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�^5=�{��a D�A�A4sM:��s�o� [1−14] AdV��-H(HM5tT�{��a D��{;l+AqetT�{��a D�Ad�.� "e Huang x Deng[2], Luo[3] �Ad�.��=a [1, M: 1] A�O�}VH{id�.��A4s=�s/�-s��?HtT�{��a D��A4s=M:��+HhtT�{��a D��&�AL8�Y��OH/�YA�C=�
2 ?�C-v H *| Hilbert 1�� 〈·, ·〉 �� H �AY	� ‖ · ‖ �� H �A[�� I ��
H sA}D\t�v b : H ×H → (−∞,+∞) � /(A�fP�	

(a) b(·, ·) sGM�j�5=A�
(b) b(·, ·) sGU�j�$A�
(c) b(·, ·) �d A��4s γ > 0 ~> |b(u, v)| ≤ γ‖u‖‖v‖, ∀u, v ∈ H ;

(d) b(u, v) − b(u,w) ≤ b(u, v − w), ∀u, v, w ∈ H.v A,B,C, g : H → H , η : H ×H → H x N : H ×H ×H → H *9�\t�-Mo2tT�{��a D� (GMVI): h u ∈ H P�
〈N(Au,Bu,Cu), η(v, u)〉 + b(g(u), v) − b(g(u), u) ≥ 0, ∀ v ∈ H. (2.1)ou g = I, N(x, y, z) = x− y, η(y, x) = Gy−Gx, b(x, y) = f(y), ∀x, y, z ∈ H, �

G : H → H , f : H → (−∞,+∞), t (2.1) 6;eh u ∈ H ~>
〈Au −Bu,Gv −Gu〉 + f(v) − f(u) ≥ 0, ∀ v ∈ H, (2.2)%*tT�a D��� [11].�: 2.1 v T : H → H *\t�

(1) % T * α- e9J�ou4s$� α > 0 ~>
〈Tu− Tv, u− v〉 ≥ α‖u− v‖2, ∀u, v ∈ H ;

(2) % T * β-Lipschitz BA�ou4s$� β > 0 ~>
‖Tu− Tv‖ ≤ β‖u− v‖, ∀u, v ∈ H.�: 2.2 v T, S : H → H x N : H ×H ×H → H �ri\t�

(1) % N sGMj* t-Lipschitz BA�ou4s$� t > 0, ~>
‖N(x, u, v) −N(y, u, v)‖ ≤ t‖x− y‖, ∀x, y, u, v ∈ H ;
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(2) % T qe N AGMj* S-ς- e9J�ou4s$� ς > 0 ~>

〈N(Tx, u, v) −N(Ty, u, v), Sx− Sy〉 ≥ ς‖x− y‖2, ∀x, y, u, v ∈ H ;

(3) % T qe N AGMj* S-τ - �(9J�ou4s$� τ > 0 ~>
〈N(Tx, u, v) −N(Ty, u, v), Sx− Sy〉 ≥ −τ‖x− y‖2, ∀x, y, u, v ∈ H.5�E��/OMT N qeGUj�GrjA Lipschitz BA=O� T qe N AGUjA S- �(9J=��: 2.3 %\t η : H ×H → H *

(1) σ- e9J�ou4s$� σ > 0 ~>
〈u − v, η(u, v)〉 ≥ σ‖u− v‖2, ∀u, v ∈ H ;

(2) δ-Lipschitz BA�ou4s$� δ > 0 ~>
‖η(u, v)‖ ≤ δ‖u− v‖, ∀u, v ∈ H.�: 2.4 v T : H → H x η : H×H → H �Di\t�% T � η-�BAA�ouQlQlMA x, y ∈ H , g(t) = 〈T (x+t(y−x)), η(y, x)〉MTA\t g : [0, 1] → (−∞,+∞)s 0+ BA�<+ 2.1[1] v X � Hausdorff5=&`1� EAMi^1�$�
�φ, ψ : X×X →

(−∞,+∞) �Di\tP�o2��	
(i) ψ(x, y) ≤ φ(x, y), ∀x, y ∈ X, �f ψ(x, x) ≥ 0, ∀x ∈ X ;

