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N OQPSRSTSUWVYX[Z]\S^S_S`SaSbScWdSeYfS\S^SgShS_S`SiSj
, kYlSmSnSo RWdYpSqSrSsStShuSvSwWxYySz VY{W| wWx X[ZYV wWx \S^S_S`

, }S~W�S�Y� dYpSqSrS�StSh wWxYySz V9���S� �Y���������������V�����������{�| w�x X�Z�V w�x \�^�_�`�a�b
, ������� ^�q�r�������q�r��� i�� } a�b���  ��¡�¢ . £�¤�¥ ��¦�§�¨�©�ª�«­¬®{�| w�x X�Z�V w�x \�^�¯�°�±�²�³�²�\�^VY´S�S�WVYµS¶S·STS¸S¹SºS»SµS¶WVY¼W½

; � �WVY´S�S�Si wWx \S^WVY�S�S¾ wWxY¿WÀ USÁ ;
wWx\S^W¯Y°SqSr £YÂ � � �S¾S±W²Y³W²Y\S^WVSÃS�YÄSÁWÅYÆS� wWx�¿WÀ VYµ�¶WÇYµS¶ .ÈSÉSÊ {W| wWx

;
\S^S_S`

;
�Y�W�S�Y�

; � ^SqSrS�W�S�YqSr ; £Y¤S¥ �Y¦S§ËSÌSÍSÎSÏ
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Two state variables evaluating model of venture capital investments
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Science, Chinese Academy of Sciences, Beijing 100190, China)

Abstract This paper is to build an evaluating model of V.C. investment in which convertible bonds are

chosen as the investment instruments. The model has two state variables to consider the influence of the

dynamic change of interest rate and we solve the evaluating model by changes of numeraire and changes of

time. The comparatively static analysis shows that the value of V.C. investment decreases firstly and then

increases with the increase of the volatility of the value of venture business, the change of the value of V.C.

investment caused by the change of the volatility of interest rate is affected by maturity to roll out, and the

value of V.C. investment is positive correlation to some factors such as convertible ratio, maturity to roll out

and the instantaneous correlation coefficient between interest rate and the value of venture business.

Keywords venture capital; evaluation; two state variables; changes of numeraire and time; comparatively

static analysis
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2 �������
: D e w P����

, @�A���� :
E <�Q�R�S�T�U�VXP�S�T�\�]�������U�VX� 7�� Q�R�T v������ P���  .¡ �

,
E <�Q�R�S�T�UWV¢P�S�T�\�]�����Q�R�T v�� � 7�£ ��UWV��i¤ l P���  .

Q�R�T v�� � d�e�Q�R�ST��
, ¥ T�¦���§�¨�©�ª�«�¬�­�®�¯�®���°�­�®�¯�® cW±i²�³�´�µ e�P�¶�����·�¸ ,

Q�R�T v�� £ ��UWV��¤ l P��� ���¹�º�:�¶�����·�¸�P�\�] . »�¼ ¶�½ ¥ Q�R�S�T�U�VXP�S�T�\�]�¾�¿���S�T�À £ ­�®�¯�®�ST���Á�¤ l P�¶�����·�¸�\�] .

2.1 Â�Ã�Ä�Å�Æ�Ç�È
1)
Q�R�T v�� ½�¶�����É�¸�¿�:�S�T�Ê�Ë c ­�®�¯�®�d�e�S�T .

º�Ì�Í�Î��
,
Q�R�T v���Ï ��¿�S�T�Ê

Ë�P�¶�����·�¸�Ð�¶�����Ñ�Ò�ÓÕÔ�¶�����É�¸���}�Ð�Ö�Ó�×�P�É�¸ b�Ø , Ù ¡ b À�P�Ú�Û�Ü�Ð v Û�P�Ý�Þ ,ß�à�á °�¶�����É�¸�¿�:�`�a���S�T�Ê�Ë�d�e�9�k
.

2) � S�T�â�� ,
­�®�¯�® c S�T�À�9�ã�P�Ó�H�ä�å ,

¶�½�æ�ç
. @�A�è�é Q�R�T v ��ê���ë���  , ì�í :D ¤ l h å�P�Ó�H�î�ï�ð�Ñ�Ò�ñ�ò�× ¥ ¶�����É�¸ ��m â�ó¢����:�Ó�ô .

Á�½
,
ß�à P�¶�����É�¸���õ � ���ö�÷�É�¸

, ø É�¸�ù�Ð�ú�û�Ð ��m â���ü T ý ¶�½�e�þ�����×�H , T ÿ ����¹���S�T�â�� .

