φ(−gi(x), µi)|,

�& φ(−gi(x), µi) =
√

g2
i (x) + (µi)2 + gi(x) − µi. * xk E�M��� p 3 f �'YZ 

(pk, fk).
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efUg [1] &�kh( OA p '&?�*RSC.(640&�+:5 IE !
*�j5^W

p(x, µ) ≤ u.

�& u  &?�N��#%)�`C._4 F0 = {(u,−∞)}.
�#&��"� !* xk ∈ Rn, ��� (P) �;F(%� x∗ �S: !(64���

�� (QP (xk)) $ dk(ZZ�7$2�� (QP (xk)) �M# dk �_. λk).

(QP (xk)) min qk(d) = dT∇f(xk) +
1
2
dTHkd

s.t. gi(xk) + dT∇gi(xk) ≤ 0, i ∈ I. (7)

�& Hk %gahl���"m Hessian Q�
09�%(N#�� !�;F#$�( ! dk �'�0(�ikDjn�&���

%".&�1'��(hK dk R(^��'�8(R�S0�LM����70#(:`
1'��(ZZ(4[�ko�,*Si#$��-% "OA,06��(64#��0
lI6���R�S���XiT�%(<�-.�AU !@ dk ,$ xk + dk ,m(7

xk  &j�R�S<kp��0��".��� QP (xk,k) #!l�� QP (xk)

(QP (xk,k)) min qk(d) = dT∇f(xk) +
1
2
dTHkd

s.t. gi(xk) + dT∇gi(xk) ≤ 0, i ∈ I,

‖d‖ ≤ ∆k. (8)

�& ‖ · ‖ :0165$<��c5VP�%(8 xk + dk 0'ÆRIE(-%q�I"(%
�(�Pm"(n� Maratos bM� "ikDmo(64( xk + dk 0RC.IE�Zl
r!��mpN@ (SOC), ����.��

(QPs(xk,k)) min (dk + d)T∇f(xk) +
1
2
(dk + d)THk(dk + d)

s.t. gi(xk + d) + dT∇gi(xk) ≤ 0, i ∈ I,

‖dk + d‖ ≤ ∆k. (9)

�& dk %�� (QP (xk,k)) ���$� d
k
, #%�&@ ! xk+1 = xk + dk + d

k
.

s ∆fk(d) = f(xk) − f(xk + dk) :0�� f(xk) �W��8[(

∆qk(d) = qk(0) − qk(d) = −dT∇f(xk) − 1
2
dTHkd

:0 f(xk) �qn�8[� f(xk) �=>�8^W:0 ∆fk(d) ≥ τ∆qk(d), �& τ %tB

��

XY A
S0 =B)'* x0, �")�R�Son ∆0 > 0, )��`Q H0, B� µ0 ≥ 0, τ ∈

(0, 1
2 ), 0 < γ < β < 1, p0 = p(x0, µ0), k = 0. o)�C._4 Fk = {(u,−∞)}, �&

u = M max{1, p0}, M > 0;
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S1 �� QP (xk,∆k), 8��0�8(0RS�8�opmq(Z2* xk+1 ,$

QP (xk+1,∆k+1) %�8�� k = k + 1, ]$� dk;
S2 8 dk = 0, r[($2 KKT * xk. Q0!�gahl_. ! λk. Z xk

+ =
xk + dk,∆fk = f(xk) − f(xk + dk),∆qk = −∇f(xk)Tdk − 1

2 (dk)THkdk;
S3 8 (xk

+, λk) R Fk

⋃
(xk, µk) IE(0R S4, Q0R S5;

S4 8 ∆fk < τ∆qk � ∆qk > 0 Hc(R S6, Q0R S7;
S5 !��mpN@
S5.1 �� QPs $ d

k
, λ

k
, Z xk = xk + dk + d

k
,∆f

k
= f(xk) − f(xk + dk + d

k
),∆qk =

qk(0) − qk(dk + d
k
);

S5.2 8 (xk, λ
k
) R Fk

⋃
(xk, µk) IE(R S5.3, Q0R S6;

S5.3 8 ∆f
k

< τ∆qk � ∆qk > 0 Hc(0R S6, Q0R S5.4;

S5.4 xk+1 = xk + dk + d
k
, µk+1 = λ

k
. 8 ∆qk ≤ 0, 0Q (xk, λ

k
) PSC.(R S8;

S6 xk+1 = xk, µk+1 = µk,∆k+1 = ∆k

2 , k = k + 1, R S1;

S7 xk+1 = xk + dk, µk+1 = λk,∆k+1 = ∆k

2 , 8 ∆qk ≤ 0, 0Q (xk
+, λk) PSC.(R S8;

