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1 ! "
�%���&' Schrödinger ��� Cauchy Æ�

iut + ∆u = ρ|u|αu, (t, x) ∈ R+ × Rn, (1)

u(0, x) = ϕ(x), x ∈ Rn. (2)

�( ρ ∈ R, α > 0, u = u(t, x) ��)* R+ × Rn, R+ ≡ [0, +∞) ���+�� !+ ϕ(x)
��)* Rn ���+��",�� (1) ��#'- �$ u(t, x) � (1)–(2) �.%�&/'
0�1� γ > 0, uγ(t, x) = γ

2
α u(γ2t, γx) ��� (1)  2!+ γ

2
α ϕ(γx) ��"0� 3!2

4"��)"
5# 1.1 # u(t, x) � Cauchy Æ� (1)–(2) �� $

u(t, x) = uγ(t, x) = γ
2
α u(γ2t, γx), ∀γ > 0.

/( u(t, x) � (1)–(2) �67%�"
* )*8&��+' (10441002), ��(8&��+' (0111051200), ��()*,-+, (2004-2006) .�

�(+9:8&��+' (2007110013) ;<=-/
.0/012005-03-22, .2>30/012007-04-17.
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,�) 1.1 - 67%� 2C4
u(t, x) = t−

1
α W

( x√
t

)
,

�( W : Rn −→ C (D u �4E""!+�� ϕ(x)  2C4

ϕ(x) =
Ω(x′)
|x| 2

α

, x′ =
x

|x| , (3)

F5 Ω(x′) ��)* Rn (5G6" Sn−1 ����"0�Æ� (1)–(2) 7HI670 W �

8&'JKL��8M9":9 ;�F%JKL��I:�;<=�"C� (3) �!>�
��.% − 2

α ?�#��".<8@ FN���=A0I:� Lebesgue B>? Sobolev
B>"O@ DAP (1)–(2) �67%�&3!BQRC.%DC�DE − 2

α ?�#���

Banach B>"SFET=U��G?HFVIJKM9G Cauchy Æ� (1)–(2) �D�'?
HI'JK [1−4] " Cazenave ? Weissler[5,6] L Ribaud ? Youssfi[7] MNG�� (1)  2C
� (3) !+�67%�&L!�OUMW�XÆ, Bochner 7P��

u : (0, +∞) −→ Ḣs
p(Rn)

NAQ���B> Es,p = Es,p(R+ × Rn) ROY
‖u‖Es,p = sup

t>0
tβ‖u(t, x)‖Ḣs

p
< +∞.

�( 2 ≤ p < ∞, 0 ≤ s < n
p , β = 1

2 ( 2
α − n

p +s). :S * ‖u0‖Es,p = ‖S(t)ϕ‖Es,p < ε(ε TUZ)

�[P4 L!* Es,p (QRG Cauchy Æ� (1)–(2) \S��V*' �( S(t) = eit∆ �

6, Schrödinger T"*�&']WXU α �DC^_4 I6 Strichartz YZ Planchon[8]

`VG 2Z!+� Cauchy Æ� (1)–(2) * Bsc
2,∞, sc = n

2 − 2
α (V*\S�&R$Fa\

S�DE.W67%�"bS Miao C X [E [9] cIG% [8] �X$"
�%�Y��dTI) StrichartzYZ?=\]�J8M9Z Lp B>(�&' Schrödinger

�� Cauchy Æ� (1)–(2) \S67%��V*'"^ 2 [3!_`.aeÆ-\"^ 3 [
]f^�%�ghX$ ^ 4 [_`GghX$�`V"

2 $i%&
_j 3!8ab.4Z Lp B>? Lorentz B>��)Lgh'k"
5# 2.1 # f(x) � (X, µ) ��7P�� c Ef (λ) = {x ∈ X : |f(x)| > λ}, ∀λ > 0,

/( f∗(λ) = µ(Ef (λ)) D f(x) �Ud��"
Ud�� 24"�.a'k
i) f∗(λ) ��]$l`m���&
ii) a |f(x)| ≤ |g(x)|, / f∗(λ) ≤ g∗(λ);

iii) a |f(x)| ≤ |g(x)| + |h(x)|, / f∗(λ) ≤ g∗(λ
2 ) + h∗(λ

2 );

iv) '�1� 0 < p < ∞, λ > 0, 2 f∗(λ) ≤ λ−p
∫

Ef (λ) |f(x)|pdµ(x).



6 b noc�e�d��� Schrödinger ���!��"#�� 753

5# 2.2 # f(x) � (X, µ) ��7P�� 0 < p < ∞, e L∗
p = {f : ‖f‖∗p < ∞}, �(

‖f‖∗p = sup
λ>0

λf
1
p∗ (λ), /( L∗

p DZ Lp B>" p = ∞ f L∗∞ = L∞ "

' 1 , iv) -

λf
1
p∗ (λ) ≤

{∫
Ef (λ)

|f(x)|pdµ(x)

} 1
p

≤ ‖f‖p.

f ‖f‖∗p ≤ ‖f‖p; g Lp ⊂ L∗
p, hb=.�QR"

5# 2.3 # f∗(t) = inf
t>0

{s > 0 : f∗(s) ≤ t} ��� f(x), x ∈ Rn ��gph /
Lp,q = {f : ‖f‖∗p,q < +∞} (D Lorentz B>"�(C 1 ≤ p, q < ∞ f 

‖f‖∗p,q =
(∫ ∞

0

(t
1
p f∗(t))q dt

t

) 1
q

;

C 1 ≤ p < ∞, q = ∞ f ‖f‖∗p,q = sup
t>0

t
1
p f∗(t).

70�gph����)L Lorentz B>�'k[qrij7Xi% [10,11].
' 2 C p = q f Lp,p = Lp; C 1 ≤ p < ∞, q = ∞ f Lp,∞ = L∗

p "f

‖f‖p,∞ = sup
t>0

t
1
p f∗(t) = sup

λ>0
λ(f∗(λ))

1
p = ‖f‖∗p.

' 3 ‖f‖∗p,q =OYkl=[4 s�mj�"k3!7HtNub[l�j� ‖f‖p,q

nM Lp,q QDmj&' Banach B>"�( C 1 < p < ∞, 1 ≤ q < ∞ f 

‖f‖p,q =
(

p

q

∫ ∞

0

(t
1
p f∗∗(t))q dt

t

) 1
q

;

C 1 < p ≤ ∞, q = ∞ f 

‖f‖p,q = sup
t>0

t
1
p f∗∗(t).

F5 f∗∗(t) = 1
t

∫ t

0
f∗(y)dy, t > 0 "F%��u f(x) � Hardy-Littlewood no��op7

7 , [12] - q7prD

f∗∗(t) = sup
µ(E)≥t,E⊂M

1
m(E)

∫
E

|f(x)|dx.

() 2.1
1) �$ 1 ≤ p < ∞, 1 ≤ q1 ≤ q2 ≤ ∞, / Lp,q1 ↪→ Lp,q2 ;

2) # 1 ≤ p < ∞, 1 ≤ q ≤ ∞, / ‖|f |α‖p,q = ‖f‖α
pα,qα.

s� 2.1 �`Vvt,�) 2.3 7M"
() 2.2 (I) Hölder =[4) q# 1 ≤ p1, p2, r < ∞, 1

p1
+ 1

p2
< 1, 1

r = 1
p1

+ 1
p2

; R

$ 1 ≤ q1, q2, s ≤ ∞, 1
q1

+ 1
q2

≥ 1
s . �$ f ∈ Lp1,q1 , g ∈ Lp2,q2 , / fg ∈ Lr,s, $ ‖fg‖r,s ≤

r′‖f‖p1,q1‖g‖p2,q2 "�( r′ � r 'u� f 1
r + 1

r′ = 1 "
s� 2.2 �`V7Xi% [13].
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3 *+,-
DvKÆ��rwi 3!s (1)–(2) wQ[l�tU��

u(t) = S(t)ϕ − iρ

∫ t

0

S(t − s)(|u(s)|αu(s))ds, (4)

�( S(t) = eit∆ = F−1(e−i|ξ|2tF·) �6, Schrödinger �� iut + ∆u = 0 ux�6,T F
? F−1 Uvpr Fourier wx?y Fourier wx"

() 3.1 (I) Strichartz YZ) #

1
p
− 1

r
=

2
n + 2

,
2(n + 1)

n
< r <

2(n + 1)(n + 2)
n2

, (5)

/ ∥∥∥∥
∫ t

0

S(t − s)f(x, s)ds

∥∥∥∥
Lr(Rn+1)

≤ C‖f‖Lp(Rn+1). (6)

�$ p, r OY (5); /, (6) dTzy+M∥∥∥∥
∫ t

0

S(t − s)f(x, s)ds

∥∥∥∥
r,∞

≤ C‖f‖p,∞. (7)

s� 3.1 �`VXi% [14].
3!�ghX$f^�4"
5. 3.1 z#

4(n + 1)
n(n + 2)

< α <
4(n + 1)

n2
, (8)

u0(t, x) = S(t)ϕ(x), V* ε > 0, �$ ‖u0‖
L

α(n+2)
2 ,∞(Rn+1)

≤ ε; / (1)–(2) V*x.� u ∈
L

α(n+2)
2 ,∞(Rn+1) OY

‖u‖
L

α(n+2)
2 ,∞(Rn+1)

≤ 2ε.

5. 3.2 # ϕ(x) = δ|x|− 2
α , |δ| TUZ& α OY (8), / (1)–(2) V*x.OY�J 3.1

([P�\S67%�"

4 *+,-y/0

4.1 5. 3.1 z1Æ
{{tU�� (4) �){I Φ : u −→ Φu, �(

Φu = S(t)ϕ − iρ

∫ t

0

S(t − s)(|u(s)|αu(s))ds,

/, (7) Ls� 2.1 M

‖Φu‖
L

α(n+2)
2 ,∞(Rn+1)

≤ ε + C‖|u|αu‖
L

α(n+2)
2(α+1)

,∞
(Rn+1)

≤ ε + C‖u‖α+1

L
α(n+2)

2 ,∞(Rn+1)
. (9)
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�# dT (7) ?s� 2.2 M

‖Φu − Φv‖
L

α(n+2)
2 ,∞(Rn+1)

=
∥∥∥∥
∫ t

0

S(t − s)(|u|αu − |v|αv)ds

∥∥∥∥
L

α(n+2)
2 ,∞(Rn+1)

≤ C‖|u|αu − |v|αv‖
L

α(n+2)
2(α+1)

,∞
(Rn+1)

≤ C‖(|u|α + |v|α)(u − v)‖
L

α(n+2)
2(α+1) ,∞

(Rn+1)

≤ C

(
‖u‖α

L
α(n+2)

2 ,∞(Rn+1)
+ ‖v‖α

L
α(n+2)

2 ,∞(Rn+1)

)
‖u − v‖

L
α(n+2)

2 ,∞(Rn+1)
. (10)

e

Xε =
{

u ∈ L
α(n+2)

2 ,∞(Rn+1) : ‖u‖
L

α(n+2)
2 ,∞(Rn+1)

≤ 2ε

}
⊂ L

α(n+2)
2 ,∞(Rn+1),

RC ε ≤ ( 1
C·2α+1 )

1
α ; /'0�1� u, v ∈ Xε, , (9) ? (10) 2

‖Φu‖
L

α(n+2)
2 ,∞(Rn+1)

≤ 2ε, ‖Φu − Φv‖
L

α(n+2)
2 ,∞(Rn+1)

≤ 1
2
‖u − v‖

L
α(n+2)

2 ,∞(Rn+1)
.

f Φ �.%| Xε N6|�|}{I", Banach =\]�J- (1)–(2) } (4) V*x.�
u ∈ L

α(n+2)
2 ,∞(Rn+1); R$ ‖u‖

L
α(n+2)

2 ,∞(Rn+1)
≤ 2ε.

�J 3.1 `~"
4.2 5. 3.2 z1Æ

#

u ∈ L
α(n+2)

2 ,∞(Rn+1), uγ(t, x) = γ
2
α u(γ2t, γx), ∀ γ > 0.

�$
Eu(λ) = {(t, x) : |u| > λ}, Euγ (λ) = {(t, x) : |uγ | > λ},

/,wU}xM µ(Euγ (λ)) = γ−n−2µ(Eu(θ)), �( θ = λγ− 2
α . O@ ,�) 2.2 M

‖u‖
L

α(n+2)
2 ,∞(Rn+1)

= ‖uγ‖
L

α(n+2)
2 ,∞(Rn+1)

.

# u0(t, x) = S(t)ϕ, / u0 = δt−
1
α f( x√

t
), �( f( x√

t
) = S(1)| x√

t
|− 2

α . ,% [5] (� (3.17)

4-
|f(x)| ≤ C(1 + |x|)−σ ,

�( C α < 4
n f σ = n − 2

α ; C α ≥ 4
n f σ = 2

α .
O@ C α < 4

n f 3!2

|u0(t, x)| ≤ C|δ|t− 1
α

(
1 +

|x|√
t

)−nα−2
α

.
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e

Eλ = {(t, x) : |u0| > λ} =

{
(t, x) : βt−

1
α

(
1 +

|x|√
t

)−nα−2
α

> λ

}
,

/ Eu0(λ) ⊂ Eλ, �( β = C|δ| ",0

µ(Eλ) =
∫ ∫

Eλ

dxdt =
∫ (λ−1β)α

0

dt

∫ t
1
2 [(λ−1β)αt−1)

1
nα−2 −1]

0

rn−1ωn−1dr

= C

∫ (λ−1β)α

0

(t
1
2 [((λ−1β)αt−1)

1
nα−2 − 1])ndt

= C(λ−1β)
nα

nα−2

∫ (λ−1β)α

0

t
n
2 − n

nα−2 [1 − ((λ−1β)αt−1)−
1

nα−2 ]ndt

≤ C(λ−1β)
nα

nα−2

∫ (λ−1β)
α

0

t
n
2 − n

nα−2 dt = C(λ−1β)
α(n+2)

2 ,

NH
‖u0‖

L
α(n+2)

2 ,∞(Rn+1)
= sup

λ>0
λµ(Eu0 (λ))

2
α(n+2) ≤ sup

λ>0
λµ(Eλ)

2
α(n+2)

≤ sup
λ>0

λ · Cλ−1β = Cβ.

C |δ| TUZf Cβ TUZ"W%K C α > 4
n f27U�X$"

,�J 3.1 - (1)–(2) V*x.OY!+ ϕ(x) = δ|x|− 2
α �\S� u(t, x). ~.�" 

uγ(t, x) = γ
2
α u(γ2t, γx) OY�� (1), R$

uγ(0, x) = γ
2
α u(0, γx) = γ

2
α · δ|γx|− 2

α = δ|x|− 2
α .

NH,x.'M uγ(t, x) = u(t, x), ∀γ > 0. f u(t, x) � (1)–(2) �\S67%�"
�J 3.2 `~"

~ 2 3 4
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THE GLOBAL SOLUTIONS AND SELF-SIMILAR SOLUTIONS

FOR A CLASS OF NONLINEAR SCHRÖDINGER EQUATIONS

YE Yaojun

(Department of Mathematics and Information Science, Zhejiang University of Science and

Technology, Hangzhou 310023)

WANG Jianping

(Department of Information and Computational Science, Henan Agricultural University,

Zhengzhou 450002)

Abstract The global Cauchy problem of nonlinear Schrödinger equations is considered
by using generalized Strichartz inequalities and the contraction mapping principle. Under some
restrictions on parameter α, if the initial value is sufficiently small in some weak Lp space, then
there exists a global solution. Moreover, the global unique existence of self-similar solutions is
obtained in weak Lp space for the small initial value with self-similar structure.

Key words Nonlinear Schrödinger equation, generalized Strichartz estimates, self-similar
solutions.