3)
­�®�¯�®�Ó�ô�\���:

S(t), � Ð m
Ó

,
­�®�¯�®���Ð�õ � ����ö�÷�P�¶���É�:�����	�É ,

¶�����É�¸
P�\�]�:

CB(t), � Ð n 
 ,
­�®�¯�®�T���\�]�:

A(t), ��
 ¯�®�T���\�]�: :

A(t) = mS(t) + nCB(t) (1)

4)
¶�����É�¸ � T

��ü m â ,
v ¦���H�������:

K,
��Ó f��

α, ø 1 
 ¶�����É�¸�¶�����: α
Ó��
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5)
S�T0/0102 m Y Ø�ì03�� Ú �04 P�N�O , 5�A 906 Ù Y�< �07 I08�� (Ω, F , p) 90:0;0< C P0=0>

Brown ? J (W1(t), W2(t), t ∈ [0, T ])
� ¹��

.
/�1�q�@�À�¤ l P�A���B Ù σ-C B (Ft, t ∈ [0, T ])

� ¹��
.ß Y�<�Q�R 4�� ± H�I���­�®�¯�®�\�]�P�D�E�F�Ú . G H�I���¿�: E <�Q�R 4 P�H » � ± w�I [8],

� w 9�k
D H�I�Q�R c S�T�\�]�P�N�O , J ��Ü�Ð B C�E <�F�G�H�I�J�K�L�M�P�^�_�`�a ,

v�w ¥�K�L ß E�M�N .

6)
S�T0/01��0O0P�P

. @�A�è�é Q�R�S�Tg� ? ��P�S�T�Ê�Ë���¶�½0Q�¦0R0/01g�iP0S 5 ·�¸0T0U0O0PV ö
. ��W�X H�P�Y�Z�[ , \���] E P�^�\ ¡�_�` 7 I P

P 7 I�a�÷ Q,
þ l�b�c T���P�d�e�f�º�\���� E<

Q g .
ß E 7 I Q ø Á�h�P “

Q�R���Ú
” 7 I .

7)
/�1�H�I

r(t)
© £ Vasicek

`�a
.
Ð�i Ø�j�k H�I�J�K�L�M�`�a , l Vasicek

`�a Ô
CIR

`�a Ô
Hull-

White
`�a Ô

HJM
`�a�½���m�q�r�`�a�^

,
ß�n `�a�o�Ð�Ñ�p

.
v�w è�é H�I�© £ Vasicek

`�a
:

dr(t) = θ(µr − r(t))dt + σrdW1(t) (2)S��
θ
Ô

µr

�
σr

: Ï r
; t
¹������

; dW1(t) = ε
√

dt(ε
¹�� £ =�>�q�K�9�r���°�P E <�D0E�] , ø W1(t):�© £ =�>�r�s ? J�P�D�E�L�[ ).

H�I�½�t�I
θ uwv�x�y µr.

ß <�z�{�P
“ u�| ”

��© £ q�K�9�r�P�D�EU
σrdW1(t).

8)
­�®�¯�®�T���\�]

A(t) Ù�l [ n c r�s ? J � j�k :

dA(t)

A(t)
= µAdt + σA[ρdW1(t) +

√

1 − ρ2dW2(t)] (3)

S��
, µA

�
σA

9�6�¹���}�~����w��­�®�¯�®�T����� �I�P��� �I���=�>�Ý
; W2(t)

: < C ¡ W1(t)
P�� E

<�© £ =�>�r�s ? J ; ρdW1(t) +
√

1 − ρ2dW2(t)
ß E D�E���r�¶�½�¾�¿ E <�=�>0r�s ? J , 5 P���]�: 0,��Ý�:

dt; ρ ��� D ­�®�¯�®�T���\�] A(t)
��D�E�H�I

r(t)
P���� :���� r , |ρ| ≤ 1.

2.2 Â�Ã�Ä����F�G m ­�®�¯�®�Ð�¶�� í�� ��ñ�� , z º�T ì�� É�P�Y�Z , ø�� T
��ü�����T���¶���å ¡ É�¸�P t v ��

. Ù ¡ É�¸�P�ñ�ò�×�Ñ�Ò ¡ Ó�ô ,
Á�½ ��m âWó T

��ü�¶�����É�¸�P�\�]�:
: � ����T���å ¡ É�¸�P t v���

,
E 
 ¶���É�¶�½�¤ l ����T���P n

9�� E
; � ����T���� ¡ É�¸ t v ��� , J ¶���É � ��Ó���P�×� \�]0�0� ¡ É�¸�P v �����

,
Q�R�T v�� ¥ á0�0� e�ù�Ð�É�¸ ,

��É�P�\�]0����: v ���
; � ��Ó0��P�×� \�]�� ¡ É�¸�P v �����

,
É�¸�ù�Ð�ú ý�í Ì�����Ó�× | , ¥ É�¸�����:�Ó�ô . ø�� T

��ü�­�®�¯�®�P�Ó�×
\�]�:

:

mS(T ) =



















0, � A(T ) < nK

A(T ) − nK, � nK ≤ A(T ) ≤ m + nα

α
K

A(T ) − A(T )
nα

m + nα
, � A(T ) >

m + nα

α
K

(4)

����½ 9�b�Ø Y�Z ,
¶�½ G ­�®�¯�® � T

��ü�P�Ó�×�\�]�9���:�Y�=�9�\�]����
, l ¹ 1

Á��
.

