
� � � � � � �
J. Sys. Sci. & Math. Scis.
29(7) (2009, 7), 962–970

2×2 ���	
��
��

Moore-Penrose �
∗

� � � � � � �
(���������������� 010021)

�� �H1 �H2 ������ Hilbert ����MC 		H1⊕H2 �
 2×2��	

��
��

(
A C
0 B

)
. ��

�� A ∈ B(H1) � B ∈ B(H2), �

��

⋂
C∈B(H2,H1)

σM (MC)

�
⋃

C∈B(H2,H1)

σM (MC), �� σM (·) 		 Moore-Penrose ��

��� 2×2 ��	

����� Moore-Penrose ��� Moore-Penrose ��

MR(2000) �� !" 47A55, 15A09, 47A10

1 # $
� H1 � H2 ������ Hilbert ��� B(Hi, Hj) (i, j = 1, 2) ��� Hi � Hj ���

�����%��� Banach ��� B(Hi, Hi) ��� B(Hi). � T ∈ B(Hi, Hj), � T ∗, R(T )
� N(T ) ���% T ��&�%���������� n(T ) � d(T ) ���� N(T ) �
N(T ∗) ����� n(T ) =dimN(T ) � d(T ) =dimN(T ∗). �� R(T )  � d(T ) < ∞, � T !

�� ( ) " Fredholm �%# T ∗ !�� (') " Fredholm �%�� A ∈ B(H1) � B ∈ B(H2)
!$%��%�� MC �� 2×2 ����"�% #

(
A C
0 B

)
: H1 ⊕ H2 −→ H1 ⊕ H2,

!$ C ∈ B(H2, H1) �"%��
&& T ∈ B(H1), �''�% S ∈ B(H1) #(�$�((�%)*⎧⎪⎪⎨

⎪⎪⎩
TST = S,
STS = T,
TS = (TS)∗,
ST = (ST )∗,

* +,�)-*��.)+�,/% (20070126002) �01*&��/% (10562002) +,'-2
Æ3()42007-11-16
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� T !� Moore-Penrose �,� S !� T � Moore-Penrose ,9��� T +. -.:/� T

! Moore-Penrose �,;�.; R(T ) ! ��<0��� T � Moore-Penrose �,�� T

� Moore-Penrose,!12� [1]. 3�� λ ��=�� I ��>4�%�&& T ∈ B(H1), �
σ(T ) � T �/?��% T � Moore-Penrose / σM (T ) %5�

σM (T ) = {λ : T − λI @! Moore-Penrose �,}.

60� λ ∈ σM (T ) ;�.; R(T − λI) @ �
718A��% #!3�%�9:� #�B2;�% #3!2<9:!=8��

!>9:!?8��% #�@42;�% #
(

A D
? B

)
�C*$�567'A [2] $B

89D�/��:/�E;�!$!

⋂
X∈B(H1,H2)

σ

(
A D
X B

)
�

⋃
X∈B(H1,H2)

σ

(
A D
X B

)

�F2;�% #�D�/��:/�&&2;�% # M =
(

A ?
0 B

)
, GA$��!⋂

C∈B(H2,H1)

σM (MC) �
⋃

C∈B(H2,H1)

σM (MC) � M �D� Moore-Penrose/��: Moore-Penrose

/�

1920 <� Moore CDEH9I5, #�J=�B>?1�-%�F� 1955 <�
Penrose 3 #)*�GH$H9 Moore I5, #�%5K�I5, #�@4LM�:
I� Hilbert ��$���%� Moore-Penrose ,! # Moore-Penrose ,�JI�K'.
N@��� #ABOLPABQ��/MN�O��&&�P���$����% ( #),
! Moore-Penrose �,�'QNAR$SBC (C [3, 4] R!$�SDAT). J&&���
Hilbert ��$�% #� Moore-Penrose �,�UV�SBTUEF�

�%AB�@4$2;�% #�VUV�/MN%5�0G�W&W�ABRHXB
$I<UV�XY�Y2UV=ÆQNZ[�N(@\)]J^9@4�!$2(MN)]

!/VUV��_/VUV3!@42;�% #�V`/3R/��ZQ)$�UV�.
�18��� T ! Hilbert ���������%�''[K\�@]%����F�%�
�L� 2×2 ����"�% #�GH�a< 2×2 ����"�% #�@4bB9^N
Z[�M��&$%� A ∈ B(H1) � B ∈ B(H2), A [5] $$H9 MC �/`N?��2;�

% # M �D�/�`K�?1& MC �_c/�N?`J^9@4 (C [6–8] R!$�O
�SDAT), J?CAT$H MC � Moore-Penrose/`N?�9?��3GA�P�!�
2;�% # M �D� Moore-Penrose /��: Moore-Penrose /2HQa�

2 3456
CDbcd&���%�2<eG8d�
78 2.1[9] �� T ∈ B(H1⊕H2) R� #GH T =

(
A �
0 B

)
: H1⊕H2 −→ H1⊕H2,
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� A ���' H1 $fU� B �= 0. � γ(T ) ≤ γ(B). YV

γ(T ) =

{
min{‖Tx‖ : dist(x, N(T )) = 1}, �� T �= 0,

0, �� T = 0.

&& Banach ���������% T , γ(T ) > 0 ;�.; R(T )  [9]. a<�W�BA
2.1 -.MH�$�JB�

9: 2.1 � A ∈ B(H1), B ∈ B(H2) � C ∈ B(H2, H1) �$%��%� R(A) = H1. �
� R(MC)  �� R(B) i �

78 2.2 [10] � H � Hilbert ����� T ∈ B(H) !� (�) " Fredholm �%�
K ∈ B(H) �X�%�YZ T + K i!� (�) " Fredholm �%�

78 2.3 � H ! Hilbert ��� T ∈ B(H). � T ! Moore-Penrose �,;�.; T ∗

! Moore-Penrose �,�
; T ! Moore-Penrose �,;�.; R(T )  �B R(T )  �,;�.; R(T ∗)  �

� T ∗ ! Moore-Penrose �,�a< T ! Moore-Penrose �,;�.; T ∗ ! Moore-Penrose
�,�

3 <=>?
�$[(%A!GA�@NÆ��
A8 3.1 � A ∈ B(H1) � B ∈ B(H2) �$%��%��⋂

C∈B(H2,H1)

σM (MC) = {λ ∈ σM (A) : n(B − λI) < ∞}
⋃

{λ ∈ σM (B) : d(A − λI) < ∞}. (3.1)

; Dj (3.1) H ghi&'g��
λ ∈ {λ ∈ σM (A) : n(B − λI) < ∞}

⋃
{λ ∈ σM (B) : d(A − λI) < ∞}.

�� λ ∈ σM (B) � d(A − λI) < ∞, YZ&"%� C ∈ B(H2, H1), MC − λI @!

Moore-Penrose�,���jjk�\�'' C ∈ B(H2, H1) kM MC −λI � Moore-Penrose
�,��a� MC − λI B� N(A − λI) ⊕ N(A − λI)⊥ ⊕ N(B − λI) ⊕ N(B − λI)⊥ �
R(A − λI) ⊕ R(A − λI)⊥ ⊕ R(B − λI) ⊕ R(B − λI)⊥ ��%��� #GH⎛

⎜⎜⎝
0 A12(λ) C1 C2

0 0 C3 C4

0 0 0 B12(λ)
0 0 0 0

⎞
⎟⎟⎠ ,

a< MC − λI � Moore-Penrose �,�� R(MC − λI)  ;�.;

M ′ =

⎛
⎝ A12(λ) C1 C2

0 C3 C4

0 0 B12(λ)

