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Combination of machines for flow shop quality inspection

REN Si-cheng

(Department of Automation, Tsinghua University, Beijing 100084, China)

Abstract The problem of the combination of machines for flow shop quality inspection is studied in this

paper. The part is to be processed in the form of flow shop and the manufacturing process consists of

several operations. Each operation is to be completed on its corresponding machine and the corresponding

quality inspection facility is applied to check the operation result. For each stage, there may exist multiple

candidate machines which have the same manufacturing function but differ in the manufacturing cost and

defective rate. The expectation of net income differs under different combinations of machines and the

optimal combination is defined as the one which maximizes the expectation of net income. An algorithm

is given to find the optimal combination.
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åCîCï ØCÙ çCèCéCðCñCòCä ÅCó ï
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�
1 �S� ^S�S�S�S�S�

2 � Ó ¾CØCÙCÃCÄC¼C½CÚCÛ�� á ���SÕCÅCÆSÇ �&� . � )Cæ , �Cì ØCÙ é / ý ������� ÃCÄC¼C½CÅ�1&2 � ÓÚSÛ
. ì&�&� 4 å 1&2 � Ó ÚSÛ çSèSé � Þ&�Sï ,

9&�&� # � Ó ñ&�&  �&� Å&¡&¢&£&¤&¥&¦ ñ �&§SÅ � Ó ,¨�© é�ª�« � # � Ó Å�/�¬�­ ��®�% .
� ;

,
¨�© é / û ª�« 1�2 � Ó ÚCÛCÅ�¯ ® ��° .

2 ±³²³´³µ
Ê�¶ 1 ·�¸ , ������� ÃCÄC¼C½CÅ�1�2 � Ó ÚCÛ���¹»º8/�¼�½ � (O, S, M, QIF )

O ¸ , þAÏ¿¾
O = {Oj |j ∈ IO}

ñ�À ��ÁCÓ ,
.�/ À ��ÂÄÃ å�Å / û ü ÃCÄ�Æ&� , Ç�È�É�Ç .�/ À ��Ê�Ë�Ì�Í�ÎSþ�·å�Å Å ü ÃCÄ�Æ��CÇ ª �

,
� Â ñ Ó�Ï Â , Ð�Ñ ñCá Ó�Ï Â ;

S = {Sj |j ∈ IS}
ñ ��0�ÁCÓ , ��0 Sj

º81�2
Mj

÷ þ�· å�Å Å Ì�Ò ÃCÄC¼C½�-�Ó QIFj

���
;

M = {Mj |j ∈ IM}
ñ 1&2 ÁSÓ ,

1&2
Mj Ô �Så �&� Å&Õ j Ö À � Oj , ×&Ø&Ù L � �&�Sñ c1

j ,
À �

Ê&Ë á Í&ÎSþ&· å&Å Å ü ÃSÄ&Æ&�SÇ ª Å&Ú&� ñ θj ;
å&Å

Mj

F Ì Ý&G&H Ð 1&2 uj Mj , þVÏÜÛ î � uj =

1, 2, · · · , Uj

O ¸ H Ð 1�2CÅ�Ý�Þ ; uj Mj Ì ��¹ Ô ��À � Oj , N c1
j

÷
θj

áCâ
,
ü�ß × ñ uj c1

j ,
uj θj ;

QIF = {QIFj |j ∈ IQIF }
ñ Ì�Ò ÃCÄC¼C½�-�Ó ÁCÓ ,

À � Oj Ô � ; ,
º þ�· å�Å Å QIFj

çCè ¼C½ À
��Ê�Ë ¾ Ð�Í�ÎCþ�· å&Å Å ü ÃCÄ&Æ&�CÇ ª , I�à ,�- QIFj

ÅC¼C½�áC¿���â ñ
100%, ô�×�Ø�Ù ¼C½ ���ñ

c2
j ; IO , IS , IM , IQIF

ü�ßCñ
O, S, M, QIF

Å�Æ�� Á , È�Í�Î IO = IS = IM = IQIF = I = {1, 2, · · · , N};