S8 $'pQ Hk  Hk+1, k = k + 1, R S1.
(+i��&(�8�opmq�-�%,.�� QP (xk,∆k) �8(����Y

\ Fletcher[1] &� SLP opmq���(7-&�8�opmq\�7Z2* xk ,$

QP (xk,∆k) ���pQ Hk �$'�7r0 BFGS pNq/�
1��&64�7rP(]0%(;RC.IE�*�RPSC._4(/;S∆qk ≤ 0

Z( !*sRPSC.(DZ f �'�'4?[&S f �'�8H(Z(]0Q !PS
C.�

]^ 3.1 o+) pk 3 fk ^G pk ≥ 0 � fk tuvs�;:(sB� β, γ ^G
0 < γ < β < 1. 8�#u-� k, 0; pk+1 ≤ βpk, 0; fk − fk+1 ≥ γpk+1 Hc(0
lim

k→∞
pk = 0.

_ Ug [2] &\[ 1.
]^ 3.2 o@v+) (pk, fk) RSC.(�& pk > 0, {fk} �;:(0; lim

k→∞
pk = 0.

_ Ug [2] &sI�
c5VP�%(8;@v�*RSC.(0j; pk > 0 �=>?� k Hc�d�+(

8 pk = 0, & xk 0% KKT *�]V�(j; pk > 0, N���1)t�*%0'PSC.
�(ww�t; min

(pl,f l)∈Fk

pl > 0.

4 `abcd
(�;�>u&(c5��&Xko
A1 -7�� f 31.�� gi(x), i ∈ I �%���!�"��

A2  ! (xk, µk), (xk + dk, λk), (xk + dk + d
k
, λ

k
) �v# Rn+m �;:uw_ S p�

A3 C(NB� a, b ,$ Hessian Q Hk ^G a‖d‖2 ≤ dTHkd ≤ b‖d‖2, ∀k 3 d ∈ Rn H

c�
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A4 .�� QP (xk,∆k) � KKT _. λk &6;:(QPs(xk,∆k) � KKT _. λ
k
&6

;:�

Nko A1, A2 �1(�u-� k, ;

fmin ≤ f(xk) � 0 ≤ pk ≤ pmax, (10)

�& fmin > 0, pmax > 0  xB��t( (p, f) e;RC.IE� (p, f) v#p3 [0, pmax]×
[fmin,∞] p�ZZN A1–A4 1(C( M > 0, ,$

‖Hk‖ ≤ M, ‖∇2f(x)‖ ≤ M, ‖∇2gi(x)‖ ≤ M, i ∈ I, ‖λk‖ ≤ M, ‖λk‖ ≤ M.

N+igN(opmq\%Hv�(>u���1(�� A /C(�� 3 �, !0H
v (� xk+1 = xk) �xw�

1) xw 1 S1-S2-S3-S5.1-S5.2-S6-S1;
2) xw 2 S1-S2-S3-S5.1-S5.2-S5.3-S6-S1;
3) xw 3 S1-S2-S3-S4-S6-S1.
 "gN�� A %;b�( !%Hv�(64;j5gN+i 3 �xw%;Ae[

��)im(�; 3 �\[&�
]^ 4.1 �� A &xw 1 ;Ae[(�S k =>?Z( (xk + dk + d

k
, λ

k
) jR

Fk ∪ (xk, µk) IE�

_  yyYx(Z d̂k = dk + d
k
, xk = xk + d̂k, pk = p(xk, λ

k
), f

k
= f(xk), >xF>*

NKI�

1) k =>?Z(c*N (xk, λ
k
) �R (xk, µk) IE��^G

pk ≤ βpk, (11)

0

fk − f
k ≥ γpk. (12)

koxw�;Ae[(N��1 ∃{k} ⊂ K(K  @A_), ,$ ∆k → 0(k ∈ K, k → ∞), &N
‖d̂k‖ ≤ ∆k, 1 d̂k → 0(k ∈ K, k → ∞). ����x,]3�

]3 A pk = p(xk, µk) = 0.
DZ; ‖Φ(xk, µk)‖ = 0, #% ∀i ; φ(−gi(xk), µk

i ) = 0. N φ ".1
gi(xk) ≤ 0, µk

i ≥ 0, µk
i gi(xk) = 0, i ∈ I.

