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1 !"#$%
���&�����������  !!'""��#�(�##��$)�$*%

&' [1−3]. %( Hilbert ��)$ ���&�)Æ*+�� Aubin J P[4] &'!()"!

,-.*# [1] $!  +,+ Banach ��)!%(,-.%&����&/-0'��
&'((12.%/,+�).�03 Banach ��45,-.%&����& (*1/ )
�0'���()"!6&'+70'���8!�9,2��:%3-!;<=>.  

+ [1, 4] )�4&/?1
01$5@62!2..3 X 9 Y � Banach ��! T �; X 5 Y �0���&!

X∗ 7 X �%4��! 〈x∗, x〉 ((AB x∗(∈ X∗) ! x(∈ X) 5�-1 X �)C%48&

F : X → 2X∗
67 FX(·)[5]. ' D(T ), R(T ), N(T ) D@((���& T �.9:#-:97

��1

/0 1[6] 3 G ⊂ X , /-8& PG : X → 2G .97 PG(x) = {y ∈ G, ‖y − x‖ =
inf
z∈G

‖z − x‖} (x ∈ X), E!7; X 5 G 5�0'*+�&F0 ∀x ∈ X, PG(x) 	= ∅, ;E G

7 X )8!�/F0 ∀x ∈ X, PG(x) 7GH/!;E G 7 X ) Chebyshev /1
<. [6] *=! X 7,+��I89I X ):J,>/ G �78!�/F,+?K>

Banach ��)�,>/�� Chebyshev /!+@AL1

/0 2[1] 3 T : X → Y ����&!;?0'*+ P
N(T )

(·) : X → 2N(T ) 8!8<�

8& T + : Y → 2D(T ) %1 i) TT + = IY ; ii) T +T = ID(T ) −P
N(T )

(·). ;E8& T + 7 T �0

'��1!) ID(T ) � D(T ) 5�M*�&1
* N=2>?�O@ (10271025), BAB2>?�O@ (Y606717) PBABCCD3Q?ERS45FDT
EUFGV2005-03-25.
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67 1[7] 3 G 7 X )8!�&��!; ∀x ∈ X , $ 9)ÆDJ x = x1 + x2, x1 ∈
G, x2 ∈ F−1

X (G⊥), WK67 X = G + F−1
X (G⊥); ;? G 7 X ) Chebyshev &��!;D

JL08 x = PGx + x2, x2 ∈ F−1
X (G⊥), WK67 X = G ⊕ F−1

X (G⊥). !) G⊥ = {x∗ ∈
X∗; 〈x∗, x〉 = 0, ∀x ∈ G}.

67 2[7] 3 G7 X )&��!x ∈ X \G, x0 ∈ G,; x0 ∈ PG(x) ⇔ FX(x−x0)∩G⊥ 	= ∅.
89 1[8] 3 X �,+#?K>9$ H �:� Banach ��! Y � Banach ��!

T : X → Y 7,-.%&���&!; T + : Y → D(T ) ,21
M.�LN 2 �. [1] )�;%/?@01
89 2[1] 3 X 7,+ Banach ��! Y � Banach ��! T : X → Y 7,-.%&�

��&!;L08! T �0'�� T + : Y → 2D(T ) 8 T +(y) = PT−1(y)(θ), y ∈ Y .

2 <=>?
/7 1 3 X , Y � Banach ��! T : X → Y 7%&����&! N(T ) � X )

Chebyshev &��!;8! T �0'�� T + ⇔ D(T ) = N(T ) ⊕ C(T ). !) C(T ) = {x ∈
D(T ); FX(x) ∩ N(T )⊥ 	= ∅} = D(T ) ∩ F−1

X (N(T )⊥).
@ “ ⇒ ” 3 T <.9 2 &.�0'��7 T +, ;< N(T ) � X ) Chebyshev &�

�! ∀ x ∈ D(T ), <.9 2 )� i), $ TT +Tx = Tx, OW T +Tx ∈ D(T ). <<.9 2 )�
ii), $ P

N(T )
x = x − T +Tx ∈ D(T ), PQ$ T (P

N(T )
x) = T (x − T +Tx) = Tx − TT +Tx = 0,

X P
N(T )

x ∈ N(T ), ∀ x ∈ D(T ). O N(T ) � X ) Chebyshev &��!<R� 1 4 ∀x ∈
D(T ) ⊂ X , 8!L0DJ x = P

N(T )
x + x2, x2 ∈ F−1

X (N(T )⊥), OW x2 = x − P
N(T )

x ∈
D(T ), x2 ∈ D(T ) ∩F−1

X (N(T )⊥) = C(T ), PQ D(T ) = N(T ) + C(T ). < ∀x ∈ N(T )∩C(T ),
$ FX(x)∩N(T )⊥ 	= ∅, M x∗ ∈ FX(x)∩N(T )⊥, ; 0 = 〈x∗, x〉 = ‖x‖2 = ‖x∗‖2, PSA x = 0,
OW D(T ) = N(T ) ⊕ C(T ).

