
� � � � � � �
J. Sys. Sci. & Math. Scis.

25(5) (2005, 10), 533–542

Banach
� � � 	 
 � � 
 �

� � � � � ∗

� � �
( �������������������� "!�# 300071 )

$ %
( &�'���������(�)�*�+����� ,&�' 071002 )

-/. 0
X 1/2 Banach 3/4/5 T : D(T ) ⊂ X → 2X∗ 1/6/7/8/9/:/;/5 C :

D(T ) ⊂ X → X∗ 1/</=/:/; ( >/?/@/A ) 5�B C(T + J)−1 1/C/:/;/D�E/F/G/H/IJK0KLKMKN 5�OKPKQKRKSUTUVKWU= LKMUXUY Leray-Schauder ZK[K\K]K^`_ N IKaUbUcdKe
0 ∈ (T + C)(D(T ) ∩ BQ(0)), 0 ∈ (T + C)(D(T ) ∩ BQ(0)); fKg S ⊂ R(T + C),

intS⊂intR(T + C)( hKi S ⊂ X∗);B + D ⊂ R(T + C), int(B + D)⊂intR(T + C)( hKi
B ⊂ X∗, D ⊂ X∗) Vkjklkmk5�nkop_pSpqprpVpsp\pD
tkukv 6k7k8k9k:k;k5�wp8p9p:x;p5�yp@pAp:p;p5 Leray-Schauder Zk[k\kD
MR(2000) zk{k|k}k~ 47H05, 47H14, 47H11.

1 �������������
�

X ���p� Banach ����� X∗ �������������U� Trojanski ������� X �����������
X � X∗   ��¡�¢�£�¤�¥p��¦k§�¨�©�ª����«����¬«­  «® � X ���p� Banach ����¯ X �
X∗   ��¡�¢�£�¤�¥p������° ��±�²�³ ¦´

Γ = {β|R+ → R+|β(r) → 0, r → ∞}; �`µ`�`�`¶`· A ⊂ X ,
´

|A| = inf{‖y‖ : y ∈ A}.

{xn} ⊂ X ��£�¸�¹��k©�ª ´ xn → x0 ��º�»�¼�� xn ⇀ x0 ��½�»�¼�¦
��� X ��¾�¿�À�¶ J : X → 2X∗ Á ��Â�Ã�����Ä�Å��k��Æ��

J(x) = {f ∈ X∗|(f, x) = ‖x‖2 = ‖f‖2},

Ç
X �È�x� Banach �«�«¯ X � X∗   �«¡«¢«£«¤È¥x�«�«É«� J �«Ê«¿«�kË«Ì«Í«Î«�kÏ«Ð

Ê�Ñ�À�¶ [1].

Ä«Å T : D(T ) ⊂ X → 2X∗ Á �«Ò«Í«Î«�«�kÓ«Ô T ®«Õ X �«½«Ö«×«Ø X∗ �«º«Ö«×«Í
Î���¦
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2003-11-10,

ì�ñ�ò�ó�íÜîÞï�ð
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À«¶ T : X → X∗ Á � demi- Í«Î«�«�kÓ«Ô«�«ú«û«¸«¹ {xn} ⊂ D(T ),

Ç
xn → x ü X

É��ký�þ Txn ⇀ Tx ü X∗.

· M ⊂ X × X∗ Á � demi- ÿ«�«�kÓ«ÔÈ� xn → x ü X , fn ⇀ f ü X∗ ��� xn ⇀ x ü
X , fn → f ü X∗ ��� [xn, fn] ∈ M ý�þ [x, f ] ∈ M .

Ä«Å T : D(T ) ⊂ X → 2X∗ Á ���«�«�kÓ«Ô T ® Í«Î«�«�k¯«Ä D(T ) �x����	«·«� X∗

�p��
�����·�¦
Ä Å T : D(T ) ⊂ X → 2X∗ Á � Ê Ñ � �kÓ Ô ��� £ x, y ∈ D(T ), u ∈ Tx, v ∈ Ty, �

(u − v, x − y) ≥ 0.

Ä«Å T : D(T ) ⊂ X → 2X∗ Á �«º«Ê«Ñ«�«�kÓ«Ô«���«£ x, y ∈ D(T ), u ∈ Tx, v ∈ Ty, �
(u − v, x − y) ≥ α‖x − y‖(α > 0).

Ä Å T : D(T ) ⊂ X → 2X∗ Á ��
�� Ê Ñ � �kÓ Ô T ® Ê Ñ � ¯ ��� £ λ > 0 �
R(T +λJ) = X∗ ��� ���`£ x ∈ D(T ), u ∈ Tx,

Ç
(u−u0, x−x0) ≥ 0 É`��� ��� ý x0 ∈ D(T )

¯ u0 ∈ Tx0.