⎞
⎠

B� N(A − λI)⊥ ⊕ N(B − λI) ⊕ N(B − λI)⊥ � R(A − λI) ⊕ R(A − λI)⊥ ⊕ R(B − λI)
��%! Moore-Penrose �,�� R(M ′) � ��-.8A� A12(λ) B� N(A − λI)⊥
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� R(A − λI) ��%�!��!fU��l]JB 2.1, R

(
C3 C4

0 B12(λ)

)
! ��-%

d(A − λI) < ∞, m
(

C3 C4

0 B12(λ)

)
!�" Fredholm �%9� C3 � C4 ^�X�%�W�

BA 2.2 �M
(

0 0
0 B12(λ)

)
i!�" Fredholm �%�&! R(B12(λ)) = R(B − λI) � 

��� λ �∈ σM (B). _n�Y3j`9&"%� C ∈ B(H2, H1), MC −λI @! Moore-Penrose
�,���3 λ ∈ ⋂

C∈B(H2,H1)

σM (MC).

�� λ ∈ σM (A) � n(B − λI) < ∞, YZ λ ∈ σM (A∗) (BA 2.3) � d(B∗ − λI) < ∞. �
�$�j`)k�BA 2.3 �j λ ∈ ⋂

C∈B(H2,H1)

σM (MC).

/'j` (3.1) H'ghi& g�� λ ∈ ⋂
C∈B(H2,H1)

σM (MC). �jjk�\�

λ /∈ {λ ∈ σM (A) : n(B − λI) < ∞}
⋃

{λ ∈ σM (B) : d(A − λI) < ∞},

YZ

λ ∈ {λ : λ /∈ σM (B), λ /∈ σM (A)}
⋃

{λ : λ /∈ σM (A), d(A − λI) = ∞}⋃
{λ : λ /∈ σM (B), n(B − λI) = ∞}

⋃
{λ : n(B − λI) = d(A − λI) = ∞}.

�$� 4 cabcDd�
ab 1 Dd λ ∈ {λ : λ /∈ σM (B), λ /∈ σM (A)} �ab�
<l�A−λI � B−λI ^�Moore-Penrose�,�e C = 0,YZMC−λI �Moore-Penrose

�,�a< λ �∈ ⋂
C∈B(H2,H1)

σM (MC). _n�

ab 2 λ ∈ {λ : λ /∈ σM (A), d(A − λI) = ∞} �ab�
�� λ /∈ σM (B), Wab 1 �SB�8'' C ∈ B(H2, H1) kM MC − λI ! Moore-

Penrose �,���� λ ∈ σM (B), � R(B − λI) @ �Ymo/ dimN(B − λI)⊥ = ∞. �
J � N(B − λI)⊥ � R(A − λI)⊥ �n�%�W& λ /∈ σM (A), � R(A − λI)  �a<�%
C ∈ B(H2, H1) �%5�

C =
(

0 0
0 J

)
: N(B − λI) ⊕ N(B − λI)⊥ −→ R(A − λI) ⊕ R(A − λI)⊥.

�3j` MC − λI ! Moore-Penrose �,��op�� MC − λI B� N(A − λI) ⊕ N(A −
λI)⊥ ⊕ N(B − λI) ⊕ N(B − λI)⊥ � R(A − λI) ⊕ R(A − λI)⊥ ⊕ R(B − λI) ⊕ R(B − λI)⊥ �
�%��� #GH ⎛

⎜⎜⎝
0 A12(λ) 0 0
0 0 0 J
0 0 0 B12(λ)
0 0 0 0

⎞
⎟⎟⎠ .

a� J : N(B − λI)⊥ −→ R(A − λI)⊥ !n�%�a<⎛
⎜⎜⎝

I 0 0 0
0 I 0 0
0 −B12(λ)J∗ I 0
0 0 0 I

⎞
⎟⎟⎠

⎛
⎜⎜⎝

0 A12(λ) 0 0
0 0 0 J
0 0 0 B12(λ)
0 0 0 0

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

0 A12(λ) 0 0
0 0 0 J
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ .
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-.fH ⎛
⎜⎜⎝

I 0 0 0
0 I 0 0
0 −B12(λ)J∗ I 0
0 0 0 I

⎞
⎟⎟⎠

! R(A − λI) ⊕ R(A − λI)⊥ ⊕ R(B − λI) ⊕ R(B − λI)⊥ ���,�%9�⎛
⎜⎜⎝

0 A12(λ) 0 0
0 0 0 J
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠

���� (a� R(A12(λ)) = R(A−λI) � λ /∈ σM (A)). m R(MC −λI)! ���MC −λI

! Moore-Penrose �,��Y%q/
λ �∈

⋂
C∈B(H2,H1)

σM (MC).