��� Å�L ��ã�ä���������å�æ , ��� Å�L � ¼C½�ç 0 3�4»587C¿�9 , èC��� ç 0 7CÎ ��0 S1, S2, · · · , SN , é
��� Ô � ÌC��0 Sj

î Å À �Cô�ê ÎCÃCÄC¼C½ , Ñ�ë�ì�E /�í ��0 , Ð�Ñ � × ñCá Ó�Ï Â�î�© .å�) · ? 	 ÅCÚCÛ ø�ï Ê�E � Þ ù � ¾ñð P (Qj |Qj−1Qj−2 · · ·Q1)
O ¸C���CÌ 58ò ê Î ��0 Sj−1Sj−2

· · · S1

" ��E�ê Î ��0 Sj

Å�" � Ú�� , ó�:�A
P (Qj |Qj−1Qj−2 · · ·Q1) = 1 − θj , j ∈ I − {1} (1)

ð P (Qj)
O ¸C����ê Î ��0 Sj

Å�Ú��
, ô ò

P (Q1) = 1 − θ1 (2)å�)
j ∈ I − {1}, P (Qj)

��¹�O ¸ ñ
P (Qj) = P (Q1)

∏

1<i≤j

P (Qi|Qi−1Qi−2 · · ·Q1), j ∈ I − {1} (3)

õ
(1)
�

(2)
� ì (3) æ ,

 �ö
P (Qj) = (1 − θ1)

∏

1<i≤j

(1 − θi), j ∈ I − {1} (4)

º
(2)
�

(4) æ , P (Qj)
Å�/�÷ å�æ ��¹�ø �

P (Qj) =
∏

1≤i≤j

(1 − θi), j ∈ I (5)

õ ß�ù , P (QN )
O ¸ ÁCÂ ñ Ó�Ï ÂCÅ�Ú�� , È�A

P (QN ) =
∏

1≤i≤N

(1 − θi) =
∏

j∈I

(1 − θj) (6)

× C(j)
ñ ���CÌC��0 Sj

L � ¼C½ ��� , ú�ô  �ö
C(1) = c1

1 + c2
1 (7)
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å�)
j ∈ I − {1}

Å C�å , C(j)
¾
�
� �
� 1
�CÄ

, þ Ú�� ü
�Cñ
P{C(j) = c1

j + c2
j} = P (Qj−1) (8)

P{C(j) = 0} = 1 − P (Qj−1) (9)

þ � Þ ¤�¥ EC(j)
ñ

EC(j) = (c1
j + c2

j )P (Qj−1), j ∈ I − {1} (10)

� ì (5) æ ,
��¹  �ö

EC(j) = (c1
j + c2

j )

∏
1≤i≤j

(1 − θi)

1 − θj

, j ∈ I − {1} (11)

���
� L � ¼C½ ��� C
� ) ���CÌ�ÂC��0 L � ¼C½ ��� C(j)

Å
��L ÷
, è

C = C(1) +
∑

j∈I−{1}

C(j) (12)

å
C � ¤�¥ , ô � ì (7)

�
(11) æ , A

EC =
∑

j∈I

(c1
j + c2

j )

∏
1≤i≤j

(1 − θi)

1 − θj

(13)

×CÓ�Ï ÂCÅ Ø�Ù ¢�£ ñ a, ÑC��� Å�¢�£�¤�¥�¦ EI
��O ¸ ñ

EI = aP (QN ) = a

N∏

j=1

(1 − θj) (14)

��� Å�¡�¢�£�¤�¥�¦ ENI
ñ

ENI(θ1, c
1
1; θ2, c

1
2; · · · ; θN , c1

N ) = EI − EC = a

N∏

j=1

(1 − θj) −

N∑

j=1

(c1
j + c2

j )

j∏
i=1

(1 − θi)

1 − θj

(15)