���������«��
��«Ê«Ñ«À«¶«�����«�«Ä�������� ��!«¾�"�#�$«Ô«�&%�' ® Kartsatos[2](*)�+-,*. Ó ± $�Ô�¦/�0
K
�

T : D(T ) ⊂ X → 2X∗ ��
���Ê�Ñ�À�¶��21 C : D(T ) ⊂ X → X∗ ����À�¶��
° � ∃β ∈ Γ , Q > 0, ��ý ∀x ∈ D(T ), ‖x‖ ≥ Q ��� ∀v∗ ∈ Tx, �

〈v∗ + Cx, x〉 ≥ −β(‖x‖)‖x‖2,3
R(T + C + εJ) = X∗, ∀ε ∈ (0, 1) � 1�¯��k° �

lim inf
‖x‖→∞
x∈D(T )

|Tx + Cx|

‖x‖
> 0,

3
R(T + C) = X∗.(

² £�4 )
��± ¹�5�6�7�£�8�9

(a) C : D(T ) → X∗ ® Ò�Í�Î���:
(b) ;�< C ����=�° � � � C : D(T ) → X∗ Í�Î���	�1 (T + J)−1 ������:3

R(T + C) = X∗.

£�>��*?������ ® Ç À�¶ C : D(T ) → X∗ @�A Í�Î�=�5�6�É��&B�C���� K ®�D 8�9-EF�G �-Hp��7�£�I ®�J "�#�K�L�M�N�>����«¦&O�P�7�©�ª�"�#«À�¶�Ì�Q
Tx + Cx 3 s

(s ∈ X Rk� ) ����L�=`� �S� T : D(T ) ⊂ X → 2X∗ ��
��`Ê`Ñ`À`¶`�T1 C : D(T ) ⊂ X → X∗

����	�À�¶ ( U�V�Í�Î ) �XW C(T + J)−1 ����À�¶�¦�� T � C Y�Z�£���[�	�5�6���° ��± �
©�ª�\�ý . T � C ������������Ä��������&] ² . ��^ ��
�_�$�Ô«¦±�` ��a���� F�G �*b .�c J ��d�e�¦f�0

1[3]
�

X ���p� Banach ����� X∗ ��Ï�Ð�¥p���Xg T : D(T ) ⊂ X → 2X∗ ��
��
Ê�Ñ����&h x0 ∈ D(T ), Jx0(x) = J(x − x0),

3 ����£ λ > 0, À�¶ (T + λJx0)
−1 : X∗ → D(T )®�i�i �«Æ«�«�kÊ«¿«�«� demi- Í«Î«�«����	«�«¦&j ² £�4�k«�&g X ® ¡«¢ £«¤È¥x�«� 3

(T + λJx0)
−1 l�® Í�Î���¦f�0
2
�

T : D(T ) ⊂ X → 2X∗ ��
�� Ê Ñ À ¶ � C : D(T ) ⊂ X → X∗ ����	 À
¶�� J : X → X∗ ��Â�Ã�����Ä�Å��mg C(T + J)−1 ����À�¶�� 3 C(λT + µJ)−1 n ����À�¶
(∀λ > 0, ∀µ > 0).
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x y�z +-,*{ L�Ì�Q C(λJ + T )−1 −C(µJ + T )−1 = (µ− λ)C(λJ + T )−1J(µJ + T )−1

8�9�¦ |
e�} ��~ �&��[���� µJ + T ý C(λJ + T )−1(µJ + T ) − C = (µ − λ)C(λJ + T )−1J

��[���� C−1, ý (λJ + T )−1(µJ + T ) − I = (µ − λ)(λJ + T )−1J

��[���� λJ + T , ý µJ + T − λJ − T = (µ − λ)J , 8����������&��B���8�9�¦
��� +-, � { L�Ì�Q-�*h λ = 1,

3 � ± �
C(µJ + T )−1 = C(J + T )−1 − (µ − 1)C(J + T )−1J(µJ + T )−1

= C(J + T )−1[I − (µ − 1)J(µJ + T )−1],

�*a�� 1 ��� (µJ + T )−1 � J   ����	�Í�Î�À�¶��&� C(µJ + T )−1 Í�Î��k¯���ú�û���	�·
{u}, [I − (µ − 1)J(µJ + T )−1]u ��	 �`� C(J + T )−1 � �&��� C(µJ + T )−1 � � ��_����
C(λT + µJ)−1(x) = C(T +

µ
λ

J)−1( 1
λ

x) ��� C(λT + µJ)−1 � (∀λ > 0, ∀µ > 0).f�0
3[3]

�
X � Banach �`�`� {xn} ⊂ X , {αn} �`Â��`�`¹`� ¯ Ç n → ∞ É αn → 0,

µ`� r > 0, °`�`���`£�> h ∈ X∗ � ‖h‖ ≤ r � �`�`£�>��`� Ch, �`ý (h, xn) ≤ αn‖xn‖+Ch