_n�

ab 3 �� λ ∈ {λ : λ /∈ σM (B), n(B −λI) = ∞}, �BA 2.3 �ab 2 �j`)k�j
'' C ∈ B(H2, H1) kM MC − λI � Moore-Penrose �,�m λ �∈ ⋂

C∈B(H2,H1)

σM (MC). _n�

ab 4 /'SB λ ∈ {λ : n(B − λI) = d(A − λI) = ∞} �aG�
�� A− λI � B − λI $rF�2(! Moore-Penrose �,���W�$�SB�8'

' C ∈ B(H2, H1) kM MC − λI � Moore-Penrose�,���$\� A− λI � B − λI ^@

! Moore-Penrose �,�a< R(A − λI) � R(B − λI) `@ �&!

dimR(A − λI) = dimN(B − λI)⊥ = ∞.

� J1 � J2 ��!� N(B − λI) � R(A − λI) � N(B − λI)⊥ � R(A − λI)⊥ �n�%��
% C ∈ B(H2, H1) %5�

C =
(

J1 0
0 J2

)
: N(B − λI) ⊕ N(B − λI)⊥ −→ R(A − λI) ⊕ R(A − λI)⊥,

� R(MC−λI)! ��op��MC−λI B�N(A−λI)⊕N(A−λI)⊥⊕N(B−λI)⊕N(B−λI)⊥

� R(A − λI) ⊕ R(A − λI)⊥ ⊕ R(B − λI) ⊕ R(B − λI)⊥ ��%��� #GH⎛
⎜⎜⎝

0 A12(λ) J1 0
0 0 0 J2

0 0 0 B12(λ)
0 0 0 0

⎞
⎟⎟⎠ .

W& J1 � J2 `!n�%�a<''

U =

⎛
⎜⎜⎝

I 0 0 0
0 I 0 0
0 −B12(λ)J∗

2 I 0
0 0 0 I

⎞
⎟⎟⎠ � V =

⎛
⎜⎜⎝

I 0 0 0
0 I 0 0
0 −J∗

1 A12(λ) I 0
0 0 0 I

⎞
⎟⎟⎠
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kM

U

⎛
⎜⎜⎝

0 A12(λ) J1 0
0 0 0 J2

0 0 0 B12(λ)
0 0 0 0

⎞
⎟⎟⎠ V =

⎛
⎜⎜⎝

0 0 J1 0
0 0 0 J2

0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ .

-.fH U � V ��! R(A − λI)⊕R(A−λI)⊥ ⊕R(B − λI)⊕R(B−λI)⊥ � N(A−λI)⊕
N(A−λI)⊥ ⊕N(B − λI)⊕N(B −λI)⊥ ���,�%9� U(MC − λI)V ���! ��&
! R(MC − λI) i �60� MC − λI � Moore-Penrose �,��3 λ �∈ ⋂

C∈B(H2,H1)

σM (MC).

_n�jp�

A8 3.2 � A ∈ B(H1) � B ∈ B(H2) �$%��%��⋃
C∈B(H2,H1)

σM (MC) = σM (A)
⋃

σM (B)
⋃

{λ : n(B − λI) = d(A − λI) = ∞}. (3.2)

; Dj (3.2) H ghi&'g�� λ ∈ ⋃
C∈B(H2,H1)

σM (MC). a<'' C ∈ B(H2, H1) k

M λ ∈ σM (MC). �jjk�\�

λ /∈ σM (A)
⋃

σM (B)
⋃

{λ : n(B − λI) = d(A − λI) = ∞}.

�
λ ∈ {λ : λ /∈ σM (A), λ /∈ σM (A), min{n(B − λI), d(A − λI)} < ∞}.

a� λ /∈ σM (A)∩ σM (B), �3 R(A− λI) � R(B −λI) ^ �&!&"%� C ∈ B(H2, H1),
MC − λI ����� N(A − λI) ⊕ N(A − λI)⊥ ⊕ N(B − λI) ⊕ N(B − λI)⊥ � R(A − λI) ⊕
R(A − λI)⊥ ⊕ R(B − λI) ⊕ R(B − λI)⊥ ��% #⎛

⎜⎜⎝
0 A12(λ) C1 C2

0 0 C3 C4

0 0 0 B12(λ)
0 0 0 0

⎞
⎟⎟⎠ .

.8 A12(λ) : N(A − λI)⊥ −→ R(A − λI) � B12(λ) : N(B − λI)⊥ −→ R(B − λI) !�,�
%�a<'' N(A − λI) ⊕ N(A − λI)⊥ ⊕ N(B − λI) ⊕ N(B − λI)⊥ ���,�%

V =

⎛
⎜⎜⎝

I 0 0 0
0 I −A12(λ)−1C1 −A12(λ)−1C2

0 0 I 0
0 0 0 I

⎞
⎟⎟⎠

� R(A − λI) ⊕ R(A − λI)⊥ ⊕ R(B − λI) ⊕ R(B − λI)⊥ ���,�%

U =

⎛
⎜⎜⎝

I 0 0 0
0 I −C4B12(λ)−1 0
0 0 I 0
0 0 0 I

⎞
⎟⎟⎠
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kM

U

⎛
⎜⎜⎝

0 A12(λ) C1 C2

0 0 C3 C4

0 0 0 B12(λ)
0 0 0 0

⎞
⎟⎟⎠V =

⎛
⎜⎜⎝

0 A12(λ) 0 0
0 0 C3 0
0 0 0 B12(λ)
0 0 0 0

⎞
⎟⎟⎠ .

W& min{n(B − λI), d(A − λI)} < ∞, �B dimR(C3) < ∞. Ymo/ R(C3) ! ��JB
U(MC−λI)V ���! ��W� U � V ��,��M R(MC−λI)� ��3 λ �∈ σM (MC).
3�j`9&"%� C ∈ B(H2, H1), λ �∈ σM (MC). _n�

!qj` (3.2) H'ghi& g��

λ ∈ σM (A)
⋃

σM (B)
⋃

{λ : n(B − λI) = d(A − λI) = ∞}.

; λ ∈ σM (A)
⋃

σM (B) l�e C = 0, � λ ∈ σM (MC). m λ ∈ ⋃
C∈B(H2,H1)

σM (MC) �g#

; λ ∈ {λ : n(B − λI) = d(A − λI) = ∞}\(σM (A)
⋃

σM (B)) = {λ : λ /∈ σM (A), λ /∈
σM (B), n(B − λI) = d(A − λI) = ∞} l�a� n(B − λI) = d(A − λI) = ∞, a< N(B − λI)
� R(A − λI)⊥ `!�����@r� {gi}∞i=1 � {fi}∞i=1 ��� N(B − λI) � R(A − λI)⊥

�stsNe�%5�% S : N(B − λI) −→ R(A − λI)⊥ �

S(gi) =
1
i
fi, i = 1, 2, · · · .

-.j` R(S) @ �e�% C ∈ B(H2, H1) �

C =
(

0 0
S 0

)
: N(B − λI) ⊕ N(B − λI)⊥ −→ R(A − λI) ⊕ R(A − λI)⊥.

