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1 EB�*�)E�8��z G(V, E) �Qb&HG� V v�� E A�� |V | v |E| Y��� G AHG�v��� E A�A
�A�x E mh Z2 = {0, 1} xPeT�
X ⊕ Y = (X ∪ Y )\(X ∩ Y ), �=,T� 1 • X = X, 0 • X = ∅, u3 X, Y ∈ E �i+?Qb |E| %A9=.� (E ,⊕, •).� G AQbl9=�~Qb.�~s G AQb~Qb���AlA���;/A
�� G A�Al9=i+A�x C � (E ,⊕, •) AQb
.��*$ G Al.��
C A%�
$ β(G), `}De |E(G)| − |V (G)|+ 1. G Al.�AQb� B *$ G AQbl��Qbl9=A(N�~ubl9=�sA���R G AQbl�(N�~ubl�A�l9=A(N|v� G AQb�<l��~&�<(NAQbl���A(N*$ G A�<l�(N�
$ l(G).

1987 Z� Horton J D[1] d/?KrQb�A�<l�AQbQ7�ÆT�9���Qb�A�<l�(Naub�AHG�v����//oyUV������?Qb�A�<l�(NfHG�v��Ak/�Rd$�A�<l�(NA	Æ6/V�� 1998 Z� Leydold J Ds [2] d/?Qb 2- 9�A�℄N� G A�<l�(NA	Æg��� l(G) = 2|E| − |V |. Imrich W Ds [3] d/?<b�A�A�<l�(NA	Æg��trDs [4] ��M"?wmhNxA�A�<l�AQ=�v�Rdd/?8lV Petersen �vJ{�D�A�<l�(NA	Æg��<b��A� G v H A8� G∨H �� G AKbHGv H A�HGKa�9�) 2008 Y 4 k 11 u�<�2008 Y 8 k 22 u�<C[^�
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846 Z ^ 	 F F � 31'�a/�>=A��<b��A�A8�m�F�QIAE'�4v�Km ∨ (Kc
m +

Kn−2m)(1 ≤ m < n
2 ) �� Hamilton � [5], u3 Kc

m �!n� Km A���l�v�
K3 ∨ (n − 3)K1 �"QA��
 ρ(G) ≤

√
3n − 8 �Dt+5A��u3 G ��s K5-

minor A�R ρ(G) �� G A^�! [6].mu\*q��-M�M"<b��A�A8�A�<l�(N+���*�JIVA�g%� [5] v [7].

2 I5GD!:6.8:�/!�':�,:�O>3$��-M1E�keQb9�� G Al�AQ=�~�z T � G AQ*z)��nPeKQ��m T xA� e, T ∪ {e} �K"QAQblf|5℄�ubl*$ke TAQb��l�ke T A�A��li+? G AQbl��*$ke T A G AQb��l��z G �Qb 2-9�A℄N��vp Gw=℄Nx�TIubw |E|− |V |+2bN�dKbNA��K�Qbl�R`�A |E| − |V | + 1 bNA��#i+? G AQbl���+ 2.1 z G1 v G2 �<b��A��d G1 ��y<bHGA9���n
G1∨G2 A�<l�A(N l(G1∨G2) = 3[|E(G1)|+ |E(G2)|+(|V (G1)|−1)(|V (G2)|−1)].W z V (G1) = {u1, u2, · · · , un}, V (G2) = {v1, v2, · · · , vm}. B G = G1 ∨ G2. e��
β(G) = |E(G)|+ |V (G)|−1 =

[

|E(G1)|+ |E(G2)|+ |V (G1)||V (G2)|
]

−
[

|V (G1)|+ |V (G2)|
]

+
1 = |E(G1)| + |E(G2)| + (|V (G1)| − 1)(|V (G2)| − 1).-Mi G AQ*z)� T �> G1 AKQbHGKf v1 5��d G2 AKQbHGKf u1 5��� T v� 1 ���
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� 1z B �ke T A G AQb��l��n B �KQbl9=K�Qbl�-M�
B Y+<b
� B1 v B2. B1 b |E(G1)| + |E(G2)| b 3- l+�`��KQb 3- l&A� u1vsvtu1 ~s v1uxuyv1, u3 vsvt v uxuy Y�� G1 v G2 �A�� B2 b
(|V (G1)| − 1)(|V (G2)| − 1) b 4- l+�`��KQb 4- l&A� u1v1uivju1, u3
2 ≤ i ≤ n S� 2 ≤ j ≤ m. z Bj