�
1

����������&�(�) � A(T ) < nK � nK ≤ A(T ) ≤
m + nα

α
· K � A(T ) >

m + nα

α
K

��  ��� 0 A(T ) − nK A(T ) − nK

��¡ ��� 0 0 −
nα

m + nα
[A(T ) −

m + nα

α
· K]

Ù ¹ 1, � T
��ü > E =�9�Ó�×�\�]�¶�½�¹���: max[A(T ) − nK, 0],

Á�½ ß =�9�\�]�¶�½�¾�¿�� E <
½�­�®�¯�®�\�]�:�=�P�¢ Ô¢½

nK
:�£�e�\���P�¤�¥�¾�¦�â�×�P0i�§

; � T
��ü >�? =�9�Ó�×�\�]�¶�½�¹��:

− nα
m+nα

max[A(T ) − m+nα
α

K, 0],
Á�½ ß =�9�\�]�¶�½�¾�¿�� E <

nα
m+nα


 ½�­�®�¯�®�\�]�:�=�P�¢ Ô½
m+nα

α
· K
:�£�e�\���P�¤�¥�¾�¦�â�×�P�8�§

, »�¼ Ð�Ó�×�\�] :

mS(t) = c[A(t), nK, T − t] − nα

m + nα
· c

[

A(t),
m + nα

α
· K, T − t

]

(5)
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S��
, c[A(t), nK, T − t]

��½�­�®�¯�®�\�]�:�=�P�¢ Ô ½
nK
:�£�e�\���P�¤�¥�¾�¦�â�×�i�§�P�\�]

; c[A(t),
m+nα

α
· K, T − t]

��½�­�®�¯�®�\�]�:�=�P�¢ Ô ½
m+nα

α
· K
:�£�e�\���P�¤�¥�¾�¦�â�×�i�§�P�\�]

.

Ù (1)
¥��

(5)
¥�¶ l ,

¶�����É�¸�P t \�]�: :

nCB(t) = A(t) − mS(t)

= A(t) − c[A(t), nK, T − t] +
nα

m + nα
· c

[

A(t),
m + nα

α
· K, T − t

]

= −p[A(t), nK, T − t] + nK · P (t, T ) +
nα

m + nα
· c

[

A(t),
m + nα

α
· K, T − t

]

(6)

9 ¥���´�� E�µ L���� m D ¤�¥�â�×�P y \���¥ , −p[A(t), nK, T − t]
¹���½�­�®�¯�®�\�]�:�=�P�¢ Ô ½

nK:�£�e�\���P�¤�¥�¾�¶�â�×�8�§�P�\�]
; P (t, T )

¹�� � ��ü T m â�P�·�]�: 1
P W Q�R�¸���ô�É�¸ � t

�
ü�P�\�]

; nK · P (t, T )
¹���£�e�\��

nK � ��ü t
P�º�]

.

c ¡ Q�R�T v����0¹ ,
Q�R�S�T�P�S�T�\�]

V (t)
��� £ Á�ù�Ð�P�¶�����É�¸�¤ l P���  , ø ¶�����É¸�P�\�]

.
¡ ��Q�R�S�T � ��ü t

P�S�T�\�]
:

V (t) = −p[A(t), nK, T − t] + nK · P (t, T ) +
nα

m + nα
· c

[

A(t),
m + nα

α
· K, T − t

]

(7)

Ù ¡ S�T�À�{�p ��º�� UWV¢S�T�»�¼ ø t = 0
��P�S�T�\�]

V (0),
î

t > 0
��ü�P�\�]�½�¾�p�����¿�P

A���o�¿�À�Á�q�r�]
,
Á�½ @�A û�¾�Â�� V (0),

V (0) = −p[A(0), nK, T ] + nK · P (0, T ) +
nα

m + nα
· c

[

A(0),
m + nα

α
· K, T

]

(8)

����¥
(8)(
��������Ã�}�~

), @�A ��¶�½ l�m�� UWV¢S�T�»�¼ ø t = 0
��P�S�T�\�]

:

V (0) = A(0)

[

nα

m + nα
· N(d1) + N(d3)

]

− P (0, T ) · nK · [N(d2) + N(d4) − 1] (9)

S��
,

N(x) =
1√
2π

∫ x

−∞

e−
t2

2 dt

d1 =
ln

[

A(0)
m+nα

α
K·P (0,T )

]

+ 1
2ϕ(T )

√

ϕ(T )
, d2 = d1 −

√

ϕ(T )

d3 =
ln

[

A(0)
nK·P (0,T )

]

+ 1
2ϕ(T )

√

ϕ(T )
, d4 = d3 −

√

ϕ(T )

ϕ(T ) =

∫ T

0

[σ2
A + σ2

P (u, T ) + 2ρσAσP (u, T )]du, σP (t, T ) = σr

[

1 − exp(−θ(T − t))

θ

]

P (0, T ) = U(0, T ) · exp[−g(0, T ) · r(0)]

U(0, T ) = exp

[

(g(0, T )− T )(θ2µr − σ2
r

2 )

θ2
− σ2

r (g(0, T ))2

4θ

]

, g(0, T ) =
1 − exp(−θT )

θ

3 ÄÆÅÆÇÆÈÆÉÆÊ
£ ¹�Ë�¥ (9)

¶�½�¾ z ,
`�a ì ��� ��z D�E <0Ì�}�P0��¥ , Í���z D �� �Î�ã���Ï�P0o�Ð0Ñ ( � `�a��¹�º�:�q�r

