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��;|�viOSJ%6 771k	�xUL{U�{�Æ{kR(YpUL{#?	dX
Z{#?LxkQU(Y={xkQU	�N��8+�xkL�6�-(6Y~Æ�	fÆIxkQUL�N�)~Æ�A�8AE)�Nv�	�xQU�EL��)H�?)~Æ��-(6Y=~ÆQU	�M )�oQUL���X
 M L(:
:�d�
fM(x, y, z) =

∑

M∈M

xm(M)yn(M)zs(M),

f̃M(x, y, z) =
∑

U∈M

xm(U)yp(U)zq(U),
(1){; m(M), n(M) Æ s(M) k�Y M L{k7�[Æpk:�_ m(U), p(U) Æ q(U) k�Y U L{k7�~Æ�:ÆH�:	\V�`g�!� M L�o{EL(:
:�

gM(x, y) =
∑

M∈M

xm(M)yn(M), hM(y, z) =
∑

M∈M

yn(M)zs(M),

HM(y) =
∑

M∈M

yn(M), h̃M(y, z) =
∑

U∈M

yp(U)zq(U),
(2){; m(M), n(M), s(M), p(U) Æ q(U) � (1) %jP	fÆ�

gM(x, y) = fM(x, y, 1), hM(y, z) = fM(1, y, z),

HM(y) = hM(y, 1) = gM(1, y) = fM(1, y, 1),

h̃M(y, z) = f̃M(1, y, z).

(3)`gX
QU�LWx(A�℄�	WxQU M1, M2 ∈ M, EgL{k�Y r1 = r(M1) Æ r2 = r(M2), �QU
M = M1 ∪ M2"I M1 ∩ M2 = v �
v = vr1

= vr2
.��X M � M1 �jPL{�{4UÆ{���EL{kY M1 Æ M2 L{k fr(M1)Æ fr(M2) L�)�-(1>8 M1 Æ M2 E M L(AY 1v- ,�-)Y

M = M1 ∔ M2,� M (YEgL 1v- Æ	:_�℄�	WxQUL��M1 ÆM2, ��
M1 ⊙M2 = {M1 ∔ M2 | M1 ∈ M1, M2 ∈ M2}�(YM1 ÆM2 L 1v- ��{;L(A(Y 1v- *	aQU�M1 ÆM2 LND`�X
Y
M1 ×M2 = {(M1, M2) | M1 ∈ M1, M2 ∈ M2},{;�X (M1, M2) = (M2, M1).dk`gG=~ÆxkQUL(:_K	
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2 YeUP+14`g10S=~ÆxkQUL(:
:CeJL
:j-	℄ U YC�={=~ÆxkQUL���1={=~ÆxkQUk)�N� U0 =
{ϑ}, U1 = {U ∈ U | er(U) YH� }, U2 = {U ∈ U | er(U) Y~Æ� }.t_ 1 ℄ U<1> = {U − a | U ∈ U1, a Y U L{� }, -

U<1> = U ⊙ U, (4){; ⊙ �& 1v- �	� ℄�� U ∈ U<1>, 9+ U ′ ∈ U1 "I U = U ′ − a′, a′ Y U ′ L{�	� a′ YH�I5�9+ U1, U2 ∈ U "I U = U1 ∔ U2, {; U1 Y U ′ + a′ p LEQU�_ U2 Y
U ′ + a′ V LEQU� ∔ Y 1v- Æ	8_� U ∈ U ⊙ U, {; ⊙ Y 1v- �	e6�℄�� U = (X ,J ) ∈ U ⊙ U, -9+ Ui = (Xi,Ji) ∈ U (i = 1, 2), "I
U = U1 ∔ U2. g+I�W�Q�,QU U ′ = (X ′,J ′), "I X ′ = X + Kr′, � J ′ 8+{4U

vr′ = (r′, r1,J1r1, · · · ,J m(U1)−1
1 r1, αβr′, r2,J2r2, · · · ,Jm(U2)−1

2 r2)3� J �P�{;m(U1)Æm(U2)k�Y U1Æ U2L{U7	fÆ�U = U ′−a′, a′ = Kr′.8_� U ∈ U<1>. 4�	t_ 2 ℄ U<2> = {U − a | U ∈ U2, a Y U L{� }, -
U<2> = U × U, (5){; × �&ND`�	� � U ∈ U<2>, -9+ U ′ ∈ U2, "I U = U ′ − a′, {; a′ Y U ′ L{�	��Y

