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1 42/�" G 7�+$W� γM (G), �� G ^ ?9
\[n7_E$W7�+��R|� γM (G) ≤ ⌊β(G)/2⌋, T	� β(G) ( G 7b��~ γM (G) = ⌊β(G)/2⌋ "+7 G!(t [n7�8�7�"7$ ξ(G) = β(G) − 2γM (G) ≤ 1.fa7z{P�gDO�nH�"7�+$WbT���7b1�H�
H7^$ ����/�B8b�+$W7b1�7� [1–8]. 1991 P� M. Skoviera[7] zI4��( 2 7.q"�t [n7�F^q7^?Z%4OY2 ⌈β(G)/2⌉ − 2. �o�
Fu l Tsai[2], tl; [4] zI4��( 3 7.q"7�+$W�u( ⌈β(G)/2⌉ − 2. �Q��( 3 7.q"7$�H( 2. �,7L7�wpuO�e�427�?��)nO& 3- �/�7��(q7 12 Y<7� t[n7"��,��=.q7/�"�8 {f, f ′}, {x1, x

′

1}, {x2, x
′

2}, {x3, x
′

3}, {y1, y
′

1}l {y2, y
′

2}( 6F<�CF<�/^Q���lnu 12Y<�/25 9�� {fx1, fx2, f
′x3, x2y2, x3y1, x

′

1y
′

1, x
′

1y
′

2, x
′

2y1, x
′

3y
′

2}.�47"&|( N .�% G (��( 3 7 3- �/�"� G �� t[n7/℄�/ G ( N "&7f���+ 2008 O 7 j 12 j�1�2008 O 8 j 20 j�1BQT�
∗ d~�e�GwÆ (10201022, 10571124) kÆ��	) (KM 200610028002) ��8K
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G 	2< u l v }�7�'� dG(u, v), � u l v }�7�D<7 B�^|\
d(u, v) �� dG(u, v). Pu,v �� u l v }�7�D<�b< x b,7�7L!( x 7B�|( d(x). -D! d B<( d- <�5% 1[2,4,6] H (� t[n7/�.q"�p)n H 7�V A ~

(1) ξ(H) = b(H, A) + c(H, A)− |A| − 1, ℄ b(H, A) = c(H, A), T	 c(H, A) ( H −A7N{� b(H, A) ( H − A 7�^Ub�7N{�
(2) A 	C�72C<n H − A 7��N{	�
(3) A 72N{��H^ A 	O��6/�~V) 1 7 (1, 2, 3) "+7 A, -D!( Nebesky V�T�B^Z%7�d �k

[3]. ℄�V A,  Q42 H − A 7N{���COYN{�~427PN{�^ 2 Y<�℄`CYN{^Ub��u 2 Y<}�/^Q�R���la=O;��92
2 �~}"( 2- b�u; 2- bN{b A 7�427"|( G. /f�M i(u;�s�n H t�7�℄�V Al G, r Q_o" GA, GA 7<x℄ G−A7N{�"�v G − A 7N{( F1, F2, · · · , Fc, y |GA| = c, 6T2C< Fi b Fj �/ k ��/℄�/ V (Fi)∪ V (Fj) 70%�"	h^ A 	 k ���R|�E(GA) = A ℄ GA (�-"�5% 2 H (��( 3 7 3- �/�7"�p G M����H( 3 7 3- �/�7"� H l G 7$68�℄ GA 7�:B( 3.zI�
�-��ÆI GA 7�:B( 3. G � 3- �/�7� GA 7�:B+`8` 3. o+` 3, |A| �u( 2c, ,nV) 1 7 (1), b G (� t[n7"�G�8 G (��( 3 7 3- �/�7� t[n"� A ( Nebesky V� F ( GA 7OY d- <�_v F 76<( X1, X2, · · · , Xd, �b F 667<( Y1, Y2, · · · , Yh. v X (
G − A 7ON{�h^< x, x′. n G 	�N{ Xi 	b F 667<( xi. ' Yi 7<2
F 7<^�u 2 � B( 2 v 3 7��6�7�D< [2].  B( i 7�D<7V��!( i- <��8 Ai ��' Yi 2 F 7�D<7V��7xm�R| |Ai| ≥ 2.

2 �$�7&$NA��Izy �N "&7$( 2. �LA�℄O;?E#"7�3�? Ai7�w�
(1) o |Ai| = 2, p Ai ^ 2 Y 2- <�v 1 Y 2- <�l 1 Y 3- <�℄b,` Yi 7��<�o |Ai| = 2, ℄ 2 YV��b,` Yi 7�O<��Mv( yi, p y′

i 2 F 7J<7�'+` 3.
(2) o Ai ^ 2- <�l 3- <�p�Db,` Yi 7��<�gU� 2 <�7�'�%O7�
(3) o Ai B^ 2- <�� |Ai| ≥ 4.o Ai B^ 2- <�� Yi 7O<2 F 7 2 <�7 3- <���� Yi ^ 2 Y<��Q

|Ai| ≥ 4.

(4) F��7 i, j, Ai, Aj �22��7�Opv uv ∈ Ai ∩ Aj , ℄ u ∈ Yi, v ∈ Yj ,

uv � Ai 7 3- <�� uv _n Aj 	� Yi ^ 1 Y 2- <�V<( u, �Q uv /∈ Ai. �G�2E��F G l GA 7�?�
(5) GA 	��u^ 2 Y<�b F 66�y h ≥ 2.o GA 	 F 7B( c− 1, y h = 0. b F b,7�^ c− 1, U( G � 3- �/�7�

GA − F 7�:B( 2, �Q |A| ≥ 2(c − 1), bV) 1 �G�o GA 	 F 7B( c − 2, GA 	7� N(b F b,7 c − 2 ���v Y �b Fb,�b Y b,7�u 3 ���n GA − F 	�C<7B�u( 2, �Q��u(
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(c− 2)− 3/2. ` |A| ≥ (c− 2) + 3 + c− 2− 1 = 2c− 2. ,nV) 1, 4 G 7$�H( 1,ub G �� t[n7�G�

Ck (^ k ��7 2- xp/�"�F C2k = (x1, y1, x2, y2, · · · , xk, yk) �� xiyi T	
1 ≤ i ≤ k, �4}" Lk !( ( k 70�8 Sx = X1 ∪ X2 ∪ · · · ∪ Xd, Sy = Y1 ∪ Y2 ∪ · · · ∪ Yh, e(X, Y ) ��OCn X 7OCn Y 7�7L� e(X, X) |( e(X). p |A| = e(F, Sx) + e(Sx) + e(Sx, Sy) + e(Sy). 8
A∗ =

h⋃

i=1

Ai.

(6) G − A 	7N{	7CY<Ab A 7�b,�v G−A	7N{ F ^< f ′ �b A7�b,�F ( 2-b�< f ′ n GA ( 2- <�℄ F n GA 	7B( d. ℄` G 7��( 3, CY Aj ^�u 2 Y 2- <��ke G[Sx] �/�"� e(X) ≥ d − 1. _U( GA 7�:B( 3, e(Sx, Sy) + e(Sy) ≥

2h + h/2. |A| = e(F, Sx) + e(Sx) + e(Sx, Sy) + e(Sy) ≥ d + d − 1 + 2h + h/2. ℄V) 1 l
h ≥ 2, ξ = 2(d + h + 1) − |A| − 1 ≤ 1, ub G (� t[n7�G��= G[Sx] ��/�7^?�v^ k YN{� e(X) ≥ d− k. �zO	A�v X1, X2, · · · , Xk N�n G[Sx]7��N{� x′

j � Xj 	�b F 7<667<�F��72< x′

i l x′

j , �Dn GA[Sx]7�'( 4, ` x′

i l x′

j n G 7�D<O?h^ GA[Sy] 7<�oF��72< x′

i l x′

j , �Dn G 	7�'A( 2, x′

i l x′

j n GA 7�D<h^
Yl 7< yl,p x′

iyl l x′

jyl � Yl 7�n Al 	7��ia?�j ` 1, 2, · · · , i−1, i+1, · · · , k, Q42�u k Y�nhO Al 	7��keW( k YuK7�� GA[Sx ∪ Sy] ^>�_�T�7 |Aj | ≥ 2, _ GA 7�:B( 3. �Q |A| > d + d − k + k + 2h. ℄V) 1,