) c Q�R�S�T�UWV¢P�S�T�\�]�P�N�O . Ò � f�h�j K�Î�k , @�A ¶�½ l�m Q�R�S�T�UWV¢S�T�\]�P 4�Ó
.Ô

1 ��z D � q�r A(0) = 100, r(0) = 0.04, K = 1, m = 50, n = 40, α = 1, θ = 0.2, ρ = 0.3, µr =

0.06, σA = 1.6
P�Ð�Õ�[

,
H�I�P�Ö�J�I £ 0 9�×�m 20%

�
,
S�T�\�]�D�Ø�S�T�â���P�L�M

(£ 0.5 Ù�m 7 Ù )� l�c L�M�P .
Ô

1 Ú � D S�T�\�]�Ë�Ð l [�Ú�Û : 1) ��Û�� Ð�Õ�[ ,
Q�R�S�T�UWV¢P�S�T�\�]�D�Ø�S�T�â

��P�Ü���î�Ü��
; Ý�Þ ��ß�à , ��è�� Ð�Õ�[ , T ∈ (0.5, 7), σr ∈ (0, 0.2)

�
, ∂V (0)

∂T
> 0; 2) ��Û�� Ð�Õ�[ , � ST�â�� h�á �

,
Q�R�S�T�UWV¢P�S�T�\�]�D�Ø�H�I�P�Ö�J�I�P0Ü���â�º z Ò�ã��0��Ü0��P�ä0å ; æ D�Ø�S�Tâ0��P0Ü0ç

,
S�T�\�] £ ã0� m Ü0��P���L í��0Ý ��P�H�I0Ö�J�I0è µ0é ;

ß @�A���� P�r0�0Ð0Õ0[ , � �



�
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ä�å � S�T�â�����ê�: 5.83 Ù ��ë�ì , � â���� ¡ 5.83 Ù � ,
Q�R�S�T�UWV¢P�S�T�\�]�D�Ø�H�I�P�Ö�J�I

P�Ü���î�Ü��
. Ý�Þ ��ß�à , ��@�A���� P�r���Ð�Õ�[ , � 0.5 < T < 5.83

�
, σr ∈ (0, 0.2)

�
, ∂V (0)

∂σr

D�Ø
σrP�Ü���í�î Ù 	�]�Ü���:�q�] ; � 5.83 ≤ T ≤ 7

P�Y�Z�[��
, σr ∈ (0, 0.2)

�
, ∂V (0)

∂σr
> 0; 3)

S�T�\�]�D�Ø�H
I�Ö�J�I�P�Ü���½ Ý ��t�÷�ï�ã�ð�½ Ý�ñ P�t�÷�Ü�ç . Ý : Þ ��à , ��è�� Ð�Õ�[ , T ∈ (0.5, 7), σr ∈ (0, 0.2)�

, ∂2V (0)
∂σ2

r
> 0; 4)

S�T�\�] � H�I�Ö�J�I h ��� ,
D�Ø�S�T�â���P�Ü���½ Ý�ñ P�t�÷0Ü�ç . Ý�Þ ��ß�à , �

è�� Ð�Õ�[ , T ∈ (0.5, 7), σr ∈ (0, 0.2)
�

, ∂2V (0)
∂T 2∂σr

> 0, æ ∂2V (0)
∂T 2

D�Ø
σr

P�Ü�� £ 	�]�í�î�Ü�ç�:�q�] .
Ú

Û
2)
Ô

4) Ú � D H�I�P�Ö�J�I���S�T�â���P�ò ; ¿�� . ��@�A�ó L�Á�ô�ö�P�q�r�]�� , @�A�l�m D�õ�ö P u÷
.

ø
1 A0 = 100, r0 = 0.04, k = 1, m = 50, n = 40, α = 1, θ = 0.2, ρ = 0.3, µ = 0.06, σA = 1.6

ø
2 A0 = 100, r0 = 0.04, k = 1, m = 50, n = 40, α = 1, θ = 0.2, ρ = 0.3, µ = 0.06, σr = 0.1

Ô
2 ��z D � q�r A(0) = 100, r(0) = 0.04, K = 1, m = 50, n = 40, α = 1, θ = 0.2, ρ = 0.3, µr =

0.06, σr = 10%
P�Ð�Õ�[

,
­�®�¯�®�\�]�P�Ö�J�I £ 0 9�×�m 200%

�
,
S�T�\�]�� l�c D�Ø�S�T�â���P�L�M

( £ 0.5 Ù�m 7 Ù )
L�M�P

.
Ô

2 Ú � D S�T�\�]�Ë�Ð l [�Ú�Û : 1) ��Û�� Ð�Õ�[ ,
Q�R�S�T�UWV¢P�S�T�\�]

D�Ø�­�®�¯�®�\�]�P�Ö�J�I�Ü���â�º z Ò�ã�����Ü���P�F�ù ; Ý�Þ ��ß�à , ��è�� Ð�Õ�[ , T ∈ (0.5, 7), σA ∈
(0, 2)

�
, ∂V (0)