2 � B2 �sHG vj A�l+A�x�n Bj
2 s

n − 1 b 4- l�e�� B2 =
m
⋃

j=2

Bj
2.0N�-M��q� B2 �AQb 4- laQb 3- l�|AVT�� B D\$ G AQb�<l��W$ G1 ��y<bHGA9����S-M,Si> G1 AQ*S u1 $eAz)� T1. z C � Bj

2 �AQbl�d C = u1v1uip
vju1. zm T1 �"QQ�2 u1 =

uip
AD P = u1ui1 · · ·uip−1

uip
. b P AHGv v1, vj ;/A
��Qb 2- 9�A℄N��v� 2 ���B i0 = 1. z C′

q = v1uiq−1
uiq

v1, u3 q = 1, 2, · · · , p. 2q� C′
q ∈ B1. lz
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C”q = vjuiq−1
uiq

vj , u3 q = 1, 2, · · · , p. e��
C =

[

⊕p

q=1
C′

q

]

⊕
[

⊕p

q=1
C”q

]

. (1)3m�� Bj
2 Al C b C”p /7��� 4- l u1v1uip

vju1 � 3- l vjuip−1
uip

vj 7��x�q-*$ 4- lA�|�: uip
i� V (G1) − {u1} �AHG}� Bj

2 #�Qb
3- lA�x Aj �|�W$m T1 �"QQ�2 u1 = uip

AD��S�: uip
i�

V (G1) − {u1} �AHG}� Aj �Atw<blK���A�� B2 �`�A
� B0� Bj
2 A 4- l�|�uN� B2 #� m

⋃

j=2

Aj �|�
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� 23m�-MyO B1 ∪
[

m
⋃

j=2

Aj
] � G AQbl��W$ B � G AQbl���S

B1 ∪
[

m
⋃

j=2

Aj
] AtUQblK,Sb B |+�U|�z C � B AtUQbl�vp

C ∈ B1, TI�,S B1 ∪
[

m
⋃

j=2

Aj
]|+�vp C ∈ B2, TI3mRbw� j �> C ∈ Bj

2,�Wz C = u1v1uip
vju1. i G1 AS u1 $eAf T1 5�AQ*z)��b (1 ) �{ C,Sb B1 ∪Aj |+�W1� B v B1 ∪

[

m
⋃

j=2

Aj
] DÆ�uN� B1 ∪

[

m
⋃

j=2

Aj
] � G AQbl��)E= B1 ∪

[

m
⋃

j=2

Aj
] AKblK� 3- l�n�#� G AQb�<l��W1�GA�<l�(N l(G) = 3
[

|E(G1)| + |E(G2)| + (|V (G1)| − 1)(|V (G2)| − 1)
]

.

nb5�A9��GA8�GnmUIVv0�G1 = G;: n > 1}�Gn = G∨Gn−1.e�� |V (Gn)| = n|V (G)| S� |E(Gn)| = n|E(G)| + n(n−1)
2 |V (G)|2. ℄a�ImUT�Ty>0NA�F��+ 2.2 z G �Qb9��d n �5e 1Aw��n Gn A�<l�(N l(Gn) =

3
[

n|E(G)| + n(n−1)
2 |V (G)|2 − n|V (G)| + 1

]

.z n1, n2, · · · , nr K�xw��Qb� G *$Qb!n r- "� K(n1,n2,···,nr), vp
(1) V (G) = V1 ∪ V2 ∪ · · · ∪ Vr,

(2) : 1 ≤ i < j ≤ r }� Vi ∪ Vj = ∅,
(3) |Vi| = ni,

(4) Vi Atw<HG�5��9� Vi AtwQbHGKf Vj(i 6= j) A�HGK5��



848 Z ^ 	 F F � 31'vp r ≥ 3, -M0NA�F��+ 2.3 z n1, n2, · · · , nr K�xw�� r �Qb5e 2 Aw�� K(n1,n2,···,nr) �Qb!n r- "��n K(n1,n2,···,nr) A�<l�(N�
l(K(n1,n2,···,nr)) = 3

[1

2

((

r
∑

i=1

ni

)2

−
r

∑

i=1

ni
2
)

−
r

∑

i=1

ni + 1
]

.W b K(n1,n2,···,nr) AIV{ K(n1,n2,···,nr) = K(n1,n2,···,nr−1) ∨ Kc
nr

. W$ r ≥ 3, �S K(n1,n2,···,nr−1) �Qb9���)E= ∣

∣V (K(n1,n2,···,nr))
∣

∣ =
r
∑

i=1

ni S�
∣

∣E(K(n1,n2,···,nr))
∣

∣ =
1

2

[

r
∑

i=1

ni

(

r
∑

i=1

ni − ni

)]

=
1

2

[(

r
∑

i=1

ni

)2

−
r

∑

i=1

ni
2
]

,e%I2 2.1, K(n1,n2,···,nr) A�<l�(N$
3
[1

2

((

r
∑

i=1

ni

)2

−
r

∑

i=1

ni
2
)

−
r

∑

i=1

ni + 1
]

.

3 /!�'�1�6�.8�:�,:�O>3$��I2 2.1 A�zOg G1 v G2 ��yQb�9�A��vp G1 v G2 K��9�A��TI G1 ∨ G2 A�<l�A(N}oNW
uQ���-M��F��z B �9�� G AQbl��lz spanB(C) � G AQbl9= C � B ��}T=/��$AAl9=+A�x�-M0NAY2�F+ 3.1[8] z B �9�� GAQbl��n B � GAQb�<l�:d�: GAtwQbl9= C H�0NA���Pe B AtUQbl9= B, vp B ∈ spanB(C),TQ |C| ≥ |B|.�+ 3.2 z G1 v G2 �<b��A��lz G1 �Qb s(s ≥ 2) bYz H1,

H2, · · · , Hs A�9��� G2 �Qb r(r ≥ 2) bYz F1, F2, · · · , Fr A�9���n
G1 ∨ G2 A�<l�A(N
l(G1∨G2) = 3

[

|E(G1)|+|E(G2)|+(|V (G1)|−1)(|V (G2)|−1)−(s−1)(r−1)
]

+4(s−1)(r−1).W z Hi  ni bHG�u3 1 ≤ i ≤ s. lz V (Hi) = {ui1, ui2, · · · , uini
}. z Fj 

mj bHG�u3 1 ≤ j ≤ r, lz V (Fj) = {vj1, vj2, · · · , vjmj
}. B G = G1 ∨ G2. e��

β(G) = |E(G)| − |V (G)| + 1 = |E(G1)| + |E(G2)| + (|V (G1)| − 1)(|V (G2)| − 1).-Mi G AQ*z)� T �> G2 AKQbHGKf u11 5��R G1 AKQbHGKf v11 5��� T v� 3 ���
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v21

vr1

u11

u21

us1 � 3z B �ke T A G AQb��l��n B AKbl9=K�Qbl� B Y+<b
� B1 v B2. B1 � 3- lA�x�d B1 = B0 ∪B11 ∪ · · · ∪ B1s. `��B0 AKQb 3-l&A� u11vzvwu11, u3 vzvw ∈ E(G2); B1i �AKQb 3- l&A� v11ulumv11,u3 ulum ∈ E(Hi). B2 � 4- lA�x�d B2 = B21 ∪ B22 · · · ∪ B2s. `�� B2j �AKQb 4- l&A� v11u11vpujqv11, u3 vp ∈ V (G2)\{v11} S� ujq ∈ V (Hj). �U B2jhs nj(|V (G2)| − 1) b 4- l�fI2 2.1 AyO0��-M�q� B2 AQ= 4- l� 3- l�|R� B D\$ GAQb�<l��` �v0��L 1 ℄aI2 2.1 AyO� 4- l�|AVT� B21 AKb 4- l�QbA�$
u1qvxvyu1q A 3- l7�� B21 AKb 4- l��|z�>A�x
$ A21.�L 2 : 2 ≤ j ≤ s }�Pe B2j, -M$i0NA ��

(1) z B1
2j � B2j �sHG uj1 A�l+A�x�lz Sj1 � B1

2j �AbA�$ v11u11vi1uj1v11 Al�+A�x�u3 2 ≤ i ≤ r. W1� Sj1 � r − 1 bl�: 1 ≤ i ≤ r }�Pe Fi �iQ*S vi1 $eAz)��Pe B1
2j AKbA�$

v11u11viip
uj1v11 (ip 6= 1 ) Al�℄aI2 2.1 AyO�A 4-l�|AVT���QbA�$ uj1viip

viip−1
uj1 A 3-l�|�v� 4 ���uN�B1

2j � (|V (G2)|−1)− (r−1) =

|V (G2)| − r b 4- l� 3- l7��
(2) z Bd

2j � B2j �sHG ujd A�l+A�x�u3� d 6= 1. � Bd
2j  Bf B1

2j 0�A02�
(3) 
 A′

2j $ (1) f (2)  ���| B1
2j �A 4- lA 3- lA�x�uN� B1

2j�h nj(r − 1) b 4- l&��|�z Sj �u=&��|A 4- li+A�x�n
Sj = Sj1 ∪ Sj2 ∪ · · · ∪ Sjnj

.

(4) -M� Sj �A (nj − 1)(r − 1) b 4- la 3- l�|�`VTv0�1jI Sj1.lm Sj\Sj1 �iQbl��Wz$l C, R C = v11u11vi1ujqp
v11. m Hj �iQ*S uj1$eAz)� T ′. e��m T ′ �"QQ�2 uj1 = ujqp

AD Q = ujq1
ujq2

· · ·ujqp
, u3 q1 = 1. z D = v11u11vi1uj1v11. lz C′

k = v11ujqk−1
ujqk

v11 v C”k = vi1ujqk−1
ujqk

vi1,u3 2 ≤ k ≤ p. e��
C =

[

⊕p

k=2
C′

k

]

⊕
[

⊕p

k=2
C”k

]

⊕ D. (2)3m� C � C”p �|��l v11u11vi1ujqp
v11 �l vi1ujqp−1

ujqp
vi1 �|�v� 5 ���: ujqp

i� V (Hj)\{uj1} �AHG}� Sj\Sj1 �Qb 3- lA�x A”2j �|�
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(5) z A2j = A′

2j ∪A”2j ∪ Sj1. uN� B2j #� A2j �|�d A2j �Atw<bl���A�z A2 = A21 ∪ A22 · · · ∪ A2s. �U A2j �A
� Sj1 s r − 1 b 4- l�u3
2 ≤ j ≤ s. z A = B1 ∪A2. z B � B AtUQbl�vp B ∈ B1, TI�,Sb A |+�vp B ∈ B2, TI3mRbw� j �> C ∈ B2j, bxNA � 1 v � 2 ,{�
B ,b A |+�d A �AtQbl,b B |+��S� A DÆe B. W1� A � GAQbl��

�
�

�
�� Z

Z
Z

ZZ
u

u uu

u

u

v11

u11
uj1

vi1

vip

vip−1

u

u

u

u

u

u

v11

u11

vi1

uj1

ujqp

ujqp−1� 4 � 53m-MyO A � G AQb�<l��m G �tiQbl9= C. vp |C| ≥ 4,TIPe A �tUQbl B  |C| ≥ |B|. vp |C| = 3, TI C �Qbl�-M)E0NAfA�2A 1 C � G1 �AQbl�1}� C � G1 ARbYz Hi �AQbl�e��
C b B1i |+�2A 2 C � G2 �AQbl�n C b B0 |+�2A 3 C ��� G1 P�� G2 AQbl�n�s<�2 G1 = G2 AQbghOGA��zubghOG$ w. -M)E0N<�fA�N2A 1 w ∈ V (G1). vp w m H1 ��TI C ~m B0, ~m A21 ��vp w �m H1 ���Wz C = wvipviqw, u3� vipviq ∈ E(Fi) d i ≥ 2, TI C m A′

2j ��W1� C ,b A A 3- l|+�N2A 2 w ∈ V (G2). 0�e
fA 1, ,yO C b A A 3- l|+�bY2 3.1, A � G A�<l��)E A  (s − 1)(r − 1) b 4- ld`�AlK�
3- l��SP��Ag�+5�W$Qb!nS"� Kn,m �<b.�A��A�A8��bI2 3.2, Kn,m A�<l�A(N l(Kn,m) = 4(n − 1)(m − 1).J� �s�?℄>{_s�/AÆnD\U��� ) < =
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The Length of the Minimum Cycle Bases
of Join of Two Disjoint Graphs
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Abstract Minimum cycle base of a graph which is the join of two disjoint graphs is
discussed according to two cases, and the corresponding formula for length of minimum
cycle base of each case is given. As applications of two formulae, it gives formulae for
lengths of minimum cycle bases of some special graphs, such as the graph which is the join
n isomorphic graphs and the complete r-partite graph, etc.
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