ENI
ñ

(θ1, c
1
1; θ2, c

1
2; · · · ; θN , c1

N )
Å����

, (θ1, c
1
1; θ2, c

1
2; · · · ; θN , c1

N )
��	CÅ � Ó
��A N∏

j=1

Uj

¬
,
/�÷
�
�

,
á

â�� Ó�· å�Å Å ENI
áCâ

. ������� ÃCÄC¼C½CÅ�1�2 � Ó ÚCÛ
�C¾
�
� ��  ��� Å�¡�¢�£�¤�¥�¦ ñ ��§CÅ� # � Ó .

3 �������� �!#"%$%&
� 4 , �CÊ�E 9�� .

å�)
j ∈ I , ð

uj ∆j = ENI(θ1, c
1
1; · · · ;

uj θj ,
uj c1

j ; · · · ; θN , c1
N ) − ENI(θ1, c

1
1; · · · ;

0θj ,
0c1

j ; · · · ; θN , c1
N ) (16)

uj ∆θj = uj θj −
0θj (17)

uj ∆c1
j = uj c1

j −
0c1

j (18)

þVÏ , (θ1, c
1
1; · · · ;

uj θj ,
uj c1

j ; · · · ; θN , c1
N )
÷

(θ1, c
1
1; · · · ;

0θj ,
0c1

j ; · · · ; θN , c1
N)
¾ ú ¬ � Ó ,

ú ¬ � ÓVÏ Å θj ,

c1
j �

¦ áSâ
,
ü&ßSñ

uj θj
uj c1

j

÷
0θj

0c1
j , @Sþ(' Å θ1, c

1
1; · · · ; θj−1, c

1
j−1; θj+1, c

1
j+1; · · · ; θN , c1

N

Å � ¦ K â .
uj ∆j ,

uj ∆θj

÷
uj ∆c1

j

ü�ß O ¸ *�/�¬ � Ó�K å�) ; /�¬ � Ó Å ENI , θj

÷
c1
j )
Ä

.à
(15) æ ��¹
*�© , Ì θ1, c

1
1; · · · ; θj−1, c

1
j−1; θj+1, c

1
j+1; · · · ; θN , c1

N

ñ ¨�9�¦��
, ENI

��¹�O ¸ ñ θj

÷
c1
j

Å Ò ö � Ó ,
� æ ACÊ�E (
+�� ï

uj ∆j =
∂ENI

∂θj

uj ∆θj +
∂ENI

∂c1
j

uj ∆c1
j (19)

þAÏ , ∂ENI
∂θj

÷
∂ENI

∂c1
j

ü�ß O ¸ ENI
å

θj

÷
c1
j

ª
,
- �
, È�A

∂ENI

∂θj

= −
a

1− θj

N∏

i=1

(1 − θi) +
1

1 − θj

N∑

i=j+1

(c1
i + c2

i )

i∏
k=1

(1 − θk)

1 − θi

(20)
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∂ENI

∂c1
j

= −

j∏
i=1

(1 − θi)

1 − θj

(21)

õ
(20)

�
(21) æ � ì (19) æ ,

ç /�>��
0�ø ñ Ê�E�å�æ ¾
uj ∆j = R1

j (θ1, · · · , θj−1)Rj(θj+1, c
1
j+1; · · · ; θN , c1

N ; uj ∆θj ,
uj ∆c1

j ) (22)

þAÏ ,

R1
j (θ1, · · · , θj−1) = −

∂ENI

∂c1
j

=

j∏
i=1

(1 − θi)

1 − θj

(23)

Rj(θj+1, c
1
j+1; · · · ; θN , c1

N ; uj ∆θj ,
uj ∆c1

j ) = −(R2
j (θj+1, c

1
j+1; · · · ; θN , c1

N)uj ∆θj + uj ∆c1
j ) (24)