“ ⇐ ” TU T : C(T ) → Y 70V&1NO5! ∀ y ∈ Y = R(T ), ; ∃x ∈ D(T ) P
4 y = Tx, <W= D(T ) = N(T ) ⊕ C(T ) SXB x = x1 + x2, x1 ∈ N(T ), x2 ∈ C(T ), O
W y = Tx = Tx2, X T �; C(T ) 5 Y 5�0%&F< ∀x1, x2 ∈ C(T ), 0 Tx1 = Tx2,
; x1 − x2 ∈ N(T ) ⊂ N(T ), Y< C(T ) �.9*4 FX(xi) ∩ N(T )⊥ 	= ∅ (i = 1, 2), X

FX(x1 − θ) ∩ N(T )
⊥ 	= ∅, FX(x1 − (x1 − x2)) ∩ N(T )

⊥ 	= ∅, CS5 N(T ) � X ) Chebyshev
&��!PQ/ZR� 2 $ θ = x1 − x2 = P

N(T )
(x1), [ x1 = x2, T : C(T ) → Y �0V&1

M T |C(T ) ((�& T !/Z C(T ) 5�Y(1<%48& FX(·) �<�4/Z C(T ) �
<��! (T |C(T ))−1 Z�; Y 5 C(T ) �<��&1.9�& T + ;M

T +y = (T |C(T ))−1y, y ∈ Y, (1)

; T + �; Y 5 C(T )�0<��&1∀ y ∈ Y ,< (1)4 TT +y = T (T |C(T ))−1y = y,X! Y 5

TT + = IY . < ∀x ∈ X ,< D(T ) = N(T )⊕C(T ),; x$L0DJ x = x1+x2, x1 ∈ N(T ), x2 ∈
C(T ), [<R� 1, x $L0DJ x = P

N(T )
x + x′, x′ ∈ F−1

X (N(T )
⊥

) = F−1
X (N(T )⊥), PQ

<DJ�L0�4 x1 = P
N(T )

x ∈ N(T ), OW x = P
N(T )

x + x2, x2 ∈ C(T ). (� T +Tx =

T +T (P
N(T )

x + x2) = T +Tx2 = (T |C(T ))−1Tx2 = x2 = (ID(T ) − P
N(T )

)x, X! D(T ) 5

T +T = ID(T ) − P
N(T )

(·), ;< T + � T �0'��1
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/7 2 3 X, Y � Banach ��! T : X → Y 7%&����&!0 T �0'�� T +

8!!; T + ! Y 5L08 T +y = (T |C(T ))−1y, y ∈ Y .
@ OW= T �0'�� T + 8!!;<.� 1 4 D(T ) = N(T ) ⊕ C(T ), !) C(T ) =

D(T )∩ F−1
X (N(T )⊥). <.� 1 �:D��U24 T �0'�� T +y = (T |C(T ))−1y (y ∈ Y )

�; Y 5 C(T ) �0<��&13 T + � T �TS0'��! ∀ y ∈ Y , MU

T +y = (T |C(T ))−1y. (2)

NO5!<.9 2 )� i),∀ y ∈ Y $

TT +y = y. (3)

O T +y ∈ D(T ), < (3) 9.9 2 )� ii) $ T +y = T +TT +y = T +y − P
N(T )

T +y, 4

P
N(T )

T +y = 0. (4)

U0>.!O N(T ) � X ) Chebyshev &��!;<R� 1, T +y(∈ D(T )) $L0DJ

T +y = P
N(T )

T +y + x2, x2 ∈ F−1
X (N(T )

⊥
), PQ!< (4) 4 T +y = x2 ∈ F−1

X (N(T )
⊥

) ∩
D(T ) = C(T ). <<.� 1 �:D��U24 T : C(T ) → Y �0V&!OW< (3) 4
T +y = (T |C(T ))−1y, ∀ y ∈ Y . [ (2) ]V1U^1

EF 1 3 X, Y � Banach ��! T : X → Y 7%&����&! N(T ) � X )
Chebyshev &��!;L08! T �0'�� T + 8 T +y = (T |C(T ))−1y, ∀ y ∈ Y .