�* (12) Hc�

pk = p(xk + d̂k, λ
k
)

= max
i∈I

∣∣∣√g2
i (xk + d̂k) + (λ

k

i )2 + gi(xk + d̂k) − λ
k

i

∣∣∣
= max

i∈I

∣∣∣√[gi(xk) + ∇gi(xk)Td̂k + O(‖d̂k‖2)]2 + (λ
k

i )2

+gi(xk) + ∇gi(xk)Td̂k + O(‖d̂k‖2) − λ
k

i

∣∣∣. (13)



12 _ `J�b NCP 			������� 1531

N λ
k

i ".1
a) S gi(xk) = 0 Z(0+; λ

k

i > 0,∇gi(xk)Td̂k = 0, 0+; λ
k

i = 0,∇gi(xk)Td̂k ≤ 0. �

:+K4 (13) /; φ(−gi(xk), λ
k

i ) = O(‖d̂k‖2); M+fI; φ(−gi(xk), λ
k

i ) = 0.

b)S gi(xk) < 0Z(� λ
k

i > 0,; gi(xk)+∇gi(xk)Td̂k = 0,#%N (13); φ(−gi(xk), λ
k

i ) =

O(‖d̂k‖2) [� λ
k

i = 0, ; gi(xk) + ∇gi(xk)Td̂k ≤ 0, #%fI; φ(−gi(xk), λ
k

i ) = 0.
K4 a) 3 b) �$DZ; pk = O(‖d̂k‖2), TN d̂k �".1(jC( γ > 0 ,$

fk − f
k

= f(xk) − f(xk + d̂k) = −∇f(xk)Td̂k + O(‖d̂k‖2) > γpk. (14)

]3 B pk = p(xk, µk) 
= 0.
�*DZ (11) Hc�

pk = p(xk, µk) = max
i∈I

∣∣∣√g2
i (xk) + (µk

i )2 + gi(xk) − µk
i

∣∣∣. (15)

8 pk 
= 0 0j ∃ i ; gi(xk) > 0, µk
i ≥ 0 0 gi(xk) < 0, µk

i > 0. #%(�:+;

2gi(xk) ≥
√

g2
i (xk) + (µk

i )2 + gi(xk) − µk
i ≥ gi(xk). (16)

�M+;
−gi(xk) ≥ |

√
g2

i (xk) + (µk
i )2 + gi(xk) − µk

i | ≥ 0. (17)

8 λk
i = 0, N (13) 1

φ(−gi(xk), λ
k

i ) = 0. (18)

08 λk
i > 0, ;

φ(−gi(xk), λ
k

i ) = O(‖d̂k‖2). (19)

tN (13),(16)–(19) 1(S k ∈ K, k → ∞ Z(j ∃β, , pk ≤ βpk Hc�f&F>*y�
2) *N k =>?Z( (xk, λ

k
) �R Fk IE�

o ηk = min
(pl,f l)∈Fk

pl > 0, N# d
k
% QPs(xk,∆k) ��(t gi(xk) +∇gi(xk)Td̂k ≤ 0, #%

pk = p(xk + d̂k, λ
k
)

= max
i∈I

∣∣∣√g2
i (xk + d̂k) + (λ

k

i )2 + gi(xk + d̂k) − λ
k

i

∣∣∣
= max

i∈I

∣∣∣
√

[gi(xk) + ∇gi(xk)Td̂k +
1
2
(d̂k)T∇2gi(yi)d̂k]2 + (λ

k

i )2

+ gi(xk) + ∇gi(xk)Td̂k +
1
2
(d̂k)T∇2gi(yi)d̂k − λ

k

i

∣∣∣
≤ 1

2
|(d̂k)T∇2gi(yi)d̂k| + λ

k

i + (d̂k)T∇2gi(yi)d̂k − λ
k

i

≤ |(d̂k)T∇2gi(yi)d̂k|. (20)

DE y :0 xk 2 xk + d̂k ���+�&*�N |∇2gi(yi)| ≤ M, ‖d̂k‖| ≤ ∆k #% pk ≤ M(∆k)2.

�S ∆k <
√

βηk

M Z( (xk, λ
k
) R F IE�8 ∆k 0^GD5�Z(N�� A 1( ∆k <0

Ws:(fgD5�^G�
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h4 1) 3 2) 1(S k =>?Z(j; (xk, λ
k
) R Fk ∪ (xk, µk) IE�\[*y�

]^ 4.2 �� A &xw 2 ;Ae[�
_ koKI0W(N�� A 1(C(.+) {k} ⊂ K(k  @v+)), ,$ ∆k → 0(k ∈

K, k → ∞) �Hc

∆f
k

∆qk
< τ, k = 1, 2, · · · . (21)

N Taylor <+/$
|∆f

k − ∆qk| = O(‖d̂k‖2) = O((∆k)2),

N [11] &\[ 13.1.3 �$ ∆qk ≥ 1
2‖∇f(xk)‖∆k, #%

∣∣∣∆f
k

∆qk
− 1

∣∣∣ =
|∆f

k − ∆qk|
|∆qk| ≤ 2O((∆k)2)

∆k‖∇f(xk)‖ . (22)

4 ∆k → 0, f ∈ C2, xk ∈ S, t�$
∣∣∆f

k

∆qk − 1
∣∣ → 0, )gNS k =>?Z(j; ∆f

k

∆qk ≥ τ , )V
(21) /ww�

Q\[ 4.2 &� ∆f
k
,∆pk >V0 ∆fk,∆pk lx(��$\[ 4.3.