∂σA

P�]�D�Ø
σA

P�Ü���í�î Ù E <�	�]�Ü���:�q�] ; 2) ��Û�� Ð�Õ�[ ,
S�T�\�]�P�Ü�ç�t�÷�D

Ø�­�®�¯�®�\�]�P�Ö�J�I�Ü���â�º z ï�ã�P�F�ù ; Ý : Þ ��ß�à , ��è�� Ð�Õ�[ , ∂2V (0)
∂σ2

A

D�Ø
σA

P�Ü�� £ E<�� ¡ ¸�P�]�í�î�ã�� m E <�� ¡ ¸�] , c ¡ T ∈ (0.5, 7), σA ∈ (0, 2); 3)
­�®�¯�®�\�]�P�Ö�J�I���S�T�â��

����Ü�Ð Ú � zwú�Ú P�ò ; ¿�� , ø ­�®�¯�®�\�]�P�Ö�J�I c S�T�\�]�P�û I�ü�v ì 2�S�T�â0��P�N�O . �
@�A�ó L�Á�ô�ö�P�q�r�]�� , @�A � l�m D�õ�ö P u ÷ .

Ô
3 ��z D � q�r A(0) = 100, r(0) = 0.04, K = 1, m = 50, n = 40, θ = 0.2, ρ = 0.3, µr = 0.06, σr =

10%, σA = 160%
P�Ð�Õ�[

,
¶�����·�¸�P���� f�� £ 0.1 9�×�m 10

�
,
S�T�\�]�� l�c D�Ø�S�T�â���P�L
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M
( £ 0.5 Ù�m 7 Ù )

L�M�P
.
Ô

3 Ú � D S�T�\�]�Ë�Ð l [�Ú�Û : 1) ��Û�� Ð�Õ�[ ,
Q�R�S�T�UWV¢P�S�T�\

]�D�Ø���� f�� Ü���î�Ü��
; Ý : Þ ��ß�à , ��è�� Ð�Õ�[ , T ∈ (0.5, 7), α ∈ (0.1, 10)

�
, ∂V (0)

∂α
> 0; 2) ��Û

� Ð�Õ�[ ,
S�T�\�]�P�Ü�ç�t�÷�D�Ø���� f�� P�Ü�ç�î�ã��

; Ý : Þ ��ß�à , ��è�� Ð�Õ�[ , T ∈ (0.5, 7), α ∈
(0.1, 10)

�
, ∂2V (0)

∂α2 < 0; 3)
¶�����·�¸�P���� f�� ��S�T�â�������Ü�Ð Ú � zwú�Ú P0ò ; ¿�� ,

��� f�� cS�T�\�]�P�û I�ü�v ì 2�S�T�â���P�N�O . ��@�A�ó L�Á�ô�ö�P�q�r�]�� , @�A � l�m D�õ�ö P u ÷ .

Ô
4 ��z D � q�r A(0) = 100, r(0) = 0.04, K = 1, m = 50, n = 40, θ = 0.2, α = 1, µr = 0.06, σr =

10%, σA = 160%
P0Ð0Õ0[

,
­�®�¯�®�T0��\�]

A(t)
�0D0E�H�I

r(t)
P0��� :0�0� r ρ £ −1

L�M m 1�
,
S�T�\�]�� l0c D0Ø�S�T�â0��P�L�M ( £ 0.5 Ù�m 7 Ù )

î�L�M�P
.
Ô

4 Ú � D S�T�\�]�Ë�Ð l [�ÚÛ
: 1) �0Û�� Ð0Õ0[ ,

Q�R�S�T�U�VXP�S�T�\�]0D0Ø0��� :0�0� r0Ü0��î0ã0� ; Ý : Þ �0ß0à , ��è�� Ð0Õ[
, T ∈ (0.5, 7), ρ ∈ (−1, 1)

�
, ∂V (0)

∂ρ
< 0; 2) ��Û�� Ð�Õ�[ ,

��� :���� r c S�T�\�]�Ü�ç�P�t�÷�N�O ìwú
Ú ; 3)

��� :���� r���S�T�â�������Ü�Ð Ú � zwú�Ú P�ò ; ¿�� ,
��� f�� c S�T�\�]�P�û I�ü�v ì 2�S�Tâ���P�N�O

. ��@�A�ó L�Á�ô�ö�P�q�r�]�� , @�A�ÿ�ý�l�m D�õ�ö P u ÷ .

ø
3 A0 = 100, r0 = 0.04, k = 1, m = 50, n = 40, θ = 0.2, ρ = 0.3, µ = 0.06, σr = 0.1, σA = 1.6

ø
4 A0 = 100, r0 = 0.04, k = 1, m = 50, n = 40, θ = 0.2, ρ = 0.3, µ = 0.06, σr = 0.1, σA = 1.6

4 þÆÿ
� ¡ º�Ð�P�UWV¢\�]�^�_�`�a���½ t�� \�]�¿�:�^�_ c�� , 5�A�ì�� U ¡ ½�¶�����·�¸�:�{�p�S�T�Ê�ËP�Q�R�S�T�UWV¢P�S�T�\�]�^�_