R2
j (θj+1, c

1
j+1; · · · ; θN , c1

N ) =

∂ENI
∂θj

∂ENI
∂c1

j

= a

N∏

i=j+1

(1 − θi) −

N∑

i=j+1

(c1
i + c2

i )

i∏
k=j+1

(1 − θk)

1 − θi

(25)

º
(23)

�
(25) æ ��¹
*�© , R1

j (θ1, · · · , θj−1)
÷

R2
j (θj+1, c

1
j+1; · · · ; θN , c1

N)
ü�ß ¾

θ1, · · · , θj−1÷
θj+1, c

1
j+1, · · · , θN , c1

N

Å����
, È�Í�Î R1

j (θ1, · · · , θj−1) ≥ 0. õ ß�ù ,
å�)

j = N
�

, A
R2

N = a (26)

RN (uN ∆θN , uN ∆c1
N ) = −(R2

N
uN ∆θN + uN ∆c1

N ) = −auN ∆θN − uN ∆c1
N (27)

1
2
1 ð
VN = argmax

uN

RN (uN ∆θN , uN ∆c1
N ) (28)

Vj = arg max
uj

Rj(
Vj+1θj+1,

Vj+1c1
j+1; · · · ;

VN θN , VN c1
N ; uj ∆θj ,

uj ∆c1
j ), j = 1, 2, · · · , N − 1 (29)

(v1θ1,
v1c1

1;
v2θ2,

v2c1
2; · · · ;

vN θN , vN c1
N)
O ¸
3
4
5
6
7
8
9
: , ;
<
=

ENI(V1θ1,
V1c1

1;
V2θ2,

V2c1
2; · · · ;

VN θN , VN c1
N ) ≥ ENI(v1θ1,

v1c1
1;

v2θ2,
v2c1

2; · · · ;
vN θN , vN c1

N)> 9
: (V1θ1,
V1c1

1;
V2θ2,

V2c1
2; · · · ;

VN θN , VN c1
N ) ?
@
A
B
C
D
E
F
G
H
I
J
?
K
L
D
K
M
9
: .N
O

1) P
Q
RTS
ENI(v1θ1,

v1c1
1; · · · ;

vN−1θN−1,
vN−1c1

N−1;
VN θN , VN c1

N ) ≥

ENI(v1θ1,
v1c1

1; · · · ;
vN−1θN−1,

vN−1c1
N−1;

vN θN , vN c1
N )

U
V
. W (28) X (22) Y
7
Z
A
[

RN (VN ∆θN , VN ∆c1
N ) ≥ RN (vN ∆θN , vN ∆c1

N )

VN ∆N = R1
N (v1θ1, · · · ,

vN−1θN−1)RN (VN ∆θN , VN ∆c1
N )

vN ∆N = R1
N (v1θ1, · · · ,

vN−1θN−1)RN (vN ∆θN , vN ∆c1
N )

R1
N (v1θ1, · · · ,

vN−1θN−1) ≥ 0, \
]
=
VN ∆N ≥ vN ∆N

W (16 ^_Y ,

ENI(v1θ1,
v1c1

1; · · · ;
vN−1θN−1,

vN−1c1
N−1;

VN θN , VN c1
N )

= ENI(v1θ1,
v1c1

1; · · · ;
vN−1θN−1,

vN−1c1
N−1;

0θN , 0c1
N ) + VN ∆N

ENI(v1θ1,
v1c1

1; · · · ;
vN−1θN−1,

vN−1c1
N−1;

vN θN , vN c1
N )

= ENI(v1θ1,
v1c1

1; · · · ;
vN−1θN−1,

vN−1c1
N−1;

0θN , 0c1
N ) + vN ∆N

VN ∆N ≥ vN ∆N , `
=
ENI(v1θ1,

v1c1
1; · · · ;

vN−1θN−1,
vN−1c1

N−1;
VN θN , VN c1

N ) ≥

ENI(v1θ1,
v1c1

1; · · · ;
vN−1θN−1,

vN−1c1
N−1;

vN θN , vN c1
N )
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2) ]
w
RTS
ENI(v1θ1,

v1c1
1; · · · ;

vN−2θN−2,
vN−2c1

N−2;
VN−1θN−1,

VN−1c1
N−1;