ξ = 2(d + h + 1) − |A| − 1 ≤ 1, ub G (� t[n7�G��=)n��72< x′

i l x′

j , �Dn G 7�'( 3 7^?� x′

i, x′

j �7�D<[�fOYv 2 Y Sy 	7<^k2?� x′

ixiylx
′

j , x′

iylxjx
′

j , x′

iyly
′

lx
′

j v x′

iylysx
′

j . u
4 �?�N�^ 1, 1, 2, 3 � A 	7�B^�{n A∗ 	� (}}t�X2���_�_). -D^ e(F, Sx) = d, e(Sx) ≥ d − k, k − 1 Y�n A∗ 	7��r^ 2h Yn A∗ 	7 2- <��ke��%4:OlI^?� |A| ≥ d + d − k + k − 1 + 2h + 1 = 2d + 2h,℄V) 1, ξ = 2(d + h + 1) − |A| − 1 ≤ 1, �G�ke�%4:OvI^?�^ |A| ≥

d + d − k + k − 1 + 2h = 2d + 2h − 1, ξ = 2(d + h + 1) − |A| − 1 ≤ 2, ℄ G (� t[n7�8j"+�y |A| = 2d + 2h − 1. &|�-Dr^CY Yl b, 2 Y 2- <�lOY�n A∗ 	7��&�OCn Sx, 7OCn Sy, ℄ e(Sx) = d − k, e(Sy) = 0. �Q^
|A| ≥ d + d − k + 3h. ÆS2� c = 1 + d + h, o k ≤ h, ξ = 2(d + h + 1) − |A| − 1 ≤ 1, `
k ≥ h + 1. ke�%4:O^?�y�D<?�( x′

ixiylx
′

j , p x′

i �b A 	7�b,��℄ x′

j , (j ( 1 2 k ��8` i 7) �bOY�n A∗ 	7�b,�℄ k ≥ h + 1, G 	^O?%4 x′

r, x′

s, �D7�D<?�( x′

rxry
′

tytx
′

s, (fOY Yt, b yt b,7 2- <�77OC<� xi, b y′

t b,7 2- <�77OC<� xr), . x′

r , x′

s n G 7�'( 4. ke%4:Ol:I^?� k − 1 Y�n A∗ 	7�� X1, X2, · · · , Xk � k YN{�p!?^OY x′

r �b A 	7�b,�℄ k ≥ h + 1, G 	O?^OY x′

s b x′

r 7�D<fOY
Yt, �D<?�( x′

rxry
′

tytx
′

s (b yt b,7 2- <�77OC<� xi). . x′

r, x′

s n G 7�'( 4.
(7) G[Sx] N{�u( 3.o G[Sx] /�� e(Sx) ≥ d− 1, p |A| ≥ d + d− 1 + 2h. o8j"+�yCY Aj 8`

2, ℄ GA[Sy] 7�An A∗ 	� Aj 7��MA� 3- <��Op |Aj | ≥ 4. Aj 7�M�MA� 2- <��ko�f�v A1 ^ 2 Y 2- <��℄`�GA 7�:B( 3, b Y1 7>



5S *3G�1��Jgv�:G��~�& 3 5��rYl5 789<b,7��v( A2 7f� y1y2, � y1y2 O?� A2 7 3- <��℄&|�b y′

2 b,7� A2 7 2- <��l℄ GA 7�:B( 3, b y′

2 b,7� v( A3 7�� y′

2y3, (y′

2y3� A3 7 3- <�), b y′

3 b,7� A3 7 2- <���)� y′

3 _b, A4 7��uK Q��2a�U( h �^57�LAs2 Al h^�u 3 ���vt e(GA[Sy]) 6= 0. .�b |A| = d + d− 1 + 2h �G�o |A| ≥ 2d + 2h, ub G (� t[n7�G��Q�Aj7� 1 Y( 3- <��OY( 2- <��o)n Al, �M8 l = 1, e(Sx, Y1) = 2. / h = 2|�℄ dGA
(Y1) + dGA

(Y2) ≥ 6, ^ e(Y2, Y1) ≥ 2 v e(Sx, Y2 ∪ Y1) ≥ 4. b |A| = 2d− 1 + 2h�G�/ h ≥ 3 |� Qkt4% Y2, Y3, · · ·, 4%�G��Q� e(Sx, Yl) = 1, y Yl 7
3- <�An E(Sy). ℄ GA 7�:B( 3, h ≥ 3. o h > 3, GA[Sy] ^0%b� G[Sy] 	)n 2 <�'n G 	+`8` 4, �G�/ h = 3 |� Y1 ∪ Y2 ∪ Y3 n G 	0% 3- 0�b Yi 7 2- <�b,7<( yi. ^�����' y′

1 �=�b y1, y3 b,7 2- <�7C<OYb f b,7�66OYb f ′ b,7�66�' y′

2 �=�b y1, y2 b,7 2- <�7C<OYb f b,7�66OYb f ′ b,7�66��Q�b y3, y2 b,7 2- <�7C<�b f , f ′ 	7OYb,7�66�n G 	' y′

3 %J�2 f , f ′ }O�'�f+`8` 4.oG[Sx]^ 2YN{�e(Sx) ≥ d−2.  vG[X1∪X2 · · ·Xs]l G[Xs+1∪Xs+2 · · ·Xd](T	 1 ≤ s < d) �u 2 YN{�^ |A| ≥ d + d − 2 + 2h, LzI |A| ≥ d + d + 2h, �Ds2OY Al ^�u 4 ��v 2 Y��7 Al, CY^�u 3 ��v 1 Y Al ^�u 3 �l 1 ��n A∗ 	7�v 2 ��n A∗ 	7��F��72< x′

i l x′

j , T	 1 ≤ i ≤ s, s + 1 ≤ j ≤ d, �Dn G[F ∪ Sx] 7�'( 4,�Q x′

i l x′

j �7�D<f G[Sy] 7<�o x′

i l x′

j �7�'( 2, p�D<7?�(
x′

iylx
′

j , ^ e(Sx, Yl) ≥ 3, ^ |Al| ≥ 3 v |Al| = 2 l 2 ��n A∗ 	7��a27T� Aj�Mh 2 ��&�`OYN{7?z^?� 42�G�o x′

i l x′

j �7�'( 3, �D<�fOY Yl |7?�( x′

iyly
′

lx
′

j , x′

iylxjx
′

j v
x′

ixiylx
′

j . :O�^?|�kA( 3- <�� Al ^�u 4 ��!?7^ e(Sx, Yl) ≥ 3, a27T� Aj �Mh 2 ��&�`OYN{7?z^?� 42�G�o 2 ^?�F!7�&|�^ e(Sx, Yl) ≥ 3, a27T� Aj �Mh 2 ��&�`OYN{7?z^?� 42�G�/�D<�f2Y��7 Sy 7N{|��D<7?�( x′

iysylx
′

j , � ysyl�` A, .��` A∗ 	�n&^?� y′

s, y′

l b, 2- <��y~��= 5 YN{�MMs2 y′

s b yl 7�'+`8` 4, ÆS℄`�75��N{q��u~}�'�p��Q�A^ |A| ≥ d + d + 2h, b G (� t[n7�G�
(8) G − A 7N{ c :`8` 7.v G[Sx] N{( k, k ≥ 3, X1, X2, · · ·, Xk N��` G[Sx] 7��7N{�n

G[F ∪ Sx] 	� x′

i l x′

j �7�'( 4, �Q x′

i l x′

j �7�D<O?f Sy 7<�o
x′

i l x′

j �7�'n G 	A( 2, G[Sx ∪ Sy] ^ 1 Y>?�_�p |A| ≥ d + d − k +

(k + 1) + 2(h− 1). o�8j"+�b G (� t[n7�G�o8j"+�a27 |Al|A8` 2, &�` (7) 7zI� 42�G� G[Sx ∪ Sy] ^ s (s > 1) Y>?�_�p
|A| ≥ d + d − k + (l1 + 1) + (l2 + 1) + · · · + (ls + 1) + 2(h − s), T	 lj + 1 = e(Sx, Yr), Yr(>?�_7	=�ub G (� t[n7�G�

x′

i l x′

j �7�'n G 	A( 2 v 3, ℄ x′

i l x′

j �7�D<fOY Sy 7< yl, p
e(Sx, Yl) ≥ 3, |A| ≥ d+d−k+3h. ℄ 2c−|A|−1 ≥ 2l c = 1+d+h,^ h ≤ k−1 ≤ d−1.�Q� c ≤ 1 + d + d − 1 = 2d,  ` d = 3, c ≤ 6.o)n x′

i l x′

j �7�'n G 	( 3, ℄ x′

i l x′

j �7�D<f2Y Sy 7< yl l
ys, A 	7� ysyl �n A∗ 	�v^ h1 Y Sy 	7<(t	^?�a27n G[Sy ] Y/
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 E E � 31�/�Opb�����G��Q� |A| ≥ d + d − k + 3h1 + 2(h − h1) + (h − h1 − 1). ℄
2c− |A| − 1 ≥ 2 l c = 1 + d + h, ^ h ≤ k ≤ d. �Q� c ≤ 1 + d + d = 2d + 1,  ` d = 3,
c ≤ 7.

(9) G − A 7N{ c 8` 6.N/ GA,℄` GA � 3-�/��-"�P| c = |GA|, |A| = e(GA), 2c−|A|−1 ≤ 2./ c = 4, GA ( 4 �#"��"+�/ c = 5, � M 5 Y<A� 3 B<� GA (�+B( 4 7>"�v 5 �#"v 5 �#"aO��A�"+�/ c = 7, �K�� M
7 Y<A� 3 B<�/h^�u 2 Y 4- <v 1 Y+`8` 5 B7<|� 2c− |A| − 1 ≤ 2� M"+��Q� GA OY 4- <Ta7( 3- <�v f 7B( 4, 6<( x1, x2, x3, x4,a27<( y1, y2. o y1, y2 66�_ y1, y2 B^℄^6<|�v y1 76<( x1, x2, y276<( x3, x4. a27 2 �^ 3�/K� (i) x1x2, x3x4, (ii) x1x3, x2x4, (iii) x1x4, x3x2.CO/KFYOY" GA. . x1, x2, x3, x4 	)nO<76<0%�"�H 2 YN{�\}( F b (7) �G�o y1, y2 66�_ y1, y2 ^℄^6<|��^ 1 Y�v y1 76<( x1, x2, y2 76<( x2, x4. a27 2 �( x1x3, x3x4. . x1, x2, x3, x4 	)nO<76<0%�"^�H 2 YN{�\}( F b (7) �G�o y1, y2 �66� y1, y2 ^℄^6<℄�u^ 2 Y�v y1 76<( x1, x2, x3, y2 76<( x2, x3, x4. a27 1 �( x1x4. . x1 76<0%�"^ 2 YN{�\}( F b
(7) �G�

(10) GA 8` K3,3.℄` GA � 3- �/��-"� c = 6, 2c− |A| − 1 ≤ 2, �Q GA ( 3- xp"�uK7"^ 2 YOY� K3,3, 7OY� C3 ×P2. ��7oOY�` 2 Yq�? (u1, u2, u3)l
(v1, v2, v3), l/ 3� uivi �4�uY"	)nO<76<0%�"^�H 2 YN{�\}( F b (7) �G�

(11) G 8` N .℄` GA d?4� e(Sx) = e(Sy) = 0, e(Y1, Sx) = e(Y2, Sx) = 3. 2Ed? G, 3�v F 7 f <b x1, x2 66� f ′ <b x3 66�o x′

1, x
′

2 ℄ x′

1, x
′

3 �7�'n G 	( 2, p x′

2, x′

3 �7�'n G 	( 4. o
d(x′

1, x
′

2) = 2℄ d(x′

1, x
′

3) = 3, x′

1, x
′

3 �7�D<fOY Sy 7< yl, x′

3 b xj v x′

j(j 6= l)�7�D< ( 4. o d(x′

1, x
′

2) = 3 ℄ d(x′

1, x
′

3) = 3, v x′

1, x
′

2 �7�D<( x′

1rsx
′

2,

x′

1, x
′

3 �7�D<( x′

1mnx′

3. o r = y1, s = y′

1, m = y2, n = y′

2, ^ d(x1, x
′

3) = 4. o
m = x1, n = y2, ^ d(y′

1, y2) = 4 v d(x2, x
′

3) = 4. o r = x1, s = y1, m = y2, n = y′

2,^ d(x1, x
′

3) = 4 v d(x′

1, x3) = 4. o r = x1, s = y1, m = y2, n = x3, ^ d(y′

1, y
′

2) = 4 v
d(x2, x

′

3) = 4. �Q��DLlIz d(x′

1, x
′

2) = 3 ℄ d(x′

1, x
′

3) = 2 7^?�v x′

1, x
′

2 �7�D<( x′

1rsx
′

2, x′

1, x
′

3 �7�D<( x′

1y2x
′

3. o r = x1, s = y1, ^
d(x′

2, x
′

3) = 4 v d(x′

2, x3) = 4. o r = y1, s = y′

1, Y1 7 y1 b 2 � A 	7�b,|�^
d(x′

2, x
′

3) = 4, Y1 7 y′

1 b 2 � A 	7�b,|�s24OY��( 3 7"�-D5%�7 9 � A �( {fx1, fx2, f
′x3, x2y2, x3y1, x

′

1y
′

1, x
′

1y
′

2, x
′

2y1, x
′

3y
′

2}.� G 	7 2- bs( 3- b���+` 3, �Q G 7<�MlH4�CY 2- btr �Q���.$��� G d(?)�F	7"&�91 �t
=S<xUg�%7�CRS��� ! / 0
[1] Chen J, Archdeacon D, Gross J L. Maximum Genus and Connectivity. Discr Math., 1996, 146: 19–29



5S *3G�1��Jgv�:G��~�& 3 5��rYl5 791

[2] Fu H, Tsai M. The Maximum Genus of Diameter Three Graphs. J. Austr. Combin., 1996, 14:

187–197

[3] Gross J L, Tucker T W. Topological Graph Theory. New York: Wiley-Interscience, 1987

[4] Huang Yuanqiu, Liu Yanpei. The Maximum Genus of Graphs with Diameter Three. Discr Math.,

1999, 194: 139–149

[5] Li Deming, Liu Yanpei. Maximum Genus, Girth and Connectivity. European Journal of Combina-

torics, 2000, 21: 651–657

[6] Nebesky L. A Characterization of the Maximum Genus af a Graph. Czechoslovak Math J., 1981,

31(106): 604–613

[7] Skoviera M. The Maximum Genus of Graphs of Diameter Two. Discr Math., 1991, 87: 175–180

[8] Xuong N. Upper Embeddable Graphs and Related Topics. J. Combin. Theory (Series B), 1979, 26:

226–232

Non-upper Embeddable Graphs with Diameter Three

LI Deming

(School of Mathematics, Capital Normal University, Beijing 100048)

LIANG Zhiyu

(Department of Mathematics, Hebei Institute of Architecture and Civil Engineering, Zhangjiakou 075000)

YANG Haizhen

(Department of Mathematics, Zhangjiakou Educational College, Zhangjiakou 075000)

LIU Mingju

(LMIB and Department of Mathematics, Beihang University, Beijing 100083)

Abstract It is showed that there is exact one class of 3-edge connected graphs of twelve
vertices with diameter three which is not upper embeddable.
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