a′ Y~Æ��C�9+ U1, U2 ∈ U , " U = U1 + U2. 8_� U ∈ U×U, {; × YND`�	e6�� U = U1 + U2 ∈ U × U, � Ui = (Xi,Ji) (i = 1, 2), -`gIO�M,�N�
Kr′ = a′ I�QU U ′ = (X ′,J ′), " X ′ = X + Kr′ � J ′ 8+4U

vr′ = (r′, r1,J1r1, · · · ,J m(U1)−1
1 r1),

vβr′ = (αβr′, r2,J2r2, · · · ,Jm(U2)−1
2 r2)3� J1 Æ J2 �P	fÆ� a′ ) U ′ L�N~Æ��� U = U ′ − a′. � U1, U2 ∈ U, �5

U ′ ∈ U2. 8_� U ∈ U<2>. 4�	T_ 1 (:
: f = fU(x, y, z) eJj-
x2yf2 + (xyzh − 1)f + 1 = 0, (6){; h = hU(y, z).� �� f = f0 + f1 + f2, {; f0 = fU0

(x, y, z), f1 = fU1
(x, y, z), f2 = fU2

(x, y, z).�5�`g8u�X fi(i = 0, 1, 2).�Y U0 8�4UQU ϑ, Ea��a{k7Æpk�C� f0 = 1.��P 1 I5
f1 = xyz

( ∑

U1∈U

xm(U1)yn(U1)zs(U1)
)( ∑

U2∈U

yn(U2)zs(U2)
)

= xyzhf,
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f2 = x2y

( ∑

M1∈U

xm(M1)yn(M1)zs(M1)
)( ∑

M2∈U

xm(M2)yn(M2)zs(M2)
)

= x2yf2.�5
f = f0 + f1 + f2 = 1 + xyzhf + x2yf2. (7)� (7) %�l*��PNlII (6) %	4�	+ (6) %;
 z = 1, `gIk` 1 (:
: g = gU(x, y) eJdkj-

x2yg2 + (xyH − 1)g + 1 = 0, (8){; H = HU(y) = hU(y, 1).+ (6) %;
 x = 1, `gIk` 2 (:
: h = hU(y, z) eJdkj-
y(1 + z)h2 − h + 1 = 0. (9)+ (9) %;
 z = 1, `gIk` 3 (:
: H = HU(y) eJdkj-

2yH2 − H + 1 = 0. (10)T_ 2 (:
: f̃ = f̃U(x, y, z) eJj-
x2yf̃2 + (xzh̃ − 1)f̃ + 1 = 0, (11){; h̃ = h̃U(y, z).� � f̃0 = f̃U0

(x, y, z), f̃1 = f̃U1
(x, y, z) Æ f̃2 = f̃U2

(x, y, z). �Y f̃ = f̃0 + f̃1 + f̃2,C�`g8u�1 f̃i (i = 0, 1, 2).�Y U0 8�4UQU ϑ, Ea��a{k7�HÆ�a~Æ�ÆH��C� f̃0 = 1.��P 1 I5
f̃1 = xz

( ∑

U1∈U

xm(U1)yp(U1)zq(U1)
)( ∑

U2∈U

yp(U2)zq(U2)
)

= xzh̃f̃ ,{; h̃ = h̃U(y, z) = f̃U(1, y, z).���P 2 I5
f̃2 = x2y

( ∑

M1∈U

xm(M1)yp(M1)zq(M1)
)( ∑

M2∈U

xm(M2)yp(M2)zq(M2)
)

= x2yf̃2.�5
f̃ = f̃0 + f̃1 + f̃2 = 1 + xzh̃f̃ + x2yf̃2. (12)� (12) %�l*��PNlII (11) %	4�	+ (11) %;
 x = 1, `gI
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: h̃ = h̃U(y, z) eJdkj-
(y + z)h̃2 − h̃ + 1 = 0. (13)\V�� (6) %Æ (11) %I5

f̃ = f
(
x, y,

z

y

)
, h̃ = h

(
y,

z

y

)
. (14)

3 Zemd+14YZ�1(:
: f, g, h Æ H , { ?)5 (6), (8), (9) %Æ (10) %;L
:j-�_�5 f̃ Æ h̃, � (14) %I58u51 f Æ h. �4`gC"�LA�}�)
Lagrange e~XP	T_ 3[18] ={=~ÆxkQU�[Y$:L(:
:)

H =
∑

n≥0

2n(2n)!

(n + 1)! n!
yn. (15)� � (10) %I5

H =
1 −√

1 − 8y

4y
.gw
$: θ " y = θ(1 − 2θ), -

yH = θ.8_�`gIE
: H = HU(y) L$:�:%�d�
θ =

y

1 − 2θ
, yH = θ.R� Lagrange e~XP�

H =
∑

n≥1

yn−1

n!

dn−1

dθn−1
(1 − 2θ)−n

∣∣∣
θ=0

=
∑

n≥1

2n−1(2n − 2)!

n!(n − 1)!
yn−1

=
∑

n≥0

2n(2n)!

(n + 1)! n!
yn.4�	T_ 4 ={=~ÆxkQU�[Æpk:Y$:L(:
:)

h =
∑

n≥0

n∑

s=0

(2n)!

(n + 1)!s!(n − s)!
ynzs. (16)� � (9) %I5

h =
1 −

√
1 − 4y(1 + z)

2y(1 + z)
.
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$: ξ " y(1 + z) = ξ(1 − ξ), -
h =

1

1 − ξ
.8_�
: h = hU(y, z) ���dL$:�:%�

ξ =
y(1 + z)

1 − ξ
, h =

1

1 − ξ
.R� Lagrange e~XP�

h =1 +
∑

n≥1

[y(1 + z)]n

n!

dn−1

dξn−1
(1 − ξ)−(n+2)

∣∣∣
ξ=0

=1 +
∑

n≥1

(2n)!

n!(n + 1)!
yn(1 + z)n

=
∑

n≥0

n∑

s=0

(2n)!

(n + 1)!s!(n − s)!
ynzs.4�	z R�h#:L.E%��I�1 (15) %Æ (16) %	T_ 5 ={=~ÆxkQU�{k7�[Æpk:Y$:L(:
:)

f =
∑

m,n≥1

n∑

s=1

min{n−s,⌊m−1

2
⌋}∑

k=max{0,⌈m−s

2
⌉}

· m!(2n − m − 1)!

(k + 1)!k!(m − 2k − 1)!(n − k)!(s − m + 2k)!(n − s − k)!
xmynzs

+
∑

n≥0

(2n)!

(n + 1)! n!
x2nyn. (17)� � (6) %I5
f =

1

1 − (xyzh + x2yf)
. (18)`gR� Lagrange e~XP��

f =
∑

k≥1

1

k!

dk−1

dfk−1

[
1 − (xyzh + x2yf)

]−k
∣∣∣
f=0

=
∑

m≥0

m+1∑

k=1

1

k

(
k + m − 1

m

) (
m

k − 1

)
xm+k−1ymzm−k+1hm−k+1

=
∑

m≥1

m∑

k=1

(k + m − 1)!

k!(k − 1)!(m − k + 1)!
xm+k−1ymzm−k+1hm−k+1

+
∑

m≥0

(2m)!

(m + 1)! m!
x2mym. (19)
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 x = 1, II
h =

1

1 − y(z + 1)h
.`g*R� Lagrange e~XP�℄ t ≥ 1, �

ht =
∑

l≥1

t

l!

dl−1

dhl−1

{[
1 − y(z + 1)h

]−l
ht−1

}∣∣∣
h=0

=
∑

l≥t

l−t∑

s=0

t

l

(
2l − t − 1

l − t

) (
l − t

s

)
yl−tzs

=
∑

n≥0

n∑

s=0

(2n + t − 1)! t

(n + t)!s!(n − s)!
ynzs. (20)g1 (20) %>� (19) %�I

f =
∑

m≥1

n≥0

n∑

s=0

m∑

k=1

(k + m − 1)!(2n + m − k)!

k!(k − 1)!(m − k)!(n + m − k + 1)!s!(n − s)!
xm+k−1ym+nzs+m−k+1

+
∑

m≥0

(2m)!

(m + 1)!m!
x2mym

=
∑

n≥m≥1

n−m∑

s=0

m−1∑

k=0

(k + m)!(2n − m − k − 1)!

(k + 1)!k!(m − k − 1)!(n − k)!s!(n − m − s)!
xm+kynzs+m−k

+
∑

n≥0

(2n)!

(n + 1)! n!
x2nyn

=
∑

m,n≥1

n∑

s=1

min{n−s,⌊m−1

2
⌋}∑

k=max{0,⌈m−s

2
⌉}

m!(2n − m − 1)!xmynzs

(k + 1)!k!(m − 2k − 1)!(n − k)!(s − m + 2k)!(n − s − k)!

+
∑

n≥0

(2n)!

(n + 1)! n!
x2nyn.4�	� (17) %��LSal�`gIk` 5 ={5�{k7Æ[Y$:L(:
:Y

f(x, y, 0) =
∑

n≥0

(2n)!

(n + 1)! n!
x2nyn. (21)+ (21) %;
 x = 1, `gIk` 6[9] ={5�[Y$:L(:
:Y

f(1, y, 0) =
∑

n≥0

(2n)!

(n + 1)! n!
yn. (22)
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��;|�viOSJ%6 777+ (17) %;
 z = 1, `gIk` 7 ={=~ÆxkQU�{k7Æ[Y$:L(:
:)
g =

∑

m,n≥1

min{n−1,⌊m−1

2
⌋}∑

k=max{0,m−n}

2n−m+km!(2n − m − 1)!

(k + 1)!k!(m − 2k − 1)!(n − k)!(n − m + k)!
xmyn

+
∑

n≥0

(2n)!

(n + 1)! n!
x2nyn. (23)dk`gy1K�LWxXP	T_ 6 ={=~ÆxkQU�{k7�~Æ�:ÆH�:Y$:L(:
:)

f̃ =
∑

m,q≥1

∑

p≥0

min{p,⌊m−1

2
⌋}∑

k=max{0,⌈m−q

2
⌉}

· m!(2p + 2q − m − 1)!

(k + 1)!k!(m − 2k − 1)!(p + q − k)!(q − m + 2k)!(p − k)!
xmypzq

+
∑

p≥0

(2p)!

(p + 1)! p!
x2pyp. (24)� � (14) %LS�xM%Æ (17) %II

f̃ =
∑

m,n≥1

n∑

s=1

min{n−s,⌊m−1

2
⌋}∑

k=max{0,⌈m−s

2
⌉}

· m!(2n − m − 1)!

(k + 1)!k!(m − 2k − 1)!(n − k)!(s − m + 2k)!(n − s − k)!
xmyn−szs

+
∑

n≥0

(2n)!

(n + 1)! n!
x2nyn

=
∑

m,q≥1

∑

p≥0

min{p,⌊m−1

2
⌋}∑

k=max{0,⌈m−q

2
⌉}

· m!(2p + 2q − m − 1)!

(k + 1)!k!(m − 2k − 1)!(p + q − k)!(q − m + 2k)!(p − k)!
xmypzq

+
∑

p≥0

(2p)!

(p + 1)! p!
x2pyp.4�	T_ 7 ={=~ÆxkQU�~Æ�:ÆH�:Y$:L(:
:)

h̃ =
∑

p≥0

∑

q≥0

(2p + 2q)!

(p + q + 1)!p!q!
ypzq. (25)
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h̃ =

∑

n≥0

n∑

s=0

(2n)!

(n + 1)!s!(n − s)!
yn−szs =

∑

p≥0

∑

q≥0

(2p + 2q)!

(p + q + 1)!p!q!
ypzq.4�	wo 9�5℄hy^�uL� 70 .'��CD/FJM�sn&.�^L�{!"��:{|9�23LE32!��4F/�5�	DL=��=L}MMl����ALt��H�|�a$�K�?�L.tlg�y a��x�;�L�wNT� H{L3{j�Y"`g{�=�0�	+5��℄SaM0>�^L�L�L}>� �'��M0�℄D�&<qLsp	O ℄ l n
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Abstract This paper studies the enumeration of bisingular maps, provides the enumerat-
ing equations satisfied by enumerating functions with the valency of root-face, the size and
the number of inner faces and with the valency of root-face, the numbers of singular edges
and loops of the maps as parameters. Moreover, explicit expressions of these functions are
also derived.
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