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Spare parts (s, S) inventories system based on Phase-type distribution and

Markovian arrival process

CHEN Tong, HUANG Zhuo, GUO Bo

(Systems Engineering Department, College of Information Systems and Management, National University of Defense Technology,

Changsha 410073, China)

Abstract This paper investigated the system that consists of several same items, and assumed the life

time, replacement repair time of items and the replenishing time follow the continuous time Phase-type(PH)

distribution, instead of the exponential distribution or others typical distributions. Then it was proven that

the spare parts demand process is a Markovian arrival process(MAP). Based on this conclusion, this paper

studied the (s, S) inventories model, and got the distributions and the parameters of the first order time,

cycle time and stock out time about this inventories system. Finally, a numerical example was given to

illustrate the effectiveness of the model.

Keywords Phase-type distribution; Markovian arrival process (MAP); spare parts demand; inventories
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ºC»C¼C½C¾C¿
. PH

ÏCÐC¸�=�>�?�@ � : A�B ÏCÐ�C�D���E�FCöCý�G�HC¸ PH
ÏCÐ�I (�JCè�K�A�L�M�N ¸ �O

, 	�
 PH
ÏOÐ�D��Oñ�P�QOÜ�ROÁOÂOÃOÏOÐO¸OöO÷�S�T

. U ÄO·OÅOÆO» � ·��� OÉOÊOËOÌ PH
ÏOÐO¸�%

V�W
,
ù���X�Y�> �O� ¸O¶O·O¹OºOâ � Ü�Z�[�D�\ K�] â � (Markovian Arrival Process, MAP). MAP ^

U [0, +∞)
¸�_�`�aCÊ W

,
Ó�b�c�@Câ ��^���d�e ¸ [7] ; Ú�f�gCæ D���h�T�RCÁ�iCñO¸�@Câ � [8] , j�k�l â� d PH )�m â ��n . ë�o MAP

ùCú�p�qC¸�r�@
[9], fCæ ï�s U�t�u ûCüCÖC¿C¸CÊ�v é ¹Cº�r�@C¸C¶C·C¹CºÉ

,
S�w�>yxAÍCÎ�b�zCô n�t�u ßCô )�* ¸ é ï .

�Câ�{y|~}Cý �C� ¸C¶C·C¹CºCâ ��� MAP,
à�D�� U ���¼O½O¾O¿OÉ

, ��� ðOñ MAP
QOÜO¶O·O¹OºO¸�%OùOÂOÃ

, Ú�� ¸O¾O¿�h�T ) ûOü���� é , ø É�� f�g�U�
 %V�W ×Cö������C¸CÇCÈCÉCÊCËCÌ
PH
ÏCÐC¸C¼C½C¾C¿CûCüCÝ )�� ¸�GCñ��y� .ù�����������p����

: � 2 ����� Ý�����% V���� ; U�� 3 ��� >OÝOù��O¸O¾O¿OÂOÃ ; U�� 4 �����
PH
ÏCÐC»

MAP é�� ,
X�Y�>�}Cý �C� ¸C¶C·C¹Cº � öCý MAP; ��U���� ¸ � 5 � ���CÝC¶C·C¹CºCâ � Ü

MAP,
ÇCÈCÉCÊCËCÌ

PH
ÏCÐC¸

(s, S)
¼C½ �C� ¾C¿ , � >CÝC¼C½C¾C¿C¸Cö Û �����CÎ ; U ����� ��� >CÝöCý��� 

,
{ � ÝCù��C¾C¿C¸�DCØ é .

2 ¡£¢£¤£¥
¦�§ ��� PH

ÏCÐC»�#�$CÉCÊ�Z�[�D�\ K�] â � ¸Cü���_�¨ .©�ª
1[4] [0, +∞)

W ¸�_�`CÏCÐ�«CÎ
F (·) ¬ Ü PH

ÏCÐ
,
H o�­ H (�� öCýCü���®�¯�Z�[�°�\Câ � ¸±�²CÉCÊCÏCÐ

,
üCÏCÐ�«CÎ

F (x) = 1 − α exp(Tx)e (1)

æy³ T
Ü

m ´ ß�µ , α = (α1, α2, · · · , αm)
Ü æ�¶ ¯C¸�·�¸�_�`y¹~º , e

Ü�»�¼�"CÜ
1
¸

m ´�½ ¹~º , (α, T )

¬ Ü�¾ PH
ÏCÐC¸

m ´ S�¿ . PH
ÏCÐ ³ ¸�ÀCöCý ¶ ¯ ¬ Ü���Á .©�ª

2[10]
öCý )�m â � ¸CÊ�Â K�] ÉCÊCÏCÐCü m ´ PH

S�¿
(α, T ), ¬ Ü PH )�m â � (Phase-Type

Renewal Processes).��iCÜCÝCßCà
,
ÂCÃ

PH )�m â � ¸ αm+1 = 0, Ã�)�m Ê�Â ç ïCÜ�Ä .©�ª
3[11]

HCöCý�#�$CÉCÊ�Z�[�D�\Câ � ¸�Å�Æ�Z�[�D�\�ÇCÜ�È�i�ÉC¸ , o ûCü�®�¯�Ê ��Ë µ P ; Ì�ÍÎ ��ÏC¸y¹~º ¬ Ü�¾�#�$CÉCÊ�Z�[�D�\Câ � ¸�c�¯�_�`y¹~º :

πP = π (2)Ð ¾�#�$CÉCÊ�Z�[�D�\Câ � ¸�Ñ�Ò�Ó�Ô�Õ�»CÜ U , Ì ü πU = 0, o π
¸�ÖCýCÏ�º�×C»CÜ

1.©�ª
4[9]

öCýCü�� ç D�Ø�Z�[�D�\�ÇCûCü�®�¯�aCÊ S = {1, 2, · · · , m},
Ã

D
Ü�¾�Z�[�D�\�ÇC¸�Ñ�Ò�Ó

Ô�Õ�»
. U ®�¯ i

¸�ÙyÚAÉCÊCËCÌ��CÎCÜ
λi

¸CÍCÎCÏCÐ
, U ¾�®�¯ Ã�Û ��ÜCÉ ,

ü�� ½�Ý ý�ÞC·�×Cö�ß�Ô :

1)
½ U öCý�Z�[�D�\�Ç , f�g Ì�®�¯ i K j(1 ≤ i, j ≤ m)

¸�Ê�à ³ ,
üCöCý�ÞC· K�] ¸�_�`CÜ pij(1);

2)
½ U öOý�Z�[�D�\�Ç , f�g Ì�®�¯ i K j(1 ≤ i, j ≤ m; i 6= j)

¸�Ê�à ³ , á ü�ÞO· K�] ¸�_�`OÜ
pij(0).D���â K îCü��CâCö�ã�ÞC· K�] , ä ï f�g ®�¯ i

Éyå Kçæ ú . ��o ü :
m∑

j=1

pij(1) +

m∑

j=1,j 6=i

pij(0) = 1, 1 ≤ i ≤ m (3)

è�é�Ë µ
D0 = (q

(0)
ij )
»

D1 = (q
(1)
ij ), æy³ : q

(0)
i,i = −λi, 1 ≤ i, j ≤ m; q

(0)
ij = λipij(0), 1 ≤ i, j ≤ m o

i 6= j; q
(1)
ij = λipij(1), 1 ≤ i, j ≤ m .

D0

»
D1

Ï�ê ��ë�ì�á ü�ÞC· K�] »Cü�íCý�ÞC· K�] ¸�®�¯�Ê ��Ë µ , (�î "CÜ m ´�ï���ð Ë µ ,
D

� � >�Ñ�Ò�Ó�Ô�Õ�» D = D0 + D1.ñ � ,
è�é

A(t)
Ü U (0, t] ò ÞC· K�] ¸�ãCÎ ; J(t)

Ü U É�ó t
Å�Æ�Z�[�D�\�Ç�ô�õC¸�®�¯

, æ ®�¯�aÊCÜ
{i : 1 ≤ i ≤ m}. Ì {A(t), J(t)}

ÜCöCý Ý ��Z�[�D�\Câ � , æ ®�¯�aCÊCÜ {(n, i) : n ≥ 0, 1 ≤ i ≤ m}.ë {A(t), J(t)} ö�¬ Ü�Z�[�D�\ K�] â � .

MAP ��÷ ZyøAâ � ¸�r�  , æ ®�¯�Ê�à�_�` Ë µCÜ :
∫ x

0

exp (Dot)dtD1 = [I − exp (Dox)](−D0)
−1D1, x ≥ 0 (4)
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Ã
π � Ñ�Ò�Ó�Ô�Õ�»CÜ D

¸�c�¯�_�`y¹~º
, Ì ü : πD = 0, πe = 1. ��o πD1e

S�¿ U MAP
×�Æ�c

¯ � ,
í�ÁCÉCÊ ò ÞC· K�] ¸
	
�CýCÎ .�
� � > Kronecker 

� » Kronecker

»C¸ è�é
, Ú�Ý
��U�� �C¸C¾C¿ ³~ö À�º f ñ .©�ª

5[10] j�� A
»

B
Ï�êOÜ

m1 × m2

»
n1 × n2

¸ Ë µ
, (�î ¸ Kronecker 
�� A ⊗ B Ì Ü

m1n1 × m2n2

¸ Ë µ
, o :

A ⊗ B = (AijB) =







A11B A12B · · · A1m2
B

...

Am11B Am12B · · · Am1m2
B







(5)

©�ª
6[10] � A

»
B
Ï�êCÜ

m
»

n ´ ß�µ ,
è�é

Kronecker
»CÜ

:

A ⊕ B = A ⊗ In + Im ⊗ B (6)æy³ Im

»
In

Ï�êCÜ
m
»

n ´ í�Á Ë µ .

3 �������
U w
��Ô�
 ³ ,

��%CùC»���i í ¸C¶C·
�
�C¾�Ï � öCý f ñ�í�Á
�OüCÁ
��� ø��
�
� ,  
!
�
�
�
�
"#
$&%('
)
*
+
, �
�
. -
. , /
0
�
1
2&3 ,

$
4 �
" +
,
5
6
7
8
9 �
:
;
<
=
>
?
@ �
" . A
B
C
D ?E .
F
G
� :

1) H
I
J )
*
K
$
4 �
" +
,
L K
4
M
N �
� , O 4 �
�&3(P
Q
H
R
S
" 1

4
. T i(1 ≤ i ≤ K)

4 �
�
U
�
S
" , V
W
X
Y
Z
[
\ PH ]
^ , _
` 8 (α(i), T (i)), a
b 8 mi;

2)
N
$ �
�
U
�
S
"
V
W
X
Y
Z
c
d N ]
^ ; e N �
�
�
S
"
V
W
X
Y
Z M
f c
d ;

3) �
� E
g
h
i
j , k
J
l
"
1
2 ,
h
i S
"
m
n
o
p ; l
"
1
2
Y
Z
[
\ PH ]
^ , _
` 8 (β, L), a

b 8 n, q
r
s
l
"
1
2
Y
Z 8 β(−L)
−1

;

4) S
"
W
X
Y
Z L l
"
1
2
Y
Z M
f c
d ;

5)
,
t
u
# k
J (s, S) v
w
x
y :

' R
S
"
�
z
{ ,
t
|
8 S, } +
, � ,
t
~ r
�
� s Y , F
�
v ) ,

v ) b |
8 S − s;

6)
,
t
u
#
�
�
�
�
� w ; }
�
" K
,
t Y , m
n
� h
i S
"
�
�
�
l , �
q
�
�
�
v
w
�
� ;

�
�
� w|
�
�
8
N(0 ≤ N ≤ S − 2s − 1), N e
�
� S − 2s − 1 � 8
�
�
�
N Y t / 9
4 v ) ;

7) v
w
�
�
�
Y
Z
[
\ PH ]
^ , _
` 8 (ϕ, C), a
b 8 r, q
�
�
�
r
s
Y
Z 8 ϕ(−C)
−1

;

V
�
"
�
� L @
�
�
� .
� 1 �
` :

�
1  �¡�¢�£�¤�¥�¦�§�¨ �

4 ©�ª�«�¬�­�®
¯�°

1 ��� i ����"������ � � $�4 PH ��±�� � , V���"�����Z�²�Y�Z K mi + n a PH _�`
(γ(i), V (i)), V&3 γ(i) = (α(i), αmi+1β), V (i) =

(

T (i) T 0(i)β

0 L

)

.

³�´ ��� i 3µS�"���¶�·�Y�Z tw(i)
L l�"�1�2�Y�Z tr s�[�\ PH ]�^ ,

% G���¸�" L D�¹ [10]

3µº�» 1.4.1 ¼ , ��� i ����"�����Z�²�Y�Z tn = tw(i) + tr ½ � PH ]�^ , _�` 8 (γ(i), V (i)), V¾3
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γ(i) = (α(i), αmi+1β), V (i) =

(

T (i) T 0(i)β

0 L

)

, a
b 8 mi + n. Ì
Í
Î 8 �
� i O
Ï
Ð $
Ñ �
"
�
� ,

Ò 8
$
Ñ �
± , A
B
�
� i �
�
"
�
�
� � 8
$
4 �
±
� � , Ó
Ô
A 8 tn [
\ PH ]
^ ,
%

PH �
±
� � ºÕ Ì
¼
�
� i �
�
"
�
�
� � � $
4 PH �
±
� � . º
»
Ö
× .% G
�
¸
" L � 2, Ì
¼
Ø 4 I
J )
* �
�
"
�
�
� � �
Ù
�
�
�
"
�
�
� � �
Ú�Û .¯
°
2 K

4 �
�
�
�
"
�
�
� � � $
4 MAP � � ,
K

MAP _
` (E0, E1), a
b x =
K∏

i=0

(mi + n),

V&3 : E0 = V (1) ⊕ · · · ⊕ V (K), E1 = V 0(1)γ(1) ⊕ · · · ⊕ V 0(K)γ(K).³
´ A 8 PH �
±
� � � MAP �
Ü
- , q )
$ �
�
�
�
"
�
�
� � s
Ì
_
Ý 8 MAP(D0(i), D1(i)),K
D0(i) = V (i), D1(i) = V 0(i)γ(i). q % D
¹ [12] ¼ 9
4 MAP �
Ú
Û
Þ
� MAP, A
B
Ø 4
u
# �
�
"

�
�
� � ½ � MAP, Ô K E0 = V (1) ⊕ · · · ⊕ V (K), E1 = V 0(1)γ(1) ⊕ · · · ⊕ V 0(K)γ(K). º
»
Ö
× .

�
2  �¡�¢�£�ß�à�§�¨ �

á
â º
» 1 ã 2, Ì
Í
/
ä
d ,
t
å
æ Y , m
n
k
J #
ç b â
è �
�
"
�
�
� MAP é
b
�
�
ê ç .

5 ë�ì�í�î�­�®
5.1 ï
ð
ñ
ò
ó
ô
õ
ö÷

R(t), I(t)
L

J(t) ]
ø 8 /
Y
ù t � ,
t
| , �
�
� � M
*
L �
�
�
� � M
* . q {R(t), I(t), J(t)}8
ú
û Y
Z
ü
ý
Ì
þ
ÿ . V������
Z Ω Ì
Í
] 8
u
#��
K v
w L
K v
w�� 4���� :

Ω = h1 ∪ h2

V&3 , h1 = {(S − u, k) : 0 ≤ u ≤ S − s − 1, 1 ≤ k ≤ x} _
` u
#	�
�
K v
w ; h2 = {(S − u, k, j) : S − s ≤

u ≤ S + N, 1 ≤ k ≤ x, 1 ≤ j ≤ r} _
` u
#	�(K v
w .5
6��
S − u

8 �����
Z
������� .
8
��
 Ò _
Ý , /
B
º Õ ej(a)

8
a 1��	� | , V&3(�
T j � 8 1,

V���� 8 0; e
8���� � 8 1 ���	� | ; I

8
)
*����
. F��
���������
�
�
]�� :

1) �����
Z h1

� S
�����
����� S − u �
����� S − u ���
Y ,

�
K �
�
�
� , �
Ï
Ð
�
�
� � M
*�� Z
����� , A
B
Ì
Í
J E0è _
` ;

����� S − u �
����� S − u − 1 ���
Y ,
K
$
4 �
�
�
� , A
B
Ì
Í
J E1

è _
` ;u
# e��
\������ S − u �
����� S − u + 1 ��� , A
B 8 0
���

.

2) �����
Z h2

� S
�����
����� S − u �
����� S − u ���
Y ,

%
� �
�
� � M
*�� �
v
w
� � M
* e�� N Y
Ï
Ð� �! , �
Í '
���
Ì
J ��� E0 ⊕ C _
` ;

����� S − u �
����� S − u − 1 ���
Y ,
K
$
4 �
�
�
� , A
B
Ì
Í
J E1 ⊗ I

è _
` ;u
# e��
\������ S − u �
����� S − u + 1 ��� , A
B 8 0
���

.

3) �����
Z h1 �
�����
Z h2 �����
� K } u = S − s − 1 Y , B
Y u
# /���� ��� h1 3 , / $
4 �
�
�
� j ,

t w ~ r 8 s,
u
# ��"�������

h2, #
Ð $
4 v
w , A
B���� ���
8 E1 ⊗ ϕ;

4) �����
Z h2 �
�����
Z h1 �����
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u
# ���
\������ S − u �
����� 2S − u − s ��� , A
B���� ���
8 I ⊗ C0.

A
B ,
' ü
ý
Ì
þ
ÿ
��5�6�7
Ð�8 �
8 :

Q =

(

Q̃1 eS−s(S − s) ⊗ e′1(S − s) ⊗ (E1 ⊗ ϕ)

I ⊗ I ⊗ C0 Q̃2

)

(7)

V&3 :

Q̃1 =









E0 E1

E0 E1

. . .

E0









(8)

Q̃2 =











E0 ⊕ C E1 ⊗ I

E0 ⊕ C E1 ⊗ I

. . .
. . .

E0 ⊕ C E1 ⊗ I

(E0 + E1) ⊕ C











(9)

5.2 ó
ô�9�:�;�<á
â
ú
û Y
Z
ü
ý
Ì
þ
� � ��=���>�?	� | º Õ , Ì
¼
}
Ø 4
,
t
u
# ��"�=��
Y , 5�6�7
Ð�8 � Q 3
Ù 4 ���
�
� � ��>�?�@�8 � =��A>A?	� | π∗ = (π1(S), · · · , π1(s + 1), π2(s), · · · , π2(0), π3(1), · · · , π3(N)),

Ó
Ô π∗ B�C Í
F
¸
" :

π∗Q = 0, π∗e = 1 (10)

D�E
(10) F�G 8 =�� 
 � @ :

π1(S)E0 + π2(s)(I ⊗ C) = 0,

π1(S − u + 1)E1 + π1(S − u)E0 + π2(s − u)(I ⊗ C) = 0, (0 ≤ u ≤ s)

π1(S − u + 1)E1 + π1(S − u)E0 + π3(u − s)(I ⊗ C) = 0, (s + 1 ≤ u ≤ S − s − 1)

π1(s + 1)(E1 ⊗ ϕ) + π2(s)(E0 ⊕ C) = 0,

π2(S − u)(E0 ⊕ C) + π2(S − u + 1)(E1 ⊗ I) = 0, (S − s + 1 ≤ u ≤ S)

π3(1)(E0 ⊕ C) + π2(0)(E1 ⊗ I) = 0,
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η2 = (0, · · · , 0, [π1(s + 1)E1e]

−1π1(s + 1)(E1 ⊗ ϕ), 0, · · · , 0);
D ����� 8 s + 1 H
� L ����� 8 s H���n�o ,p 8

R1.³
´ %
W1 H
º Õ ¼ , � K } R(t) \ s +1 � s ���
Y ,

u
# F
� $
Ñ v ) ; A
B
Ì
Í D u
# F
�
v )
· 8
$
4 v
w�j�k�H�G
{ .

%
PH ]
^
º Õ Ì
¼ ,

u
# �
v
w�j�k
[
\ PH ]
^ , Ô K : η2 = (0, · · · , 0, [π1(s+

1)E1e]
−1π1(s + 1)(E1 ⊗ ϕ), 0, · · · , 0), R1

8�q
Q 3
����� 8 s + 1 H
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w�j�k 8 µct = −η2R
−1
1 e = [π1(s + 1)E1e]

−1, t µ−1
ct _
`
�
�
��? .

5.5 u�Y�Z�[
õ�v¯
°
5 º Õ�w w
Y
Z W2

8
,
t
|
8
0 H
Y
Z . q ] >  | W2 [
\ PH ]
^ ,

K a
b 8 (N + 1)xr

H PH _
` (η3, R2), V&3 η3 = e1(N + 1) ⊗ [π2(1)(e ⊗ E1e)]−1[π2(1)(E1 ⊗ I)];
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