����� n 8�9�� 3 ¸�¹ {xn}
® ��	���¦

2 �������
/�0

1
�

T : D(T ) ⊂ X → 2X∗ ��
���Ê�Ñ�À�¶�� C : D(T ) ⊂ X → X∗ ����	�À�¶��
¯ C(T + J)−1 ����À�¶�¦k° � ∀x ∈ D(T ), ‖x‖ ≥ Q > 0 ��� ∀u∗ ∈ Tx, �

〈u∗ + Cx, x〉 ≥ 0 (1)

8�9�� 3 0 ∈ (T + C)(D(T ) ∩ BQ(0)).
² £�4��&g ± ¹�5�6�7�£�8�9

(a) C : D(T ) → X∗ ��Ò�Í�Î���:
(b) (T + J)−1 ������:
(c) T ��º�Ê�Ñ���¯ C ��ÿ���:3

0 ∈ (T + C)(D(T ) ∩ BQ(0)).x ��� £���= �&� ° � 0 ∈ D(T ) � 0 ∈ T0, D 3 ; � x0 ∈ D(T ), v∗0 ∈ Tx0, ∀x ∈

D(T̃ ) = D(T ) − x0, �«Æ T̃ x = T (x + x0) − v∗0 , C̃x = C(x + x0) + v∗0 ,
3

0 ∈ D(T̃ ), 0 ∈ T̃0. ���+
T̃ : D(T̃ ) → 2X∗ ��
��«Ê«Ñ«À«¶«� C̃ : D(T̃ ) → X∗ ����	«À«¶«� C̃(T̃ + J)−1 ���«À

¶�¦&[�	�5�6 (1) ����� ∀x ∈ D(T̃ ), �
〈u∗ + C̃x, x〉 ≥ 0, ∀u∗ ∈ T̃ x.

������� Ì�Q u∗ +H(t, u∗) = 0, �S� H(t, u∗) = t[C(t2T + 1
nJ)−1tu∗], t ∈ (0, 1], u∗ ∈ X∗.

��Æ H(0, u∗) = 0, ∀u∗ ∈ X∗.

�p° � C(T + J)−1 ������� �*a�� 2 ��� C(λT + µJ)−1 n ����À�¶ (∀λ > 0, ∀µ > 0).

� .�� e Leray-Schauder ����­��k©�ª�V�� +-,
(i) H : [0, 1]× X∗ → X∗ ��Í�Î���:
(ii) ∀r > 0, H([0, 1], Br(0)) ��
�����·�:
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(iii) ∃r > 0, ∀t ∈ [0, 1], 0∈(I + H(t, ·))(∂Br(0)).

£�� (i)–(iii) \ + �&  Leray-Schauder ����­
d(I + H(1, ·), Br(0), 0) = d(I + H(0, ·), Br(0), 0) = d(I, Br(0), 0) = 1,

Õ 1 Ì�Q u∗ + H(1, u∗) = 0 ��� £�> n = 1, 2, · · · ¡ ® ��L � ¦ � u∗
n � ��L �&K�h xn =

(T + 1
n
J)−1u∗

n, n = 1, 2, · · ·,
3

Txn + Cxn + 1
n
Jxn 3 0, n = 1, 2, · · ·, �¢[�	�5�6 (1) �

xn ∈ BQ(0). Õ 1 0 ∈ (T + C)(D(T ) ∩ BQ(0)).£ ° � (a) 8�9 �`� X � �/� � � {xn} ⊂ D(T ) ∩ BQ(0) ����	 ¸ ¹ �&� � xn ⇀

x0 ∈ D(T ), §�1 Cxn → Cx0(n → ∞),Txn → −Cx0(n → ∞), � T ��
�� Ê Ñ�=�� G(T )

� demi- ÿ � �&� [x0,−Cx0] ∈ G(T ), � x0 ∈ D(T ),−Cx0 ∈ Tx0, ¯ 0 ∈ Tx0 + Cx0, �
0 ∈ (T + C)(D(T ) ∩ BQ(0)).

° � (b) 8�9��¥¤�¦�Ø xn = (T + J)−1[(1 − 1
n
)Jxn − Cxn], § (T + J)−1 ������� {xn}

� {Cxn} ����	 ¸ ¹ �&� � xn → x0(n → ∞), § Cxn = C(T + J)−1[(1 − 1
n
)Jxn − Cxn],

1 C(T + J)−1 ��� � �&� � Cxn → y(n → ∞), � X � ¡ ¢ £ ¤ ¥K� �&� J � Í Î � �
� Jxn → Jx0,

Õ 1 y = C(T + J)−1(Jx0 − y) = Cx0, x0 = (T + J)−1(Jx0 − Cx0),
�

0 ∈ (T + C)(D(T ) ∩ BQ(0)).

° � (c) 8�9�� Õ _���� Cxn = C(T + J)−1[(1− 1
n
)Jxn −Cxn] � {Cxn} ��£�>�»�¼�¶

¹«� ��¨ � Cxn → y(n → ∞), Õ 1«�«� v∗
n ∈ Txn �«ý v∗n → −y(n → ∞) � § T �«º«Ê«Ñ

���&� �
‖Txn − Txm‖‖xn − xm‖ ≥ 〈Txn − Txm, xn − xm〉 ≥ α‖xn − xm‖2, α > 0,

� α‖xn − xm‖ ≤ ‖Txn − Txm‖ → ‖ − y − (−y)‖ = 0(n, m → ∞), � {xn} � Cauchy ¹ ���¨ �
xn → x0(n → ∞), § T � C   �«ÿ«À«¶«�&� x0 ∈ D(T ),−y ∈ Tx0 ¯ y = Cx0,

�
0 ∈ (T + C)(D(T ) ∩ BQ(0)).£ ��©�ª�©-ª (i)–(iii) � +-,

∀r > 0, B = Br(0),
z +«,

W =
⋃

t∈[0,1]

[(t2T+ 1
n
J)−1tB] �¬�¬	 · ¦ � {tm} ⊂ [0, 1], {u∗

m} ⊂

B, h
xm =

(
t2mT +

1

n
J
)−1

tmu∗
m, n = 1, 2, · · · ,

3
∃v∗m ∈ Txm, ��ý

t2mv∗m +
1

n
Jxm = tmu∗

m, n = 1, 2, · · · ,

� 〈
t2mv∗m +

1

n
Jxm, xm

〉
= 〈tmu∗

m, xm〉,

�
〈t2mv∗m, xm〉 +

〈 1

n
Jxm, xm

〉
= 〈tmu∗

m, xm〉,

1È� T Ê«Ñ«�k¯ 0 ∈ D(T ), 0 ∈ T0 � 〈v∗
m, xm〉 ≥ 0, � 〈 1

n
Jxm, xm〉 ≤ 〈tmu∗

m, xm〉 , 1
n
‖xm‖ ≤

‖u∗
m‖, N�­ , {xm} ® ��	 � ¦ Õ 1 C(t2T + 1

n
J)−1(tu∗) _ ü t ∈ [0, 1] � u∗ ∈ B ® £

¤���	 � � ¤�¦ Ø ‖H(t, u∗)‖ ≤ t‖C(t2T + 1
nJ)−1tu∗‖, 9�� H(t, u∗) → 0 = H(0, u∗)(t →



5 o p&q&r&s e Banach 3k4kik6k7k8k9p:p;*t*upV*v*w 537

0), u∗ ∈ B. %�'�k � H � (0, u∗) ® Í Î � ¦ £ + H � ú�¦ (t0, u
∗) ∈ (0, 1] × B l ® Í Î

�«¦ � (tm, u∗
m) ∈ (0, 1] × B, (tm, u∗

m) → (t0, u
∗
0)(m → ∞), J +�, Ç (tm, u∗

m) → (t0, u
∗
0) É«�

H(tm, u∗
m) → H(t0, u

∗
0), ® J +

C
(
t2mT +

1

n
J
)−1

tmu∗
m → C

(
t20T +

1

n
J
)−1

t0u
∗
0

� � � h ym = (t2mT + 1
n
J)−1tmu∗

m, y0 = (t20T + 1
n
J)−1t0u

∗
0, ¯�; v∗m ∈ Tym, v∗0 ∈ Ty0, ��ý

t2mv∗m +
1

n
Jym = tmu∗

m, (2)

t20v
∗
0 +

1

n
Jy0 = t0u

∗
0, (3)

§ {ym} � {u∗
m}   ����	�¸�¹��&� t2mv∗m

l ����	����`�pü
ym =

(
t20T + 1

nJ
)−1

[tmu∗
m − (t2m − t20)v

∗
m]

=
(
t20T + 1

nJ
)−1[

tmu∗
m −

(t2m − t20)
t2m

t2mv∗m

]
,

Ç
(tm, u∗

m) → (t0, u
∗
0) É��&�

Cym = C
(
t20T +

1

n
J
)−1[

tmu∗
m −

(t2m − t20)

t2m
t2mv∗m

]
→ C

(
t20T +

1

n
J
)−1

(t0u
∗
0) = Cy0.

N�I +-,*. H : [0, 1] × B → X∗ ��ú�¦ t0u
∗
0 ∈ (0, 1] × B ��Í�Î���� Õ 1 (i) \ + ¦

� + (ii), h K = {tC(t2T + 1
n
J)−1tu∗ : u∗ ∈ B, t ∈ (0, 1]}

⋃
{0},

3
K ����· �¥° ��B���

{ym} ⊂ K,
3

∃{tm} ⊂ (0, 1], {u∗
m} ⊂ B, ��ý

ym = tmC
(
t2mT +

1

n
J
)−1

tmu∗
m,

h xm = (t2mT + 1
n
J)−1tmu∗

m,
3

t2mv∗m +
1

n
Jxm = tmu∗

m, v∗m ∈ Txm. (4)

§ {tmu∗
m} ����	`�`�±� {xm} V`����	`�`�±g`�`��²`¶`¹ {tmj

} ⊂ {tm}, � tmj
→ 0(j → ∞),3 ����²�¶�¹ {ymj

} ⊂ {ym}, � ymj
→ 0(j → ∞), §�¨��k©�ª�� � ° � τ = inf

m≥0
{tm} > 0 �

� (4) � {t2mv∗m} ����	�¸�¹��&³�;�� t0 ∈ (0, 1], ý
t20v

∗
m +

1

n
Jxm = tmu∗

m − (t2m − t20)v
∗
m.

Õ 1
xm =

(
t20T +

1

n
J
)−1

[tmu∗
m − (t2m − t20)v

∗
m],

Cxm = C
(
t20T +

1

n
J
)−1

[tmu∗
m − (t2m − t20)v

∗
m].
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§ {t2mu∗
m} � {t2mv∗m}   ����	«¸«¹«�&¤�¦«Ø |t2m−t20|

t2m
≤ 2

τ2 , � {
|t2m−t20|

t2m
t2mv∗m} ����	«¸«¹«�

¯ C(t20T + 1
n
J)−1 ���«À«¶ �&���«¶«¹ {Cxmj

} ⊂ {Cxm}, � Cxmj
→ y(j → ∞), Õ 1��«¶

¹ {ymj
} ⊂ {ym}, � ymj

→ y1(j → ∞), � K ����·�¦
° � (iii)

� 8�9�� 3 ��� {tm} ⊂ (0, 1], {u∗
m} ⊂ X∗, ‖u∗

m‖ → ∞ ��ý
u∗

m = −tm

[
C

(
t2mT +

1

n
J
)−1

tmu∗
m

]
, (5)

h xm = (t2mT + 1
n
J)−1tmu∗

m

3 ��� v∗m ∈ Txm, ��ý
t2mv∗m +

1

n
Jxm = tmu∗

m, (6)

� (5) � (6) ý
t2mv∗m +

1

n
Jxm + t2mCxm = 0. (7)

§ ‖u∗
m‖ ≤ ‖Cxm‖, C ����	«À«¶«�&� {xm} V«��´�	«¸«¹ � ��¨ � ‖xm‖ → ∞(m → ∞) �Õ 1 ∃m0,

Ç
m ≥ m0 É�� ‖xm‖ ≥ Q, � (7) � [�	�5�6 (1) ý

0 =
〈
t2mv∗m +

1

n
Jxm + t2mCxm, xm

〉
= t2m〈v∗m + Cxm, xm〉 +

1

n
‖xm‖2 ≥

1

n
‖xm‖2 → ∞.

(m → ∞) µ�¶¸· ¨�µ�¶�¹ , ����² r > 0, ��ý ∀t ∈ [0, 1], 0∈(I + H(t, ·))(∂Br(0)). N�I�º�8.
(iii) � +-, ¦ Õ 1���� 1

+�» ¦¼�½
1 T � C Ó � � 1 ��C �&W�Y�Z�[�	�5�6 (h): ° � ∃β ∈ Γ , Q > 0, � ý

∀x ∈ D(T ), ‖x‖ ≥ Q ��� ∀v∗ ∈ Tx, �
〈v∗ + Cx, x〉 ≥ −β(‖x‖)‖x‖2 (8)

8�9�� 3 R(T + C + εJ) = X∗, ∀ε ∈ (0, 1) � 1�¯�g ² £�4�° �

lim inf
‖x‖→∞
x∈D(T )

|Tx + Cx|

‖x‖
> 0, (9)

3
R(T + C) = X∗ � g���� 1 � (a)(b)(c) 7�£�8�9 � 3 R(T + C) = X∗.x

∀ε ∈ (0, 1), h S = T + εJ ,
3

S : D(S) = D(T ) → 2X∗ ��
��`Ê`Ñ`�`� ¯ C(S +J)−1

������¦�
p ∈ X∗ µ���� 3 ∃Q1 ≥ Q > 0 � β ∈ Γ , ��ý ∀x ∈ D(S), ‖x‖ ≥ Q1

��� ∀v∗ ∈ Sx, �
〈v∗ + Cx − p, x〉 = 〈u∗ + Cx − p + εJx, x〉 ≥ (ε − β(‖x‖))‖x‖2 − ‖p‖‖x‖ ≥ 0,

�¾� u∗ ∈ Tx.   � � 1 � p ∈ (S+C)(D(S)∩BQ1(0)), � R(T +C+εJ) = X∗ � ∀ε ∈ (0, 1) � ;
ε = 1

n
,
3

∃xn ∈ D(T ), � ý Txn+Cxn+ 1
n
Jxn 3 p � Õ 1 �¿² v∗n ∈ Txn, v∗n+Cxn+ 1

n
Jxn = p.