@ OW= N(T ) � X ) Chebyshev &��!;<R� 1 4 D(T ) = N(T )⊕C(T ), !)
C(T ) = D(T )∩F−1

X (N(T )⊥), CS5 Chebyshev &��L�,/!PQ<.� 1 9 2 4 T �

0'�� T + L08!8 T +y = (T |C(T ))−1y, ∀ y ∈ Y .
G 1 ]� 1 �. [1] );%/?@0_.� 1(XLN 2) �=>.�  !PW X /,

+�).!���& T /^,-.�3-1

/7 3 3 X �,+#?K>9$ H �:� Banach��!Y � Banach��!T : X → Y

7-.8%&����&!;8!0,2�0'�� T + : Y → C(T )P4 N(T ) ⊂ D(T ) ⇔ T

�,�&1
@ “ ⇐ ” 0 T �,-.%&���&!; N(T ) = N(T ) ⊂ D(T ), <]� 1, L08!

T 0'�� T +, +( T + : Y → C(T ) �,2�<LN 1 *41
“ ⇒ ”38!0,2�0'�� T +%1N(T ) ⊂ D(T ),3 {xn} ⊂ D(T ), x0 ∈ X, y0 ∈ Y

%1 xn → x0, Txn → y0(n → ∞). 6 yn = Txn, ; yn ∈ R(T ) = Y , ;< T + �,2�

4 xn = T +yn → x = T +y0(n → ∞). O T + 8!!;<.� 1 $ D(T ) = N(T ) ⊕ C(T ),
!) C(T ) = D(T ) ∩ F−1

X (N(T )⊥). _X N(T ) � X ) Chebyshev &��!;<R� 1 9
D(T ) = N(T ) ⊕ C(T ), ∀x ∈ D(T ), x $L0DJ

x = P
N(T )

x + x′, (5)

!) P
N(T )

x ∈ N(T ), x′ ∈ C(T ). OW!% xn ∈ D(T ), $

xn = P
N(T )

xn + x′
n, (6)
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!) P
N(T )

xn ∈ N(T ), x′
n ∈ C(T ) (n = 1, 2, 3 · · ·). <.� 1 �:D��U24 T |C(T ) :

C(T ) → Y �0V&!PQ< (6) $ yn = Txn = Tx′
n = T |C(T )x

′
n (n = 1, 2, 3 · · ·). U0>

.!`Y$ yn = TT +yn = Txn = T |C(T )xn, n = 1, 2, 3 · · ·, OW x′
n = xn (n = 1, 2, 3 · · ·).

x′
n = T +yn → T +y0 = x (n → ∞), (7)

9 x ∈ C(T ). HZ (6) 9 (7) $ P
N(T )

xn = xn − x′
n → x0 − T +y0 (n → ∞), O P

N(T )
xn ∈

N(T ) (n = 1, 2, · · ·), PQ x0 − T +y0 ∈ N(T ), 6 x′′′ = x0 − T +y0, $

x0 = x′′′ + T +y0, (8)

!) x′′′ ∈ N(T ) 9 T +y0 ∈ C(T ), <3- N(T ) ⊂ D(T ) 4 x0 ∈ D(T ). <! (5) )�
DJL0� (' x0 `a x) 9 (8) 4 x0 = P

N(T )
x0 + T +y0, !) P

N(T )
x0 ∈ N(T ), OW

Tx0 = T (P
N(T )

x0 + T +y0) = TT +y0 = y0, X T �,�&1
G 2 .� 3 62!0.3-MLN 1 ��LNZ]V!bKZÆ(0'���a[&

'+0���&7,�&�0*\]b1
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THE METRIC RIGHT INVERSE

OF LINEAR OPERATOR IN BANACH SPACE

NI Renxing

(Department of Mathematics, Shaoxing University, Shaoxing Zhejiang 312000)

Abstract For Banach space without reflexive assumption, by means of the geometric
method geometry of Banach space, the representation of the metric right inverse of closed linear
surjective operator with dense domain (may be unbounded) is obtained, and the necessary and
sufficient conditions for existence, continuity of the metric right inverse of linear operator are
given. The obtained results extend and improve the corresponding results obtained by Aubin
J P, Wang Yu-wen and others.

Key words Metric right inverse, generalized orthogonal decomposition, Chebyshev sub-
space, normalized duality mapping.