(ii) QRi x ∈ X,φ(x, ·) s X s�s�BA�
(iii) QRi y ∈ X , 
{ {x ∈ X : ψ(x, y) < 0} �$A�
(iv) 4sMi^1"
 K ⊂ X x x0 ∈ K ~> ψ(x0, y) < 0, ∀ y ∈ X \K.t4s y ∈ K P�

φ(x, y) ≥ 0, ∀x ∈ K.<+ 2.2[15] v {αn}n≥0, {βn}n≥0 x {γn}n≥0 �ri^e�I�fP�
αn+1 ≤ (1 − δn)αn + δnβn + γn, ∀n ≥ 0,�

{δn}n≥0 ⊂ [0, 1],

∞
∑

n=0

δn = ∞, lim
n→∞

βn = 0,

∞
∑

n=0

γn <∞,t lim
n→∞

αn = 0.%, 2.1 \t η : H ×H → H P�2I��	
(1) η(v, u) = −η(u, v), ∀u, v ∈ H ;

(2) QlMA x, y, z, u ∈ H, \t v → 〈N(x, y, z), η(u, v)〉 �Axs�BAA�
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[2] �A> 2.2 �VHP�MT 2.3 x�v 2.1 A\t η �4sA�
3 G8'!s���/S�d�m:��Za=�, GMVI(2.1) s��3/S}V GMVI(2.1)Ad�.�4s)M��s{i�OA�-s�?�, GMVI(2.1) AL8�Y��~H({��Y#wAL8�IA�C=�-Mo2d�.� P (u): QlM u ∈ H, h w ∈ H P�

〈Sw, v − w〉 + ρb(g(w), v) − ρb(g(w), w)

≥〈Su, v − w〉 − ρ〈N(Au,Bu,Cu), η(v, w)〉, ∀ v ∈ H, (3.1)� ρ > 0 �i$�� S : H → H �i\t�I 3.1 d�.� P (u)  "e [2] �Ad�.���+ 3.1 v η : H ×H → H � ξ-Lipschitz BA� S : H → H � δ- e9Jx η- �BA� g � α-Lipschitz BA�w� b : H ×H → (−∞,+∞) P��� (a)–(d). ou�v
2.1 &?�f4s ρ ∈ (0, δ(γα)−1), tQlQlMA u ∈ H, d�.� P (u) 4s)MA��P v u � H �lQlMAH�MT φ, ψ : H ×H → (−∞,+∞) o2	

φ(v, w) =〈Sv, v − w〉 − 〈Su, v − w〉 + ρ〈N(Au,Bu,Cu), η(v, w)〉

− ρb(g(w), w) + ρb(g(w), v), ∀ v, w ∈ H, (3.2)

ψ(v, w) =〈Sw, v − w〉 − 〈Su, v − w〉 + ρ〈N(Au,Bu,Cu), η(v, w)〉

− ρb(g(w), w) + ρb(g(w), v), ∀ v, w ∈ H. (3.3)�3}V\t φ, ψ P�V: 2.1A��� S Ae9J=� b qeGUjABA=��v 2.1 nPI} φ, ψ P�V: 2.1 A�� (i)–(iii). v v∗ � H �AlQH�K r =

(δ−ραγ)−1
(

‖Sv∗‖+‖Su‖+ρξ‖N(Au,Bu,Cu)‖+ργ‖gv∗‖
)

, K = {w ∈ H : ‖w−v∗‖ ≤ r}.v w ∈ H \K. �v 2.1, η, g A Lipschitz BA=� S Ae9J=d
ψ(v∗, w) =〈Sw, v∗ − w〉 − 〈Su, v∗ − w〉 + ρ〈N(Au,Bu,Cu), η(v∗, w)〉

− ρb(g(w), w) + ρb(g(w), v∗)

≤− 〈Sw − Sv∗, w − v∗〉 + ‖Sv∗‖‖w − v∗‖ + ‖Su‖‖w− v∗‖

+ ρξ‖N(Au,Bu,Cu)‖‖w− v∗‖ + ρb(g(w), v∗ − w)

− ρb(g(v∗), v∗ − w) + ρb(g(v∗), v∗ − w)

≤(ραγ − δ)‖w − v∗‖[‖w − v∗‖ − (δ − ραγ)−1(‖Sv∗‖ + ‖Su‖

+ ρξ‖N(Au,Bu,Cu)‖ + ργ‖g(v∗)‖)]

<0.



1084 W ℄  B B � 31+�OV: 2.1 A�� (iv) &?�m)V: 2.1, 4s w ∈ H P� φ(v, w) ≥ 0, ∀ v ∈ H, �
〈Sv, v − w〉 ≥〈Su, v − w〉 − ρ〈N(Au,Bu,Cu), η(v, w)〉

+ ρb(g(w), w) − ρb(g(w), v). (3.4)QlQ t ∈ (0, 1] x v ∈ H , v xt = tv + (1 − t)w. � xt 8p (3.4) A v, />
t〈S(xt), v − w〉 ≥t〈Su, v − w〉 − ρ〈N(Au,Bu,Cu), η(tv + (1 − t)w,w)〉

+ ρb(g(w), w) − ρb(g(w), tv + (1 − t)w)

≥t〈Su, v − w〉 − ρt〈N(Au,Bu,Cu), η(v, w)〉

− ρtb(g(w), v) + ρtb(g(w), w),�
〈S(xt), v − w〉 ≥〈Su, v − w〉 − ρ〈N(Au,Bu,Cu), η(v, w)〉

− ρb(g(w), v) + ρb(g(w), w).ssTA D��K t→ 0+, t
〈S(w), v − w〉 ≥〈Su, v − w〉 − ρ〈N(Au,Bu,Cu), η(v, w)〉

− ρb(g(w), v) + ρb(g(w), w).�O w �d�.� P (u) AMi��0}Vd�.� P (u) �A)M=�QlQlMA u ∈ H , �v w1 x w2 �d�.� P (u) ADi "A��t
〈S(w1), v − w1〉 ≥〈Su, v − w1〉 − ρ〈N(Au,Bu,Cu), η(v, w1)〉

− ρb(g(w1), v) + ρb(g(w1), w1), ∀ v ∈ H, (3.5)

〈S(w2), v − w2〉 ≥〈Su, v − w2〉 − ρ〈N(Au,Bu,Cu), η(v, w2)〉

− ρb(g(w2), v) + ρb(g(w2), w2), ∀ v ∈ H. (3.6)s (3.5) �i v = w2, s (3.6) �i v = w1, k~�{Di D�6��td
〈S(w1) − S(w2), w1 − w2〉 ≤ −ρb(g(w2) − g(w1), w2) + ρb(g(w2) − g(w1), w1),�

ργα‖w2 − w1‖
2 ≥ρb(g(w2) − g(w1), w1) − ρb(g(w2) − g(w1), w2)

≥〈S(w1) − S(w2), w1 − w2〉 ≥ δ‖w1 − w2‖
2,U/ ργα ≥ δ, {gN~��6QR��Od�.� P (u) 4s)M��}V'��



6a w6<�Lug�b	k7	qrR�y��_�B��?W℄ 1085M: 3.1, QRi u ∈ H, /Ox=MiP� (3.1) �A w ∈ H g u QZ�{Jp&HMi\t��� F : H → H , � F (u) = w.1M: 3.1 /�+qe GMVI(2.1) Ao2AL8�Y�1� 3.1 v N : H ×H × H → H, η : H ×H → H x S : H → H �ri9�\t�QlM u0 ∈ H, �yo2℄Y#w�I {un}n≥0:

〈S(zn), v − zn〉

≥〈S(un), v − zn〉 − ρ〈N(Aun, Bun, Cun), η(v, zn)〉

− ρb(g(zn), v) + ρb(g(zn), zn), ∀ v ∈ H, n ≥ 0, (3.7)

〈S(un+1), v − un+1〉

≥〈S(zn), v − un+1〉 − ρ〈N(Azn, Bzn, Czn), η(v, un+1)〉

− ρb(g(un+1), v) + ρb(g(un+1), un+1), ∀ v ∈ H, n ≥ 0, (3.8)� ρ > 0 �$��4s�O�Y 3.1 A�C=��+ 3.2 v N : H × H × H → H sGMj� r-Lipschitz BA�sGUj� s-

Lipschitz BA�sGrj� t-Lipschitz BA�v A,B,C : H → H a�� l-Lipschitz BA� m-Lipschitz BAx p-Lipschitz BA� A x B a��qe N AGMj S-µ- e9Jxqe N AGUj S-τ - �(9J�v g : H → H � α-Lipschitz BA� S : H → H� δ- e9Jx σ-Lipschitz BA� η : H ×H → H � ε- e9Jx ξ-Lipschitz BA�v
k = (rl+ sm)

√

1 − 2ε+ ξ2 + tpξ, a = (rl+ sm)2 − (γα+ k)2, b = (µ+ τ)− (γα+ k)δ, c =

σ2 − δ2, µ > τ. ou�v 2.1 &?�f4sMi$� ρ > 0 P�
ρ < δ(γα+ k)−1 (3.9)x2I���M	

a > 0, b2 > ac, |ρ− ba−1| < a−1
√

b2 − ac; (3.10)

a < 0, |ρ− ba−1| > −a−1
√

b2 − ac, (3.11)t GMVI (2.1) 4s� u ∈ H , �f�Y 3.1 MTA�I {un}n≥0 e�C= u.P *}V GMVI (2.1) d� u ∈ H, �K}V (3.1) MTA\t F : H → H d OH u ∈ H �/� ∀x, y ∈ H , M: 3.1 /~
〈S(Fx), v − Fx〉 ≥〈Sx, v − Fx〉 − ρ〈N(Ax,Bx,Cx), η(v, Fx)〉

+ ρb(g(Fx), Fx) − ρb(g(Fx), v), ∀ v ∈ H, (3.12)

〈S(Fy), v − Fy〉 ≥〈Sy, v − Fy〉 − ρ〈N(Ay,By,Cy), η(v, Fy)〉

+ ρb(g(Fy), Fy) − ρb(g(Fy), v), ∀ v ∈ H. (3.13)



1086 W ℄  B B � 31+K (3.12) � v = Fy, (3.13) � v = Fx. �{Di D�6�/>
〈S(Fx) − S(Fy), Fx− Fy〉

≤〈Sx− Sy, Fx− Fy〉 − ρ〈N(Ax,Bx,Cx) −N(Ay,By,Cy), η(Fx, Fy)〉

+ ρb(g(Fx) − g(Fy), Fy − Fx).�� (c), g A Lipschitz BA=O� S Ae9J=/>
(δ − ραγ) ‖Fx− Fx‖2

≤〈Sx− Sy − ρ[N(Ax,Bx,Cx) −N(Ay,By,Cx)], Fx− Fy〉

+ ρ〈N(Ax,Bx,Cx) −N(Ay,By,Cx), Fx− Fy − η(Fx, Fy)〉

− ρ〈N(Ay,By,Cx) −N(Ay,By,Cy), η(Fx, Fy)〉

≤
∥

∥Sx− Sy − ρ[N(Ax,Bx,Cx) −N(Ay,By,Cx)]
∥

∥ ‖Fx− Fy‖

+ ρ
∥

∥N(Ax,Bx,Cx) −N(Ay,By,Cx)
∥

∥ ‖Fx− Fy − η(Fx, Fy)‖

+ ρ
∥

∥N(Ay,By,Cx) −N(Ay,By,Cy)
∥

∥ ‖Fx− Fy‖. (3.14)U* N : H ×H ×H → H sGMj� r-Lipschitz BA�sGUj� s-Lipschitz BA�fsGrj� t-Lipschitz BA� A,B,C : H → H a�� l-Lipschitz BA� m-LipschitzBAx p-LipschitzBA��f A,B a�qe N AGMj�GUj� S-µ-e9Jx S-τ -�(9J� S : H → H � δ- e9Jx σ-Lipschitz BA� η : H ×H → H � ε- e9Jx ξ-Lipschitz BA��O
∥

∥Sx− Sy − ρ[N(Ax,Bx,Cx) −N(Ay,By,Cx)]
∥

∥

2

≤[σ2 − 2ρ(µ− τ) + (rl + sm)2ρ2] ‖x− y‖2, (3.15)
∥

∥Fx− Fy − η(Fx, Fy)
∥

∥

2
≤ (1 − 2ε+ ξ2) ‖Fx− Fy‖2. (3.16)m) (3.14)–(3.16), P} ‖Fx− Fy‖ ≤ θ‖x− y‖, �

θ = (δ − ργα)−1[
√

σ2 + (rl + sm)2ρ2 − 2(µ− τ)ρ + ρk]. (3.9) � (3.10) � (3.11) /> 0 < θ < 1, �O F �F�\t�U/ F d)MA OH u ∈ H. ;k/ OH�� GMVI (2.1) AMi��2T}V lim
n→∞

un = u. U* u � GMVI (2.1) AMi���O
〈Su, v − u〉 ≥〈Su, v − u〉 − ρ〈N(Au,Bu,Cu), η(v, u)〉

− ρb(g(u), v) + ρb(g(u), u), ∀ v ∈ H. (3.17)s (3.8)�K v = u,s (3.17)�K v = un+1��{D D�6�> ‖un+1−u‖ ≤ θ‖zn−u‖.5��s (3.7)�K v = u, s (3.17)�K v = zn �6�D D�> ‖zn−u‖ ≤ θ‖un−u‖.�OQ n ≥ 0, ‖un+1 − u‖ ≤ θ2‖un − u‖.  (3.9) x (3.10) � (3.11) /~ θ2 < 1, �O;
n→ ∞ { un → u. M:}��



6a w6<�Lug�b	k7	qrR�y��_�B��?W℄ 1087�+ 3.3 v N, g, C, η, k x a gM: 3.2 �6"�v A,B : H → H a�� l-

Lipschitz BAx m-Lipschitz BA�fa�qe N AGMj�GUj� I-µ- e9Jx I-τ - �(9J�v S : H → H � δ- e9J� I − S � σ-Lipschitz BA��v
b = (µ + τ) − (γα + k)(δ − σ), c = 1 − (δ − σ)2, µ > τ. ou�v 2.1 &?�f4s$�
ρ > 0 P� ρ < (δ − σ)(γα+ k)−1 x (3.10), (3.11) �AMi�t GMVI (2.1) d� u ∈ H�f�Y 3.1 MTA�I {un}n≥0 e�C= u.P gM: 3.2 A}V5�/>

(δ − ργα) ‖Fx− Fy‖2

≤〈Sx− Sy − (x− y), Fx− Fy〉

+ 〈x− y + ρ[N(Ay,By,Cx) −N(Ax,Bx,Cx)], Fx − Fy〉

− ρ〈N(Ay,By,Cx) −N(Ax,Bx,Cx), Fx − Fy − η(Fx, Fy)〉

− ρ〈N(Ay,By,Cx) −N(Ay,By,Cy), η(Fx, Fy)〉

≤[σ +
√

1 − 2ρ(µ− τ) + ρ2(rl + sm)2 + ρk] ‖x− y‖‖Fx− Fy‖,� ‖Fx−Fy‖ ≤ θ‖x− y‖, � θ = (δ− ργα)−1[σ+
√

1 − 2ρ(µ− τ) + ρ2(rl + sm)2 + ρk].f2A}VgM: 3.2 6"�s/yN�M:}��I 3.2 M: 3.2 xM: 3.3 g$H [11] �M: 3.1, [13] �M: 2.1 x [14] �M:
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The Application of Auxiliary Principle Technique in a Class
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Abstract In this paper, by employing the auxiliary principle technique, some existence

theorems of solutions for a new class of generalized mixed variational-like inequalities are

proved in Hilbert spaces and an iterative algorithm to compute approximate solutions of

the generalized mixed variational-like inequality is suggested and analyzed. These results

presented here improve and generalize some results in recent literatures.
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