g�5�6 (9) Y�Z�� 3

α =lim inf
‖x‖→∞

x∈D(T )

|Tx + Cx|

‖x‖
≤ lim inf

‖xn‖→∞

|Txn + Cxn|

‖xn‖
≤ lim inf

‖xn‖→∞

‖v∗n + Cxn‖

‖xn‖

= lim inf
‖xn‖→∞

‖p −
1

n
Jxn‖

‖xn‖
≤ lim inf

‖xn‖→∞

[ 1

n
+

‖p‖

‖xn‖

]
= 0.
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� {xn} V«����	«¸«¹«� Õ 1 1
n
Jxn → 0(n → ∞), §«¨«� p ∈ R(T + C), � R(T + C) = X∗.

��À�¢�Á +-,*Â�Ã ü���� 1 
 � ¢�Á�� +-, � Õ�Ä ¦/�0
2
�

T : D(T ) ⊂ X → 2X∗ ��
�� Ê Ñ À ¶ � C : D(T ) ⊂ X → X∗ ����	
À ¶ �k¯ C(T + J)−1 ��� À ¶ � S ⊂ X∗ Y�Z�Å Ç ‖x‖ Æ�Á�� É �k��� £ s ∈ S, � �
xs ∈ D(T ), K(s) > 0, � β = βs ∈ Γ ��ý

(v∗ + Cx − s, x − xs) ≥ −K(s) − β(‖x‖)‖x‖ (10)

∀x ∈ D(T ), ∀v∗ ∈ Tx 8�9�� 3 S ⊂ R(T + C). j ² £�4�k��&g ± ¹�5�6�7�£�8�9
(a) C : D(T ) → X∗ ��Ò�Í�Î���:
(b) (T + J)−1 ������:
(c) T ��º�Ê�Ñ���¯ C ��ÿ���:3

intS⊂intR(T + C).x µ�� s ∈ S, ∃xs ∈ D(T ) ��ý (10) 8�9 � ��� ± ¹�Ç�È�_��
Tx + Cx +

1

n
J(x − xs) 3 s (11)

� ����k
y + C(T +

1

n
Jxs

)−1y − s = 0. (12)

�K° � C(T + J)−1 ��� � �`��a � 2 � � C(λT + µJ)−1 n ��� À ¶ (∀λ > 0, ∀µ > 0) �
  Leray-Schauder �«�«­«�&g«Ì�Q y + t[C(T + 1

n
Jxs

)−1y − s] = 0 ������L ∀t ∈ [0, 1] ® £
¤���	 � � 3 (11) � (12) ® ��L � ¦k° � � 8�9 � 3 � � ¸ ¹ {ym} ⊂ X∗, {tm} ⊂ (0, 1],

� ý ym + tm[C(T + 1
n
Jxs

)−1ym − s] = 0 ¯ ‖ym‖ → ∞, h xm = (T + 1
n
Jxs

)−1ym,
3

∃v∗m ∈ Txm � ý ym = v∗m + 1
n
J(xm − xs),

3
v∗m + 1

n
J(xm − xs) + tmCxm − tms = 0,

3
‖ym‖ = ‖tm(Cxm − s)‖ ≤ ‖Cxm‖ + ‖s‖, �xü C ® ��	«�«� ‖ym‖ → ∞ ¦�É�Ê ‖xm‖ → ∞,

� 1
nJ(xm − xs) = −v∗m − tmCxm + tms, Ë�e T ��Ê�Ñ�= � (10) ��ý

1
n‖xm − xs‖

2 = −tm(v∗m + Cxm − s, xm − xs) − (1 − tm)(v∗m, xm − xs)

≤ K(s) + β(‖xm‖)‖xm‖ − (1 − tm)(v∗m, xm − xs)

≤ K(s) + β(‖xm‖)‖xm‖ + ‖v∗m‖‖xm − xs‖.

Ì ?�� ‖xm‖ → ∞ 
�µ�¶ � � (11) � (12) ® ��L���¦¥h {xn} � Tx + 1
n
J(x − xs) + Cx 3 s

��L��&g {xn}
® ´�	���� ��¨ � ‖xn‖ → ∞ � 3 � (10)

1
n (J(xn − xs), xn − xs) = −(v∗n + Cxn − s, xn − xs)

≤ K(s) + β(‖xn‖)‖xn‖, n = 1, 2, · · · , v∗
n ∈ Txn,

3
1
n
‖xn − xs‖ → 0(n → ∞),

3
s ∈ R(T + C),

3
S ⊂ R(T + C).± +

intS⊂intR(T + C) � µ�� s ∈intS, ��� h ∈ Br(0)(r > 0), ��ý s + h ∈ S,
�

xn �
Tx + 1

n
J(x − xs) + Cx 3 s ��L�� 3 ∃v∗

n ∈ Txn, �
v∗n +

1

n
J(xn − xs) + Cxn − (s + h) = −h,



540
d ô õ ö ÷ ø ö

25 ù
3

(h, xn −xs+h) = −(v∗n + Cxn − (s + h), xn −xs+h)− 1
n
(J(xn − xs), xn −xs+h) °�� ‖xn‖ →

∞(n → ∞),
3

(h, xn) =(h, xs+h) − (v∗n + Cxn − (s + h), xn − xs+h)

−
1

n
(J(xn − xs), xn − xs+h)

≤(h, xs+h) + K(s + h) + β(‖xn‖)‖xn‖

−
1

n
(J(xn − xs), xn − xs + (xs − xs+h))

≤(h, xs+h) + K(s + h) + β(‖xn‖)‖xn‖ −
1

n
[‖xn − xs‖

2

−
1

2
(‖xn − xs‖

2 + ‖xs − xs+h‖
2)]

≤(h, xs+h) + K(s + h) + β(‖xn‖)‖xn‖ +
1

2
‖xs − xs+h‖

2

≤M(h) + β(‖xn‖)‖xn‖.

�-� M(h) ®�Í  �Î�ü h �������U�*a�� 3 ��� {xn}
® ��	����Ïµ�¶¸·Ð� {xn}

® ��	���¦
��À�¢�Á +-,*Â�Ã ü���� 1 
 � ¢�Á�� +-, � Õ�Ä ¦/�0

3
�

T : D(T ) → 2X∗ ��
�� Ê Ñ À ¶ � C : D(T ) → X∗ ����	 À ¶ �k¯
C(T + J)−1 ����À�¶ � h β ∈ Γ , B ⊂ X∗, D ⊂ X∗, Q > 0, g Ç x ∈ D(T ) ¯ ‖x‖ ≥ Q É��k�
��£ (p, q) ∈ B × D ����£���� K(p, q) > 0 ��ý

〈v∗ − p, x〉 ≥ −K(p, q) − β(‖x‖)‖x‖,

〈Cx − q, x〉 ≥ −K(p, q)− β(‖x‖)‖x‖.

∀x ∈ D(T ), ∀v∗ ∈ Tx 8�9�� 3 B + D ⊂ R(T + C). j ² £�4�k��&g ± ¹�5�6�7�£�8�9
(a) C : D(T ) → X∗ ��Ò�Í�Î���:
(b) (T + J)−1 ������:
(c) T ��º�Ê�Ñ���¯ C ��ÿ���:3

intS ⊂intR(T + C).x µ�� s ∈ X∗,
��� ± ¹�Ç�È�_��

Tx + Cx +
1

n
Jx 3 s, (13)

� ����k
u∗ + C(T +

1

n
J)−1u∗ − s = 0. (14)

�xü C(T + J)−1 ���«À«¶«�`� a«� 2 �«� ∀λ > 0,µ > 0, C(λT + µJ)−1 ���«�«¦&  Leray-

schauder � � ­ �&g Ì�Q u∗ + t[C(T + 1
n
J)−1u∗ − s] = 0 ������L � ü t ∈ [0, 1] ® £ ¤

��	 � � 3 (13) � (14) ® ��L � � ° � �«Ñ � 3 � � {u∗
m} ⊂ X∗ � {tm} ⊂ (0, 1] � ý

u∗
m + tm[C(T + 1

n
J)−1u∗

m − s] = 0, ¯ ‖u∗
m‖ → ∞.

h xm = (T + 1
n
J)−1u∗

m,
3

v∗m+ 1
n
Jxm = u∗

m ( �¾� v∗m ∈ Txm) �Ò� v∗m+ 1
n
Jxm+tmCxm−

tms = 0,
3

‖u∗
m‖ = ‖tm(Cxm − s)‖ ≤ ‖Cxm‖ + ‖s‖, � C ® ��	«�«�&�È� ‖u∗

m‖ → ∞ �«ý
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‖xm‖ → ∞, � 1
n
Jxm = −v∗m − tmCxm + tms ��ý 〈 1

n
Jxm, xm〉 = 〈−v∗m − tmCxm + tms, xm〉.

h (p, q) ∈ B × D, s = p + q,
� e�[�	�5�6�ý

1
n‖xm‖2 = −〈v∗m − tmp, xm〉 − tm〈Cxm − q, xm〉

= −〈v∗m − p, xm〉 − (1 − tm)〈p, xm〉 − tm〈Cxm − q, xm〉

≤ 2k(p, q) + 2β(‖xm‖)‖xm‖ + ‖p‖‖xm‖.

��� {xm}∞m=1
® ��	�� ( D 3�Ó � þ ‖p‖ → ∞, Ô p ∈ X∗ µ�¶ ), µ�¶¸·Õ� (13) � (14) � ®

��L���¦�
{xn} � (13) � ��L �k¯ ‖xn‖ ≥ Q, s = p + q,

3 � � v∗
n ∈ Txn � ý v∗n + Cxn +

1
n
Jxn = s = p + q,

3
( 1

n
Jxn, xn) = −(v∗n − p, xn)− (Cxn − q, xn), Ë�e�[�	�5�6�� 1

n
‖xn‖

2 ≤

2K(p, q)+2β(‖xn‖)‖xn‖ �Ö� 1
n
xn → 0,

Ç
n → ∞ É`¦Ö� s ∈ R(T + C), � B+D ⊂ R(T + C).± +�×�Ø >�Ç�È�_��`�Ùh s∈int(B +D),
3 �`� r > 0, �`ý s+h = ph +qh ∈ B +D, �S�

h ∈ Br(0), (ph, qh) ∈ (B, D).
�

{xn} � (13) � �¿L ¯ ‖xn‖ ≥ Q, s = p+q,
3 � � v∗

n ∈ Txn �
ý v∗n+Cxn+ 1

n
Jxn = s = ph+qh−h,

3
〈v∗n−ph, xn〉+〈Cxn−qh, xn〉+

1
n
〈Jxn, xn〉 = −〈h, xn〉,

�*[�	�5�6���ý 〈h, xn〉 ≤ 2K(ph, qh) + 2β(‖xn‖)‖xn‖, h 2K(ph, qh) = Ch, 2β(‖xn‖) = αn,
3

�*a�� 3 ��ý {xn}
® ��	���¦k��À�¢�Á +-,*Â�Ã ü���� 1 
 � ¢�Á�� +-, � Õ�Ä ¦¼�½

2
�

T : X ⊃ D(T ) → 2X∗ ��
��`Ê`Ñ`�`� C : D(T ) → X∗ ����	`�`� C(T +J)−1

����À�¶�� β ∈ Γ , Q > 0 � g Ç ‖x‖ ≥ Q É�� ����£ x0 ∈ D(T ), y0 ∈ D(C), u∗
0 ∈ Tx0 ����£��� K(u∗

0, y0) > 0 ��ý
〈u∗ − u∗

0, x〉 ≥ −K(u∗
0, y0) − β(‖x‖)‖x‖,

〈Cx − Cy0, x〉 ≥ −K(u∗
0, y0) − β(‖x‖)‖x‖,

�¿�¿� x ∈ D(T ), u∗ ∈ Tx 8¿9 �Òj ² £¿4¿k �Òg � � 3 � (a)(b)(c) 7 £¿8¿9 � 3 � R(T +C) '
R(T ) + R(C).x �«�«� 3 � h B = R(T ), D = R(C),

3 � R(T ) + R(C) ⊂ R(T + C) ¯ int(R(T ) +

R(C))⊂intR(T + C).
+�» ¦¼�½

3 T : X ⊃ D(T ) → 2X∗ ��
���Ê�Ñ���� C : D(T ) → X∗ ����	���� C(T + J)−1

����À�¶�� β ∈ Γ , c1 > 0, Q > 0. g Ç ‖x‖ ≥ Q É��Ü����£ x0 ∈ D(T ), u∗
0 ∈ Tx0 ����£����

K(u∗
0) > 0 ��ý

〈u∗ − u∗
0, x〉 ≥ −K(u∗

0) − β(‖x‖)‖x‖,

〈Cx, x〉 ≥ −c1 − β(‖x‖)‖x‖,

����� x ∈ D(T ), u∗ ∈ Tx 8�9�� 3 R(T ) ⊂ R(T + C). j ² £�4�k��Úg���� 3 � (a)(b)(c) 7
£�8�9�� 3 � intR(T )⊂intR(T + C).x ����� 3 �*h B = R(T ), D = {0} � ��¦
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RANGES OF PERTURBED MAXIMAL MONOTONE

OPERATORS IN BANACH SPACES

Ren Weiyun

(College of Mathematics Science , Nankai University , Tianjian 300071)

He Zhen

(College of Mathematics and Computer, Hebei University, Hebei Baoding 071002)

Abstract Let X be a real Banach space, T : D(T ) ⊂ X → 2X∗

be a maximal monotone
operator , C : D(T ) ⊂ X → X∗ be bounded (but need not to be continuous) and C(T + J)−1

be a compact operator. Under the above conditions, by adding certain boundary and making
use of Leray-Schauder degree theory, in this paper we study the solvability of the following
inclusions: 0 ∈ (T + C)(D(T ) ∩ BQ(0)), 0 ∈ (T + C)(D(T ) ∩ BQ(0)); and S ⊂ R(T + C),

intS⊂intR(T + C) (where S ⊂ X∗); and B + D ⊂ R(T + C), int(B + D)⊂intR(T + C) (where
B ⊂ X∗ and D ⊂ X∗). Based on this, we derive some new conclusions.

Key words Maximal monotone operator, strongly monotone operator , completely
continuous operator , Leray-Schauder degree theory