� MC −λI ����� N(A−λI)⊕N(A−λI)⊥ ⊕N(B −λI)⊕N(B −λI)⊥ � R(A−λI)⊕
R(A − λI)⊥ ⊕ R(B − λI) ⊕ R(B − λI)⊥ ��% #

⎛
⎜⎜⎝

0 A12(λ) 0 0
0 0 S 0
0 0 0 B12(λ)
0 0 0 0

⎞
⎟⎟⎠ .

-% R(S) @ �JB R(MC − λI) @ �a< λ ∈ σM (MC). Y�` λ ∈ ⋃
C∈B(H2,H1)

σM (MC).

jp�

C 1 �� A ∈ B(H1) � B ∈ B(H2) �$%��%��&"%� C ∈ B(H2, H1), �
σ(MC) ⊂ σ(A)∪σ(B)(C [5, 8]). J&&Moore-Penrose/ct σM (MC) �⊂ σM (A)∪σM (B)(C
�$�M 1). op���&"%� C ∈ B(H2, H1), σM (MC) ⊂ σM (A) ∪ σM (B) �g�YZ⋃
C∈B(H2,H1)

σM (MC) ⊂ σM (A) ∪ σM (B). Y�%A 3.2 �ÆB_n�

0K�h[(�Mct`71Æ��si��
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4 D E
3�71F\� H1 = H2 = �2.
G 1 "%� x = (x1, x2, · · ·) ∈ �2, %5�% A ∈ B(�2), B ∈ B(�2) � C ∈ B(�2) �

Ax = (x1, x2, 0, x3, 0, x4, 0, x5, · · ·),

Bx = (x1, x3, x5, x7, · · ·),
Cx =

(
0, 0,

x2

2
, 0,

x4

4
, 0,

x6

6
, · · ·

)
.

YZ R(A) � R(B) ^� ��B R(MC) @ ��3 0 ∈ σM (MC), J 0 /∈ σM (A) ∪ σM (B).
Y�`

σM (MC) �⊂ σM (A)
⋃

σM (B).

G 2 %5�% A ∈ B(�2) � B ∈ B(�2) �

Ax =
(x1

1
, 0,

x2

2
, 0,

x3

3
, 0, · · ·

)
,

Bx =
(x2

2
,
x4

4
,
x6

6
,
x8

8
, · · ·

)
.

!$ x = (x1, x2, · · ·) ∈ �2.
�3j` R(A) � R(B) ^@ � d(A) = n(B) = ∞. a<�l]%A 3.1 �%A 3.2 �

8 0 ∈ ⋃
C∈B(�2)

σM (MC), J 0 �∈ ⋂
C∈B(�2)

σM (MC). op��e C1 = 0, � 0 ∈ σM (MC1), a<

0 ∈
⋃

C∈B(�2)

σM (MC);

e C2 = I, YZ 0 �∈ σM (MC2), �3

0 �∈
⋂

C∈B(�2)

σM (MC).

C 2 &M 2 $��% A � B ct� R(A) � R(B) ^@ �J'' C ∈ B(�2) kM
R(MC) � ��Yt`u&�% # MC Bu� R(B) @ v[ R(A) � R(B) ^@ �a
b��i�:'' C ∈ B(H2, H1) kM R(MC) � ��
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MOORE-PENROSE SPECTRUMS OF 2×2 UPPER TRIANGULAR

OPERATOR MATRICES

HAI Guojun Alatancang

(School of Mathematical Sciences, Inner Mongolia University, Hohhot 010021)

Abstract Let H1 and H2 be infinite dimensional separable Hilbert spaces. Denote by

MC the 2×2 upper triangular operator matrix acting on H1 ⊕H2 of the form
(

A C
0 B

)
. For

given operators A ∈ B(H1) and B ∈ B(H2), the sets
⋂

C∈B(H2,H1)

σM (MC) and
⋃

C∈B(H2,H1)

σM (MC)

are characterized, where σM (·) denotes the Moore-Penrose spectrum.

Key words 2×2 upper triangular operator matrices, Moore-Penrose invertible, Moore-
Penrose spectrum.