]^ 4.3 �� A &xw 3 ;Ae[�
N\[ 4.1– \[ 4.3 �rP�� A %�i8�(�( !&'&0+ xk+1 = xk + dk

0+ xk+1 = xk + dk + d
k
Hc�

�*�� A �O;#$��
 "$(.gN���#$�("._4 Z ��

Z = {k|(xk, µk)PSC._4}.
H^ 4.4 8ko A1–A4 Hc(0N�� A /&�+);��]V
1)  !2�� (P) � KKT *[
2) gzC(&�y*%�� (P) � KKT *�
_ Jc�f�,]V�P*N�N\[ 4.2, \[ 4.3 1(Hv !��� @A�(

TN A2,{xk} ∈ S, tjC(y* x∗, 0zo lim
k∈K,k→∞

xk = x∗, �& K  @A_�0{&{

�(ko)t�@AxwPm(� QPs(xk,∆k) �>L+(N�� A �1(<Pm��x,
]3

]3 A ;@v�*PSC.(� |Z| = ∞.
i) NPSC.�^W�1 pk > 0, z\[ 3.2, pk → 0(k ∈ K, k → ∞). �$ x∗  �8

*�^G µi(x∗) ≥ 0, gi(x∗) ≤ 0, µigi(x∗) = 0, i ∈ I, �& µ∗  LM�gahl_.�
ii) 8 x∗ 0% KKT *(0C(@AV7_ K1 = {k|∇f(xk)Td̂k > − 1

2 (d̂k)THkd̂k}, 8
∃K2 ⊂ K1 , lim

k∈K2,k→∞
‖d̂k‖ = 0, 0�$ x∗  KKT*(ww�toC( ε > 0, ,$ ∀k ∈ K1,

; ‖d̂k‖ > ε.
N.�� QPs(xk,∆k) � KKT ^W1

∇f(xk)Td̂k = −(d̂k)T∇g(xk)Tλ
k − (d̂k)THkd̂k = (λ

k
)Tg(xk) − (d̂k)THkd̂k. (23)
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S gi(xk) ≤ 0 Z(;

∇f(xk)Td̂k ≤ −(d̂k)THkd̂k ≤ −1
2
(d̂k)THkd̂k. (24)

S gi(xk) > 0 Z(N (16) /;

∇f(xk)Td̂k ≤ (λ
k
)Tpk − (d̂k)THkd̂k. (25)

N ‖λk‖ ≤ M, pk → 0 1 ∃k0, S k ≥ k0 Z( pk ≤ 1
2M (d̂k)THkd̂k, #%

∇f(xk)Td̂k ≤ −1
2
(d̂k)THkd̂k. (26)

& K1  @v_VS k > k0 Z (24) 3 (26) HcLww(t KKT *�
]3 B ;;A�*PSC.(� |Z| < ∞.
i)DZNko{�� A 1(f(x) %ts��;:�(tN\[ 3.11 pk → 0(k ∈ K, k →

∞, K @A_), )gN x∗  �8*(�^G µ∗
i ≥ 0, gi(x∗) ≤ 0, µigi(x∗) = 0, i ∈ I, �& µ∗

 LM�gahl_.�
ii)N�� A1(C( k0,∀k ≥ k0, ∇f(xk)Td̂k ≤ − 1

2 (d̂k)THkd̂k � ∆f
k ≥ τ∆qk,T (xk, λ

k
)

R Fk ∪ (xk, µk) (IE(t; fk − fk+1 ≥ γpk+1 = γO(‖d̂k‖2), xe�3

∞∑
k=k0+1

(fk − fk+1) ≥
∞∑

k=k0+1

γO(‖d̂k‖2).

&je%;A�(t; ‖d̂k‖ → 0(k → ∞), 1& x∗  KKT *�
S@A��Hv !Pm(.�� QP (xk,∆k) �>L+Z((�+�*N&0 dk !

l d̂k ��$LZKI�
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TRUST-REGION FILTER METHOD WITH NCP FUNCTION

SU Ke

(College of Mathematics and Computation, Hebei University, Baoding 071002;

Department of Mathematics, Tongji University, Shanghai 200092)

Abstract Filter method was initially proposed by Fletcher and Leyffer in 2002. If
the objective function value or the constrained violation is reduced, this trial point is accepted,
which is the basic idea of the filter method. In this paper, the Fischer-Burmeister NCP function
value is used to modify the violation function value in the filter. It is shown that the new filter
method has the global convergence property.

Key words Filter, trust-region, nonlinear complementarity, convergence.


