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(E-mail: chlu@math.ecnu.edu.cn)� ~ f : V (G) → {−1, 0, 1} ��� G 5OK�Mgp�UbDR'; v ∈ V , �2 f [v] ≥ 1, �O f [v] =
∑

u∈N(v)

f(u). UbD1V; v ∈ V , �%<OK�Mgp g : V (G) → {−1, 0, 1}, g 6= f , /\ g(v) ≤ f(v), �� f g$Vv�OK�Mgp��5[OK�Mp Γ−

t
(G) = max{ω(f) | f g G 5v�OK�Mgp }, �O ω(f) =

∑

v∈V (G)

f(v). �� �D��5[OK�Mp�F6&
, G g$V
n � r- D���X r �Cp�� Γ−

t
(G) ≤ r

2+1
r2+2r−1

n.ikb k- C?��ZNJ�Ln��Ln
MR(2000) 	wgo 05C69�xgo O157.5

1 �}_ G = (V, E) h%W�-�� |V (G)|  �� G 6�r�V� H 0℄z�
V (H) ⊆ V (G) �G E(H) ⊆ E(G), A H �� G 6%WX��E S ⊆ V (G), G[S]�f1 S 0#6X��� G Q< x 6�*7 N(x, G) = {y | xy ∈ E(G)}, x 6�*7
N [x, G] = N(x, G)∪{x}. Z%Æ9�E X ⊆ V (G), N(X, G) =

⋃

x∈X

N(x, G) l N [X, G] =

N(X, G)∪X . =�+Et�6I�Æ�℄mLj�K��{�N(x), N [x], N(X)l N [X ].	3 d(x) = |N(x)| �< x 6C� δ(G) l ∆(G) K��f� G 6_�Cl_)C�C� 1 l 0 6<K� ��6�_<l℄#<�w3=<6C�84 k 6� � k- EA��� G QC�Drl=r6<K� �D<l=<� S ⊆ V (G) h G 6%WA#x�V S QS(%W�}6<=� G Q�*��Hh�Q�~>)6l6lLj��� [1].�� 2008 ; 5 : 18 Ti1�2008 ; 7 : 3 Ti1�QU�
∗ a}YN��u� (60673048), �t`YN��u��8 (BK2007030), �t`>{T7���H�["�PH;�k*~Pk�t`T�YN��u��8 (07KJD110207) WU�8�
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Harris[2] 8Q+W�6℄PL�Nr6R<� f : V (G) → {−1, 0, 1} �� G 6PL�Nhr�VES(< v ∈ V , �3 f [v] ≥ 1, AQ f [v] =

∑

u∈N(v)

f(u). VE2W<
v ∈ V , �&=PL�Nhr g : V (G) → {−1, 0, 1}, g 6= f , 0℄ g(v) ≤ f(v), A f h%Ww�PL�Nhr��6℄PL�Nr Γ−

t (G) = max{ω(f) | f h G 6w�PL�Nhr }, AQ ω(f) =
∑

v∈V (G)

f(v).

Yan[3] 8QX#' 3- EA�℄PL�Nr6�'℄
�ep 1[3] Y G � n �6 3- EA��A Γ−
t (G) ≤ 5

7n, GBW
h�'6�
Wang[4] 8QX#' 5- EA�℄PL�Nr6�'℄
�ep 2[4] Y G � n �6 5- EA��A Γ−

t (G) ≤ 13
17n, GBW
h�'6�	3X#'C�Dr6EA�6℄PL�Nr6�'℄
�x�f'>! 1 l>! 2 Q6	�Æ4y��6T"	�ep 3 Y G � n �6 r- EA� ( r ≥ 3 �Dr), A Γ−

t (G) ≤ r2+1
r2+2r−1n. �GBW
h�'6�

2 
�lj�qÆ46+!=G7��6T"	b3nR"6`0��p 1[3] � G = (V, E) ℄6%WPL�Nhr f hw�6/G�/E2W<
v ∈ V �Y f(v) ≥ 0, A&=%W< u ∈ N(v) 3 f [u] = 1._ G = (V, E) � n ��� f : V → {−1, 0, 1}� G ℄%Ww�PL�Nhr�V
ω(f) = Γ−

t (G),  f � G 6 Γ−
t (G)- hr�E v ∈ V l S ⊆ V , 0 NS(v) �f S Q5 v�*6<x�G- dS(v) = |NS(v)|. _ X ⊆ V G X ∩ S = ∅, - E(X, S) = {uv ∈ E | u ∈