VN θN , VN c1
N ) ≥

ENI(v1θ1,
v1c1

1; · · · ;
vN−2θN−2,

vN−2c1
N−2;

vN−1θN−1,
vN−1c1

N−1;
vN θN , vN c1

N )U
V
. W (29) X (22) Y
7
Z
A
[

RN−1(
VN θN , VN c1

N ; VN−1∆θN−1,
VN−1∆c1

N−1) ≥ RN−1(
VN θN , VN c1

N ; vN−1∆θN−1,
vN−1∆c1

N−1)

VN−1∆N−1 = R1
N−1(

v1θ1, · · · ,
vN−2θN−2)RN−1(

VN θN , VN c1
N ; VN−1∆θN−1,

VN−1∆c1
N−1)

vN−1∆N−1 = R1
N−1(

v1θ1, · · · ,
vN−2θN−2)RN−1(

VN θN , VN c1
N ; vN−1∆θN−1,

vN−1∆c1
N−1)

R1
N−1(

v1θ1, · · · ,
vN−2θN−2) ≥ 0, \
]
=

VN−1∆N−1 ≥ vN−1∆N−1

W (16) Y ,

ENI(v1θ1,
v1c1

1; · · · ;
vN−2θN−2,

vN−2c1
N−2;

VN−1θN−1,
VN−1c1

N−1;
VN θN , VN c1

N )

= ENI(v1θ1,
v1c1

1; · · · ;
vN−2θN−2,

vN−2c1
N−2;

0θN−1,
0c1

N−1;
VN θN , VN c1

N ) + VN−1∆N−1

ENI(v1θ1,
v1c1

1; · · · ;
vN−2θN−2,

vN−2c1
N−2;

vN−1θN−1,
vN−1c1

N−1;
VN θN , VN c1

N )

= ENI(v1θ1,
v1c1

1; · · · ;
vN−2θN−2,

vN−2c1
N−2;

0θN−1,
0c1

N−1;
VN θN , VN c1

N ) + vN−1∆N−1

VN−1∆N−1 ≥ vN−1∆N−1, `
=
ENI(v1θ1,

v1c1
1; · · · ;

vN−2θN−2,
vN−2c1

N−2;
VN−1θN−1,

VN−1c1
N−1;

VN θN , VN c1
N ) ≥

ENI(v1θ1,
v1c1

1; · · · ;
vN−2θN−2,

vN−2c1
N−2;

vN−1θN−1,
vN−1c1

N−1;
VN θN , VN c1

N )x W (1) y{z
|
ENI(v1θ1,

v1c1
1; · · · ;

vN−2θN−2,
vN−2c1

N−2;
vN−1θN−1,

vN−1c1
N−1;

VN θN , VN c1
N ) ≥

ENI(v1θ1,
v1c1

1; · · · ;
vN−2θN−2,

vN−2c1
N−2;

vN−1θN−1,
vN−1c1

N−1;
vN θN , vN c1

N )} Z
ENI(v1θ1,

v1c1
1; · · · ;

vN−2θN−2,
vN−2c1

N−2;
VN−1θN−1,

VN−1c1
N−1;

VN θN , VN c1
N ) ≥

ENI(v1θ1,
v1c1

1; · · · ;
vN−2θN−2,

vN−2c1
N−2;

vN−1θN−1,
vN−1c1

N−1;
vN θN , vN c1

N )

~
�
�
�
, 7
Z
RTS
ENI(V1θ1,

V1c1
1;

V2θ2,
V2c1

2; · · · ;
VN θN , VN c1

N ) ≥ ENI(v1θ1,
v1c1

1;
v2θ2,

v2c1
2; · · · ;

vN θN , vN c1
N)�
�

1 RTS{�TW (28) X (29) