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?;="*@89 (+�#>JK.33*@), ,-A.L0M/= [4] (�/AI-A.
M.4+(,10<>#33'"8A./3B1892?$#4+/3N$�(O>2@
>#33�0HI/= [5] 3"PC/��0 (GPC)[6], 6>#33.QN'"8AD(4#
.'125REF (FIR) 6G.HS(7>#33.$AB?&8(1233$#4+/(
%I= [5] .-A.(= [7] 6 GPC 4�# 1- T?.>#33'"8A(,10<>#33
$AB?./3B1(O>2/AÆ:PC/��056;<'.@>#33�0HI/
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2 LMNOPQRSTUV
PQRD.;K3Æ.'6G [8]

Y (s) =
B(s)
A(s)

U(s) +
C(s)
A(s)

V (s), (1)

�4 Y (s), U(s), V (s) =c-9:.\> �0\B$d>\B( A(s), B(s), C(s) -V"S
]AK s .�^U( C(s) W-;<.�^U(,=c<CRD

A(s) = sna + a1s
na−1 + · · · + ana−1s + ana, (2)

B(s) = snb + b1s
nb−1 + · · · + bnb−1s + bnb, (3)

C(s) = snc + c1s
nc−1 + · · · + cnc−1s + cnc. (4)

PQRD_U.'"8A

J =
∫ tf

t0

{[y∗(t + T ) − w∗(t + T )]2 + λu∗(t + T )2}dT , (5)

�4 y∗(t + T ), u∗(t + T ), w∗(t + T ) =c(ZTe.`UV?Æ!U>6./�\> /�
\B$XP\>(,1 y∗(t + T ) = TNyY, u∗(t + T ) = TNuu, w∗(t + T ) + TNyW, �4

TNy =
[
1 T

T 2

2!
· · · T Ny

Ny!

]
, TNu =

[
1 T

T 2

2!
· · · T Nu

Nu!

]
, W = [w(t) 0 · · · 0].

9Y#'"8A (5) N89$�0)
u = K(W − y0), (6)

�4

K = (HTTyH + Tu)−1HTTy, Ty =
∫ tf

t0

[T T
NyTNy]dT , Tu =

∫ tf

t0

[T T
NuTNu]dT , (7)

,

y0 = [y(t) y0
1(t) · · · y0

Ny(t)], (8)

H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

h0 0 . . . . . . 0
h1 h0 . . . . . . 0
h2 h1 h0 . . . . . .

. . .
...

... . . . . . . h0

. . . . . . . . . . . . h1

hNy . . . . . . h(Ny−Nu)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (9)
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�4 hk (!69:
B(s)
A(s) . Markov X?/

3"\a33'�.AI(7/�\B6 T = 0 3.; u∗(t+0) = u(t) C(�0\B(
W899$�0)(

u(t) = k(w − y0), (10)

�4 k (ZX K .h/b/

[7 A(s) =,;<$?;<.\i=( A(s) = A(s)Ã(s), �4 A(s) (j]i62^_
Yk!^_.�^U( Ã(s) W(j62^_ck5^_.�^U(,d`=c(

A(s) = sna + a1s
na−1 + · · · + ana−1s + ana,

Ã(s) = snã + ã1s
nã−1 + · · · + ã

nã−1
s + ã

nã
,

(11)

WNZ<C/�33 Ny = max[Nu + nb − 1, na], e3af u(t + T ) = 0, T ≥ Ny, +-9:
a9;<\9:.\B(b/!:lN8

Ỹ (s) =
B(s)

Ã(s)
U(s) +

C(s)

Ã(s)
V (s) = A(s)Y (s), (12)

G Ỹ .\>/�(
ỹ(t + T ) = TNyH̃u + TNyỹ

0, (13)

�4
ỹ0 = [ỹ(t) ỹ0

1(t) · · · ỹ0
Ny(t)], (14)

H̃ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

h̃0 0 . . . . . . 0
h̃1 h̃0 . . . . . . 0
h̃2 h̃1 h̃0 . . . . . .

. . .
...

... . . . . . . h̃0

. . . . . . . . . . . . h̃1

h̃Ny . . . . . . h̃(Ny−Nu)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (15)

�4 h̃k (!69:
B(s)

Ã(s)
. Markov 9?/

3 Z[PLMNOQRSTUV

3.1 �\]^_`a
<C>#33. 1- T?'"8ARD

J∞ =
∫ ∞

0

[|e(t + T )| + λ|u(t + T )|]dT . (16)

�4 λ (�0@A( e(t + T ) (mbgn,<C( e(t + T ) = y(t + T )−w(t + T ), �4;"
t ≥ 0 1 w(t) = wt , wt (3c t .f<S/h<C6dÆ [t0, tf ] B.1233.QN'"
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8A (5) Uio( (16) -<C6dÆ [0,∞) B.>#33. 1- T?'"8A/!"'"8
A.B2->#(:4+-?N�./(:SBDZ&U70(

ỹ(t + T ) = A(0)w(t + T ), ∀T ≥ Ny, (17)

= [5] (�/p1>#33'"8A.$#4+(SB2DZ&U70(@;�eb2:J
9:.EQfÆ56(7>#33.$AB?&8(1233$#4+(Æ4+89�//
!";K9:h:J9:?e(j`)SBR.DZ&U70(,1;�eb;K9:.E
QfÆ56(7?N�.$#4+ebc#/! (12) UNd

ỹ(t + T ) = a[y0(t + T ) y1(t + T ) · · · yna(t + T )]T, (18)