X, v ∈ S}, e(X, S) = |E(X, S)|. P , Q l M 6>)K���
P = {v ∈ V |f(v) = +1},

Q = {v ∈ V |f(v) = 0},

M = {v ∈ V |f(v) = −1}._ f �� G 6%W Γ−
t (G)- hr��- |P | = p, |Q| = q l |M | = m, A Γ−

t (G) =

ω(f) = p−m. 1>)�H�ES(< v ∈ V , dP (v) ≥ dM (v)+1 ≥ 1, dQ(v) ≤ r−1−2dM(v)

. *$�& P , Q l M K�qK�&Æxm�
Pij =

{

v ∈ P | dQ(v) = i, dM (v) = j, 0 ≤ j ≤
r − 1

2
, 0 ≤ i ≤ r − 1 − 2j

}

,

Qij =
{

v ∈ Q | dP (v) = i, dM (v) = j, 0 ≤ j ≤
r − 1

2
, j + 1 ≤ i ≤ r − j

}

,

Mij =
{

v ∈ M | dP (v) = i, dQ(v) = j, 0 ≤ j ≤ r − 1,
⌊r − j

2

⌋

+ 1 ≤ i ≤ r − j
}

.- |Pij | = pij , |Qij | = qij l |Mij | = mij , A
p =

r−1

2
∑

j=0

r−1−2j
∑

i=0

pij , q =

r−1

2
∑

j=0

r−j
∑

i=j+1

qij , m =

r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

mij .-
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P ′ =

r−1

2
⋃

i=0

P2i, r−2i−1

2

, Q′ =

r−1

2
⋃

i=0

Qi+1,i, M ′ =

r−1

2
⋃

i=0

M r−2i+1

2
,2i�O�2W< v ∈ P ′ ∪ Q′ ∪ M ′, = f Æh G 6)
<�y f [v] = 1; GE2W<

v ∈ (V − P ′ ∪ Q′ ∪ M ′), 3 f [v] ≥ 2. |dzu�r e(P, Q), e(Q, M), l e(P, M). 	332Æ(8e�
r−1

2
∑

j=0

r−1−2j
∑

i=0

i · pij = e(P, Q) = rq −

r−1

2
∑

j=0

r−j
∑

i=j+1

(r − i − j) · qij −

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij , (1)

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij = e(Q, M) =

r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

j · mij , (2)

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij = e(P, M) = rm −
r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

(r − i − j) · mij −

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij .

(3)Y�+! 1, E< v ∈ P − P ′, &=%W< u ∈ N(v), 3 f [u] = 1. *$�ES(<
v ∈ P − P ′, [&= P ′ ∪ Q′ ∪ M ′ Q%W<5 v �*�w&	3�&32�

p − p′ ≤ e(P − P ′, P ′ ∪ Q′ ∪ M ′) = e(P − P ′, P ′) + e(P − P ′, Q′ ∪ M ′)

=

r−1

2
∑

i=0

e(P − P ′, P2i, r−2i−1

2

) + e(P − P ′, Q′ ∪ M ′). (4)%��V(2E2W< v ∈ P2i, r−2i−1

2

, %>&= v 6%W*< u 0℄ f [u] = 1, #y� u ∈ P ′
⋃

M ′ ∪ Q′. Y u ∈ P ′, A v KF*� P − P ′ Q6 r−1
2 − i W<�.h�Y

u ∈ M ′∪Q′,A v KF5 P−P ′ Q6 r+1
2 −iW<�*�*$�� P2i,

r−2i−1

2

qK�%WXx P ′
2i, r−2i−1

2

=
{

v ∈ P2i,
r−2i−1

2

|dP−P ′(v) = r+1
2 − i

}l P
′′

2i, r−2i−1

2

= P2i,
r−2i−1

2

−P ′
2i, r−2i−1

2

._ |P ′
2i, r−2i−1

2

| = p′
2i, r−2i−1

2

, A |P ′′
2i, r−2i−1

2

| = p2i, r−2i−1

2

−p′
2i, r−2i−1

2

. *2W< v ∈ P ′
2i, r−2i−1

2K^*� Q′ ∪ M ′ Q6%W<�w& p′
2i,

r−2i−1

2

≤ e(P ′
2i,

r−2i−1

2

, Q′ ∪ M ′). *$��3�
e
(

P − P ′, P2i,
r−2i−1

2

)

= e
(

P − P ′, P ′
2i, r−2i−1

2

)

+ e
(

P − P ′, P ′′
2i, r−2i−1

2

)

≤
(r + 1

2
− i

)

p′
2i, r−2i−1

2

+
(r − 1

2
− i

)(

p2i, r−2i−1

2

− p′
2i, r−2i−1

2

)

=p′
2i,

r−2i−1

2

+
(r − 1

2
− i

)

p2i, r−2i−1

2

≤e
(

P ′
2i,

r−2i−1

2

, Q′ ∪ M ′
)

+
r − 2i − 1

2
p2i, r−2i−1

2

. (5)

(5) e+W (4) e3�
p − p′ ≤

r−1

2
∑

i=0

[

e
(

P ′
2i, r−2i−1

2

, Q′ ∪ M ′
)

+
r − 2i − 1

2
p2i, r−2i−1

2

]

+ e(P − P ′, Q′ ∪ M ′)
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≤

r−1

2
∑

i=0

r − 2i − 1

2
p2i,

r−2i−1

2

+

r−1

2
∑

i=0

e
(

P ′
2i, r−2i−1

2

, Q′ ∪ M ′
)

+ e(P − P ′, Q′ ∪ M ′)

≤

r−1

2
∑

i=0

r − 2i − 1

2
p2i,

r−2i−1

2

+ e(P, Q′ ∪ M ′)

=

r−1

2
∑

i=0

r − 2i − 1

2
p2i, r−2i−1

2

+

r−1

2
∑

i=0

(i + 1)qi+1,i +

r−1

2
∑

i=0

r − 2i + 1

2
m r−2i+1

2
,2i.Æ%��	3�d�# Γ−

t (G) 6℄
�j��3�
n =q + m + p = q + m + p − p′ + p′

≤(q + m) +

r−1

2
∑

i=0

r − 2i − 1

2
p2i,

r−2i−1

2

+

r−1

2
∑

i=0

(i + 1)qi+1,i +

r−1

2
∑

i=0

r − 2i + 1

2
m r−2i+1

2
,2i + p′

=(2r + 1)(q + m) − a.B"
a = 2r(q + m) −

[

r−1

2
∑

i=0

r − 2i − 1

2
p2i, r−2i−1

2

+

r−1

2
∑

i=0

(i + 1)qi+1,i

+

r−1

2
∑

i=0

r − 2i + 1

2
m r−2i+1

2
,2i +

r−1

2
∑

i=0

p2i, r−2i−1

2

]

.w& q + m ≥ 1
2r+1n + 1

2r+1a.^
p = n − (q + m) ≤ n −

( 1

2r + 1
n +

1

2r + 1
a
)

=
2r

2r + 1
n −

1

2r + 1
a. (6)+%J4�

p =p − p′ + p′

≤

r−1

2
∑

i=0

r − 2i − 1

2
p2i, r−2i−1

2

+

r−1

2
∑

i=0

(i + 1)qi+1,i +

r−1

2
∑

i=0

r − 2i + 1

2
m r−2i+1

2
,2i +

r−1

2
∑

i=0

p2i, r−2i−1

2

=
2r2 + 4r − 2

3r2 − 4r − 1

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij −
2r2 + 4r − 2

3r2 − 4r − 1

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij + 2r(q + m) − a.� (3) e+W℄e3� p ≤ 2r3+4r2−2r
3r2−4r−1 m − 2r2+4r−2

3r2−4r−1b. B"
b =

r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

(r − i − j) · mij +

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij

+

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij +
3r2 − 4r − 1

2r2 + 4r − 2
a −

2r(3r2 − 4r − 1)

2r2 + 4r − 2
(q + m)..
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m ≥

3r2 − 4r − 1

2r3 + 4r2 − 2r
p +

2r2 + 4r − 2

3r2 − 4r − 1
·

3r2 − 4r − 1

2r3 + 4r2 − 2r
b =

3r2 − 4r − 1

2r3 + 4r2 − 2r
p +

b

r
.^

Γ−
t (G) = p − m ≤ p −

( 3r2 − 4r − 1

2r3 + 4r2 − 2r
p +

b

r

)

=
2r3 + r2 + 2r + 1

2r3 + 4r2 − 2r
p −

b

r
.� (6) e+W℄e3�

Γt−(G) ≤
2r3 + r2 + 2r + 1

2r3 + 4r2 − 2r

( 2r

2r + 1
n −

1

2r + 1
a
)

−
b

r

=
r2 + 1

r2 + 2r − 1
n −

r2 + 1

2r3 + 4r2 − 2r
a −

b

r

=
r2 + 1

r2 + 2r − 1
n −

( r2 + 1

2r3 + 4r2 − 2r
a +

b

r

)

=
r2 + 1

r2 + 2r − 1
n −

1

2r3 + 4r2 − 2r

[

(r2 + 1)a + (2r2 + 4r − 2)b
]

=
r2 + 1

r2 + 2r − 1
n −

1

2r3 + 4r2 − 2r
c.B"

c =(r2 + 1)a + (2r2 + 4r − 2)b

=(r2 + 1)a + (2r2 + 4r − 2)
[

r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

(r − i − j) · mij +

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij

+

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij +
3r2 − 4r − 1

2r2 + 4r − 2
a −

2r(3r2 − 4r − 1)

2r2 + 4r − 2
(q + m)

]

=(4r2 − 4r)a + (2r2 + 4r − 2)
[

r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

(r − i − j) · mij +

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij

+

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij ] − 2r(3r2 − 4r − 1)(q + m)

=2(r2 + 1)(rq + rm) + (2r2 + 4r − 2)
[

r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

(r − i − j) · mij +

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij

+

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij

]

− (4r2 − 4r)
[

r−1

2
∑

i=0

r − 2i − 1

2
p2i,

r−2i−1

2

+

r−1

2
∑

i=0

(i + 1)qi+1,i +

r−1

2
∑

i=0

r − 2i + 1

2
m r−2i+1

2
,2i +

r−1

2
∑

i=0

p2i, r−2i−1

2

]

. (7)
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c =2(r2 + 1)

[

r−1

2
∑

j=0

r−1−2j
∑

i=0

i · pij +

r−1

2
∑

j=0

r−j
∑

i=j+1

(r − i − j) · qij

+

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij +

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij

+

r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

(r − i − j) · mij +

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij

]

+ (2r2 + 4r − 2)

[ r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

(r − i − j) · mij +

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij +

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij

]

− (4r2 − 4r)

[

r−1

2
∑

i=0

r − 2i − 1

2
p2i,

r−2i−1

2

+

r−1

2
∑

i=0

(i + 1)qi+1,i

+

r−1

2
∑

i=0

r − 2i + 1

2
m r−2i+1

2
,2i +

r−1

2
∑

i=0

p2i, r−2i−1

2

]

.℄eQ`4 pij �6l{� cp,

cp =2(r2 + 1)

(

r−1

2
∑

j=0

r−1−2j
∑

i=0

i · pij

)

+ 2(r2 + 1)

(

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij

)

+ (2r2 + 4r − 2)

(

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij

)

− (4r2 − 4r)

[

r−1

2
∑

i=0

r − 2i − 1

2
p2i, r−2i−1

2

+

r−1

2
∑

i=0

p2i, r−2i−1

2

]

=(4r2 + 4r)

(

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij

)

− (4r2 − 4r)

(

r−1

2
∑

i=0

r − 2i − 1

2
p2i,

r−2i−1

2

)

+ 2(r2 + 1)

(

r−1

2
∑

j=0

r−1−2j
∑

i=0

i · pij

)

− (4r2 − 4r)

(

r−1

2
∑

i=0

p2i, r−2i−1

2

)

.- r−2i−1
2 = j, A

r−1

2
∑

i=0

r − 2i − 1

2
p2i,

r−2i−1

2

=

r−1

2
∑

j=0

jpr−1−2j,j.w&



5? 
�S�5C��.�o	B�Bn4C?�4ZNJ�Ln 867

(4r2 + 4r)

(

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij

)

− (4r2 − 4r)

(

r−1

2
∑

i=0

r − 2i − 1

2
p2i,

r−2i−1

2

)

=(4r2 + 4r)

(

r−1

2
∑

j=0

r−1−2j
∑

i=0

j · pij

)

− (4r2 − 4r)

(

r−1

2
∑

j=0

jpr−1−2j,j

)

≥ (4r2 − 4r)p0, r−1

2

.+%J4
2(r2 + 1)

(

r−1

2
∑

j=0

r−1−2j
∑

i=0

i · pij

)

− (4r2 − 4r)

(

r−1

2
∑

i=0

p2i, r−2i−1

2

)

≥2(r2 + 1)

(

r−1

2
∑

j=0

r−1−2j

2
∑

i=0

2i · p2i,j

)

− (4r2 − 4r)

(

r−1

2
∑

i=0

p2i, r−2i−1

2

)

=4(r2 + 1)

(

r−1

2
∑

j=0

r−1−2j

2
∑

i=0

i · p2i,j

)

− (4r2 − 4r)

(

r−1

2
∑

i=0

p2i,
r−2i−1

2

)

≥ −(4r2 − 4r)p0,
r−1

2

.Z℄�3 cp ≥ 0.

c Q`4 mij �6l{�
cm =2(r2 + 1)

[ r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

(r − i − j) · mij

]

+ (2r2 + 4r − 2)

[ r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

(r − i − j) · mij

]

− (4r2 − 4r)

(

r−1

2
∑

i=0

r − 2i + 1

2
m r−2i+1

2
,2i

)

=(4r2 + 4r)

[ r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

(r − i − j) · mij

]

− (4r2 − 4r)

(

r−1

2
∑

i=0

r − 2i + 1

2
m r−2i+1

2
,2i

)

=(4r2 + 4r)

[ r−1
∑

i=0

r−i
∑

j=⌊ r−i

2
⌋+1

(r − i − j) · mji

]

− (4r2 − 4r)

(

r−1

2
∑

i=0

r − 2i + 1

2
m r−2i+1

2
,2i

)

≥(4r2 + 4r)

[ r−1
∑

i=0

r−i
∑

j=⌊ r−i

2
⌋+2

(r − i − j) · mji

]

+ (4r2 + 4r)

[

r−1

2
∑

i=0

(r − 2i −
r + 1 − 2i

2
) · m r+1−2i

2
,2i

]
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− (4r2 − 4r)

(

r−1

2
∑

i=0

r − 2i + 1

2
m r−2i+1

2
,2i

)

=(4r2 + 4r)

[ r−1
∑

i=0

r−i
∑

j=⌊ r−i

2
⌋+2

(r − i − j) · mji

]

+ 4r

[

r−1

2
∑

i=0

(r − 2i)m r−2i+1

2
,2i

]

− 4r2

r−1

2
∑

i=0

m r−2i+1

2
,2i

=(4r2 + 4r)

[ r−1
∑

i=0

r−i
∑

j=⌊ r−i

2
⌋+2

(r − i − j) · mji

]

− 4r

r−1

2
∑

i=0

2i · m r−2i+1

2
,2i

≥− 4r

r−1

2
∑

i=0

2i · m r−2i+1

2
,2i.

c Q`4 qij �6l{�
cq =2(r2 + 1)

[

r−1

2
∑

j=0

r−j
∑

i=j+1

(r − i − j) · qij + 2

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij

]

+ (2r2 + 4r − 2)

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij − (4r2 − 4r)

r−1

2
∑

i=0

(i + 1)qi+1,i

=2(r2 + 1)

[

r−1

2
∑

j=0

r−j
∑

i=j+1

(r − i − j) · qij

]

+ (4r2 + 4r)

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij

− (4r2 − 4r)

r−1

2
∑

i=0

(i + 1)qi+1,i + 2(r2 + 1)

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij

=2(r2 + 1)

[

r−1

2
∑

i=0

r−i
∑

j=i+1

(r − i − j) · qji

]

+ (4r2 + 4r)

r−1

2
∑

i=0

r−i
∑

j=i+1

i · qji

− (4r2 − 4r)

r−1

2
∑

i=0

(i + 1)qi+1,i + 2(r2 + 1)

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij

=2(r2 + 1)

[

r−3

2
∑

i=0

r−i
∑

j=i+2

(r − i − j) · qji

]

+

r−1

2
∑

i=0

(r − 2i − 1)qi+1,i + (4r2 + 4r)

r−1

2
∑

i=0

r−i
∑

j=i+2

i · qji

+ (4r2 + 4r)

r−1

2
∑

i=0

i · qi+1,i − (4r2 − 4r)

r−1

2
∑

i=0

(i + 1)qi+1,i + 2(r2 + 1)

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij

≥2(r2 + 1)

r−1

2
∑

i=0

(r − 2i − 1)qi+1,i − 4r2

r−1

2
∑

i=0

qi+1,i + 2(r2 + 1)

r−3

2
∑

i=0

r−i
∑

j=i+2

(r − i − j) · qji
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+ (4r2 + 4r)

r−1

2
∑

i=0

r−i
∑

j=i+2

i · qji + 2(r2 + 1)

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij

=

r−1

2
∑

i=0

[2(r2 + 1)(r − 2i − 1) − 4r2]qi+1,i + 2(r2 + 1)

r−3

2
∑

i=0

r−i
∑

j=i+2

(r − i − j) · qji

+ (4r2 + 4r)

r−1

2
∑

i=0

r−i
∑

j=i+2

i · qji + 2(r2 + 1)

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij ./ i ∈ [0, r−1
2 − 1] b� [2(r2 + 1)(r − 2i − 1) − 4r2]qi+1,i ≥ 0. w&E4 cq ���Y�&℄K��J3 q r+1

2
, r−1

2

6r�9�P�;s2 cq K��H� q r+1

2
, r−1

2

6rFi� 0. ^
cq ≥ 2(r2 + 1)

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij .1 (2) e3
r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij =
r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

j · mij .w& 2(r2 + 1)

r−1

2
∑

j=0

r−j
∑

i=j+1

j · qij ��! 2(r2 + 1)
r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

j · mij . G
2(r2 + 1)

r−1
∑

j=0

r−j
∑

i=⌊ r−j

2
⌋+1

j · mij − 4r

r−1

2
∑

i=0

2i · m r−2i+1

2
,2i ≥ 0.^ cm + cq ≥ 0. w& Γ−

t (G) ≤ r2+1
r2+2r−1n.Æ4�s7BW
hÆM6�y3% �6I�'2 r2+1

r2+2r−1n. 	3>)%^�
F =

{

Gk,l | k ≥ 1, l ≥ 1
}

. x6<x� 5
⋃

i=1

Ai, |Ai| = ai, AQ a1 = l, a2 = k, a3 =

2r
r−1 l − (r−3)(r+1)

2(r−1) k, a4 = r+1
2 k, a5 = rl − (r + 1)k. �6\>VÆ� A1 �A#x� A2 �

r−1
2 EA��A3 � 1 EA��A4 �A#x�A5 � r− 1 EA��A2 Q62W<$�

A4 Q6 r+1
2 W<��G� A4 Q62W<Fi$� A2 Q6%W<� A1 Q62W<$� A3

⋃

A4 Q6 r W<��G A4 Q62W<Fi$� A1 Q6 r−3
2 W<� A3 Q62W<Fi$� A1 Q6 r−1

2 W<� A3 Q62W<$� A5 Q r−1
2 W<� A4 Q62W<$� A5 Q6 r−1

2 W<��G A5 Q2W<Fi$� A3 ∪ A4 Q6%W<�B! Gk,l�h%W r EA���G A1, A2 Q6<MI� −1, A3, A4, A5 Q6<MI� +1. A�
ω(f) = rl + (r + 1)k +

r + 1

2
k +

2r

r − 1
l −

(r − 3)(r + 1)

2(r + 1)
k − l − k =

r2 + 1

r − 1
(k + l),

n = rl + (r + 1)k +
r + 1

2
k +

2r

r − 1
l −

(r − 3)(r + 1)

2(r − 1)
k + l + k =

r2 + 2r − 1

r − 1
(k + l).
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Abstract A function f : V (G) → {−1, 0, 1} defined on the vertices of a graph G is a
minus total dominating function (MTDF) if the sum of its function values over any open
neighborhood is at least one. An MTDF f is minimal if there does not exist an MTDF
g : V (G) → {−1, 0, 1}, f 6= g , for which g(v) ≤ f(v) for every v ∈ V (G). The weight of an
MTDF is ω(f) =

∑

v∈V (G)

f(v). Thus, the upper minus total domination Γ−
t (G) is defined as

follows: Γ−
t (G) = max {ω(f) | f is minimal minus total dominating functon of G}. In this

paper, we prove that Γ−
t (G) ≤ r2+1

r2+2r−1n for r-regular graph G, when r is odd.

Key words k-regular graphs; upper minus total domination; domination number
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