, @�A�B C�D�E <�½�¶�����É�¸�:�S�T�Ê�Ë�P�Q�R�S�T�UWV¢P�S�T�\�]�^ _`�a
. @�A�è�é H�I�© £ Vasicek

`�aÕÔ ­�®�¯�®�P�T���\�]�© £ n c r0s ? J , � ¤ l�:�� S�T���Ï l Ó

 rÕÔ ¶�����É�¸�r�[ÕÔ ��� f � ^ :0� A0��P�Ð0Õ0[ , B C�D�E <�Q�R�S�T�UWVXP�S�T�\�]�^�_�`�a , �H�����ö�����P���� c Á B `�a�d�e D ��� , l�m ��k�� .
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d E�µ ß
, @�A�c Á B C P�`�a�d�e f�h�j K�Î�k , @�A�l�m D {�p u ÷ l [ : 1) ��Û�� Ð�Õ�[ ,

Q�R�S
T�U�VXP�S�T�\�]0D0Ø�S�T�â0��P0Ü0��î0Ü0�

; �0Û�� Ð0Õ0[ , � S�T�â0� h0á � ,
Q�R�S�T�U�VXP�S�T�\

]�D�Ø�H�I�P�Ö�J�I�P�Ü���â�º z Ò0ã����0Ü���P�ä�å ; æ D�Ø�S�T�â���P�Ü�ç ,
S�T�\�] £ ã�� m Ü���P��L í��0Ý ��P�H�I0Ö�J�I0è µ0é ;

S�T�\�]0D0Ø�H�I0Ö�J�I�P0Ü0��½ Ý �0t�÷0ï0ã0ð�½ Ý0ñ P0t�÷0Ü0ç ;S�T�\�] � H�I�Ö�J�I h ��� ,
D�Ø�S�T�â���P�Ü���½ Ý�ñ P�t�÷�Ü�ç ; 2)

Q�R�S�T�UWV¢P�S�T�\�]�D�Ø�­
®�¯�®�\�]�P�Ö�J�I�â�º z Ò�ã�����Ü���P�F�ù ;

S�T�\�]�P�Ü�ç�t�÷�D�Ø�­�®�¯�®�\�]�P�Ö�J�I�Ü���â�º
z ï�ã�P�F�ù ;

­�®�¯�®�\�]�P�Ö�J�I���S�T�â�������Ü�Ð Ú � zwú�Ú P�ò ; ¿�� ; 3)
Q�R�S�T�UWV¢P�S�T

\�]�D�Ø���� f�� Ü���î�Ü��
;
S�T�\�]�P�Ü�ç�t�÷�D�Ø���� f�� P�Ü0ç�î0ã��

;
¶�����·�¸�P���� f�� �

S�T�â�������Ü�Ð Ú � zwú�Ú P�ò ; ¿�� ; 4)
Q�R�S�T�UWV¢P�S�T�\�]�D�Ø���� :���� r�Ü���î�ã�� ;

���
:���� r c S�T�\�]�Ü�ç�P�t�÷�N�O ìwú�Ú ;

��� :���� r���S�T�â�������Ü�Ð Ú � zwú�Ú P�ò ; ¿�� .

�	�

� ß E =�Î , @�A�¥ ��� w�I [14] 
�z P���ö���������������P���� c ¥ (8)
d�e����

. Ù ¡ /�1���OP�P
,
Ü�Ð X H�E í ,

Á�½ b�c T�� G :�c ¡ B(t)
P�\���� E <

Q g .
/�1�P�O�P�Ú�����Ø \���] E P�^\ ¡�_�` 7 I P

P�a�÷
Q g ,

þ l�b�c ¦�R�T���P�\�� f T v M »�
 B(t)
�

Q
[�P E < g , ø�b�c ¦�RT�� � ¡ ��ö B(t)

�
Q g .

w�I
[15] ��z ,

S�� ì�ÿ ¡ B(t)
P�[���¶�½�¿�:���ö

.
Á�½

, @�A ¶�½�� l [µ�� d�e����
.

� p�����¥ (8), @�A û�¾�� z c[A(t), m+nα
α

· K, T ]
�

p[A(t), nK, T ]
P�]

.����� @�A�G ¤�¥�� � ×� �T�� ��� : E < FT -
¶�a�P�m�	

L2
D�E�L�[

. l | ß E T���P�ù�Ð�À��Ð � ��ü t = T
� m ´���D�E���� h(T )

P�×�H
,
S��

h(T )
�

FT -
¶�a�P�D�E�L�[

, ��
�5�� ��ü t
P�\�]

Gt

¶�½���[���Q�R���Ú 7 I Q
[�P�Ð�Õ�â�� � ¹ k :

Gt = EQ

[

h(T )

B(T )

∣

∣

∣

∣

Ft

]

(10)

S��
, EQ[·]

� 7 I Q
[ � ¡ σ-C F

P�Ð�Õ�â���� 
 .

� t = 0
��ü

,
��T���P�\�]

G0 = EQ

[

h(T )

B(T )

]

(11)

��� w�I
[14] 
�z P���ö�������� , \���l [ u ÷ :

c ¡ b � E Ø�ì Î���P�T�� ,
S � t

��ü�\�]�¹���:
X(t), X(t) � t ∈ (0, T )

��� 9 n����� :�q ,
½

\�� E <�P 7 I�a�÷ QX !�" l [ ��� :

dQX

dQ
=

X(T )

X(0)
· B(0)

B(T )
(12)

� þ l0b0c T0� :�c ¡ X(t)
P�\�]�� E <

QX -g . X(t)
Q$#�:���ö

.
Á�½

, u U0¥ (11), b0c T0� G �
t = 0

��ü�P�\�]�¶�½�o�¿�%�:
:

G0 = EQ

[

h(T )

B(T )

]

= X(0) · EQX

[

h(T )

X(T )

]

(13)

�$&$� @�A�¥ Î06 á0� � ��ü T m â�P0·�]�:�P W Q�R0¸0��ô�É�¸�P�\�] P (t, T )
��­�®�¯�®�\�]

A(t)
¿�:���ö

.

Ù w�I [16], � ��ü T m â�P�·�]�: 1
P W Q�R�¸���ô�É�¸ � t

��ü�P�\�]
P (t, T )

P�J�K���� !�" �
7 I Q

[
, c�b�c ��ü t

© £ :

dP (t, T )

P (t, T )
= r(t)dt − σP (t, T )dW1(t) (14)
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S��
,

P (T, T ) = 1, σP (t, T ) = σr

[

1 − exp(−θ(T − t))

θ

]

,

P (t, T ) = U(t, T ) · exp[−g(t, T ) · r(t)], U(t, T ) = exp

[

(g(t, T ) − T + t)(θ2µr − σ2
r

2 )

θ2
− σ2

r (g(t, T ))2

4θ

]

,

g(t, T ) =
1 − exp(−θ(T − t))

θ
,º ��@�A á�� � ��ü T m â�P�·�]�: 1

P W Q�R�¸���ô�É�¸�P�\�] P (t, T )
¿�:���ö

, ø�'
X(t) = P (t, T ) (15)

Ù ¥ (13)
Ô

(15)
�

P (T, T ) = 1, @�A ¶�½ l�m�b�c T�� G � t = 0
��ü�P�\�]�:

:

G0 = X(0) · EQX

[

h(T )

X(T )

]

= P (0, T ) · EQP

[

h(T )

P (T, T )

]

= P (0, T ) · EQP

[h(T )] (16)S��
, QP

:�¿���ö
P (t, T )

����[�P�¿�P 7 I�a�÷ .��(�)�·�P����
, * á�� ½�­�®�¯�®�\�] A(t)

d�e�� E <���ö����
,
½ \�� E <�P 7 I�a�÷ QA !�"

l [ ��� :

dQA

dQP
=

A(T )

A(0)
· P (0, T )

P (T, T )
(17)

Ù ¥ (13), l�m�b�c T�� G � t = 0
��ü�P�\�]�:

G0 = A(0) · EQA

[

h(T )

A(T )

]

(18)

u U�¥ (17)
��¥

(18), @�A ¶�½ l�m :

G0 = P (0, T ) · EQP

[h(T )]

= A(0) · EQA

[

h(T )

A(T )

]

(19)

��+�� � ½ 9 P�Î�k�P ü�, 9 , @�A � z V (0).
Ò��

c[A(t), m+nα
α

· K, T ].

c

[

A(t),
m + nα

α
· K, T

]

= P (0, T ) · EQP

[(

A(T ) − m + nα

α
· K

)

· 1 A(T )
P (T,T )

≥
m+nα

α
·K

]

= P (0, T ) · EQP

[

A(T ) · 1 A(T )
P (T,T )

≥m+nα
α

·K

]

− P (0, T ) · EQP

[

(m + nα)K

α
· 1 A(T )

P (T,T )
≥m+nα

α
·K

]

= A(0) · EQA

[

A(T )

A(T )
· 1 A(T )

P (T,T )
≥

m+nα
α

·K

]

− P (0, T ) · EQP

[

(m + nα)K

α
· 1 A(T )

P (T,T )
≥

m+nα
α

·K

]

= A(0) · EQA

[

1P (T,T )
A(T )

≤
m+nα

α
·K

]

− P (0, T ) · EQP

[

(m + nα)K

α
· 1 A(T )

P (T,T )
≥

m+nα
α

·K

]

= A(0) · EQA

[

1P (T,T )
A(T ) ≤

m+nα
α

·K

]

− P (0, T ) · (m + nα)K

α
· EQP

[

1 A(T )
P (T,T )≥

m+nα
α

·K

]

(20)

��-�. ¥ (20)
P�/�r�0 b µ �21�3 ? ��4�¥ (19)

P u ÷ .