�4 a = [ana ana−1 · · · a1 1]. 7 (17) UqB (18) U4N8
a[e(t + T ) e1(t + T ) · · · ena(t + T )]T = 0, ∀T ≥ Ny, (19)

g z = [e(t + T ) e1(t + T ) · · · ena−1(t + T )]T, Φ =
( Ona−1,1 Ina−1

−ana − ana−1 · · · − a1

)
, �4;

"hO. k, l, Ok×l rk2/3 k × l l.bZX/ji (19) Um>d.EQfÆraU
ż = Φz, e(t + T ) = Lz, (20)

�4 L = [1 0 · · · 0] /n'( Φ (;<,Nj.ZX/8:(k1 z = eΦT z(t + Ny) ,
lim

T→∞
z = 0, T ≥ Ny /"-

λ

∫ ∞

Ny

|e(t + T )|dT = λ

∫ ∞

Ny

|LΦ−1ż(t + T )|dT ≤ λ|LΦ−1||z(t + T )|, (21)

g α = λ|LΦ−1| /8:

J∞ ≤
∫ Ny

0

[|e(t + T )| + λ|u(t + T )|]dT + λα|z(t + Ny)|, (22)

W
J =

∫ Ny

0

[|e(t + T )| + λ|u(t + T )|]dT + λα|z(t + Ny)|, (23)

0<2>#33'"8A./3B1/
3.2 efghi

hj 1 ;"�#>#33. 1- T?'"8A (16) . CGPC, 9Y# J o89.�0
)NZÆ CGPC .569:a9;</

� af

Sj
i =

∫ j

i

|e(t + T )|dT, j ≥ i, (24)

Wpl S∞
0 Ns=, S∞

0 = SNy
0 + S∞

Ny, �4 S∞
Ny ≤ λα|z(t + Ny)| /"-1

SNy
0 ≤ S∞

0 = SNy
0 + S∞

Ny ≤ SNy
0 + λα|z(t + Ny)|, (25)
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8:(0<2>#33. 1- T?'"8A./3D1$/3B1

J− =
∫ Ny

0

[|e(t + T )| + λ|u(t + T )|]dT,

J+ =
∫ Ny

0

[|e(t + T )| + λ|u(t + T )|]dT + λα|z(t + Ny)|,
(26)

[ u−opt, u+opt, uopt =c( J−, J+, J∞ .mY;S(W1
J−(u−opt) ≤ J−(uopt) ≤ J∞(uopt) ≤ J∞(u+opt) ≤ J+(u+opt), (27)

!BUNd(9Y#'"8A J o89.�0)NZÆ CGPC a956;<' [7] /

3.3 klmnop
hj 2 ;"�#>#33. 1- T?'"8A (16) . CGPC, DZ&U70 (17) ?T

E9:.�0$A/
� <n7=c69:;<$?;<.opDebqq/
R)9:-;<.(W1 A(s) = A(s), 8: Ã(s) = 1 , nã = 0 /:3 (12) Ukt,

Ỹ (s) = B(s)U(s) + C(s)V (s) = A(s)Y (s), (28)

:3DZ&U70kt(
ỹ(t + T ) = a[wt 0 · · · 0]T = A(0)w(t + T ). (29)

[<370rr,s(W CGPC .>#33'"8AkNc#(N�.'"8A(@,Æ
:2 y(t + T ) → w(t) = wt, t → ∞ /[<370rr?"t>(Wuuq/3Lb.;Qg
n(vG89/3>1.'"8A/8:(9Y#'"8A (23) G89.�0pl/<t>
DZ&U70/

R)9:-?;<.(W ỹ �729:?;<i=.\>(@,DZ&U70sM
i) 9:?;<.i=/<63Æ T < Ny 3a9;Qw

ii) 63c t + Ny . ỹ ouq.;Qgn)�Æ: y(t + T ) → w(t) = wt, t → ∞.
[rr i)?t>(W9:?;<.i=6 t+Ny \?N�(8(j`tvaf u(t+T ) =

0, T ≥ Ny /wN([rr ii) ?t>W/�.;Qkur:f<S(kuuq>1.'"8
A/8:([9$�01>J.2!xt> i) $ ii), W>#'"8A9Y.�0Hyzut
>DZ&U70/[x1>J.2!xt>DZ&U70(W'"8A->1.,89?;
<.9)/

4 stuv
f9:HC(

B(s)
A(s)

=
1

s(s2) + 1
, C(s) = 0.2s2 + s + 1,

O<mb$Af( wt = 1.4, �#>#33.'"8A

J∞ =
∫ ∞

0

[|e(t + T )|+ 0.1|u(t + T )|]dT,



196 �  K X I � X 29 L

f<-�3c t = 0, - Nu = 6 3!/�33.<CNd Ny = 6 , W899:;<.bJ
y.Rv 1 ok/

w 1 {zx|}��� y
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A STABLE CONTINUOUS-TIME GENERALIZED

PREDICTIVE CONTROL

LIU Fang

(College of Health Management, Binzhou Medical University, Shandong 264003)

LIU Xiaohua

(School of Mathematics and Information, Ludong University, Shandong 264025)

Abstract The closed-loop stability of the continuous-time generalized predictive control is
considered, by using the infinite horizon control. The 1-norm cost function with infinite horizon
is imported. By inflicting the new end-point equality constraints, an upper bound of the cost
function with infinite horizon is given, and the unsolvable optimal problem can be transformed
into a solvable optimal problem. Then the quasi-infinite horizon approach which can guarantee
the closed loop stability of generalized predictive control is presented. Simulation result shows
the validity of the proposed control.

Key words Continuous-time system, generalized predictive control, quasi-infinite hori-
zon, 1-norm cost function, stability.