ÿ ¨�¶ l :

p[A(t), nK, T ] = P (0, T ) · EQP [

(nK − A(T )) · 1nK≥A(T )

]

= −A(0) · EQA

[

1P (T,T )
A(T )

≤nK

]

+ P (0, T ) · nK · EQP

[

1 A(T )
P (T,T )

≥nK

]

(21)

����¥
(20)

��¥
(21)

¶�5
,
p�� z c[A(t), m+nα

α
· K, T ]

�
p[A(t), nK, T ],

û�¾�� z
EQA

[

1P (T,T )
A(T )

≤
m+nα

α
·K

]

, EQP

[

1 A(T )
P (T,T )

≥
m+nα

α
·K

]

, EQA

[

1P (T,T )
A(T )

≤nK

] �
EQP

[

1 A(T )
P (T,T )

≥nK

]

ø ¶ .
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Ù�9 w Î�k�¶�5 , A(t)/P (t, T )
�

P (t, T )/A(t)
Î�6��

QP -g � QA-g , æ !�" :

〈

ln
A(t)

P (t, T )

〉

t

=

〈

ln
P (t, T )

A(t)

〉

t

=

∫ t

0

[σ2
A + σ2

P (u, T ) + 2ρσAσP (u, T )]du (22)

'
ϕ(t) =

∫ t

0

[σ2
A + σ2

P (u, T ) + 2ρσAσP (u, T )]du (23)

½

ϕ(T ) =

∫ T

0

[σ2
A + σ2

P (u, T ) + 2ρσAσP (u, T )]du (24)

��� w�I
[17–18] 
�z�g ��������¨ ÷ , \�� Y�6�=�> Brown ?�7 BP

�
BA
Î�6 �

QP -g � QA-g [ ,
þ l

A(t)

P (t, T )
=

A(0)

P (0, T )
· exp

[

BP
ϕ(t) −

1

2
ϕ(t)

]

(25)

P (t, T )

A(t)
=

P (0, T )

A(0)
· exp

[

BA
ϕ(t) −

1

2
ϕ(t)

]

(26)

u U�¥ (22)
Ô

(25)
Ô

(26),
¶�½ l�m :

EQA

[

1P (T,T )
A(T )

≤m+nα
α

K

]

= EQA

[

1
BA

ϕ(T )
≤ln A(0)

m+nα
α

·K·P (0,T )
+ 1

2 ϕ(T )

]

= N (d1) (27)

S��

N(x) =
1√
2π

∫ x

−∞

e−
t2

2 dt, d1 =
ln

[

A(0)
m+nα

α
K·P (0,T )

]

+ 1
2ϕ(T )

√

ϕ(T )

EQP

[

1 A(T )
P (T,T )

≥
m+nα

α
K

]

= EQP

[

1
BP

ϕ(T )
≥ln A(0)

m+nα
α

·K·P (0,T )
+ 1

2 ϕ(T )

]

= N (d2) (28)

S��

d2 =
ln

[

A(0)
m+nα

α
K·P (0,T )

]

− 1
2ϕ(T )

√

ϕ(T )
= d1 −

√

ϕ(T )

EQA

[

1P (T,T )
A(T ) ≤nK

]

= EQA

[

1
BA

ϕ(T )
≤ln A(0)

nK·P (0,T ) + 1
2 ϕ(T )

]

= N(d3) (29)

S��

d3 =
ln

[

A(0)
nK·P (0,T )

]

+ 1
2ϕ(T )

√

ϕ(T )
,

EQP

[

1 A(T )
P (T,T )

≥nK

]

= EQP

[

1
BP

ϕ(T )
≥ln A(0)

m+nα
α

·K·P (0,T )
+ 1

2 ϕ(T )

]

= N(d4) (30)

S��
d4 =

ln[ A(0)
nK·P (0,T ) ]−

1
2 ϕ(T )√

ϕ(T )
= d3 −

√

ϕ(T ).

¥ ¥ (27)–(30) 8 ¬�¥ (20)
��¥

(21)
��¶�½ l�m :

c[A(t),
m + nα

α
· K, T ] = A(0) · N(d1) − P (0, T ) · (m + nα)K

α
· N(d2) (31)

p[A(t), nK, T ] = −A(0) · N(d3) + P (0, T ) · nK · N(d4) (32)

¥ ¥ (31)
Ô

(32) 8 ¬�¥ (8)
¶ l , � UWV:9�;�»�¼ ø t = 0

��<�9�;�\�]
:

V (0) = A(0)[
nα

m + nα
· N(d1) + N(d3)] − P (0, T ) · nK · [N(d2) + N(d4) − 1]
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S��
,

N(x) =
1√
2π

∫ x

−∞

e−
t2

2 dt

d1 =
ln

[

A(0)
m+nα

α
K·P (0,T )

]

+ 1
2ϕ(T )

√

ϕ(T )
, d2 = d1 −

√

ϕ(T )

d3 =
ln

[

A(0)
nK·P (0,T )

]

+ 1
2ϕ(T )

√

ϕ(T )
, d4 = d3 −

√

ϕ(T )

ϕ(T ) =

∫ T

0

[σ2
A + σ2

P (u, T ) + 2ρσAσP (u, T )]du, σP (t, T ) = σr

[

1 − exp(−θ(T − t))

θ

]

P (0, T ) = U(0, T ) · exp[−g(0, T ) · r(0)]

U(0, T ) = exp

[

(g(0, T )− T )(θ2µr − σ2
r

2 )

θ2
− σ2

r (g(0, T ))2

4θ

]

, g(0, T ) =
1 − exp(−θT )

θ

=�>�?�@
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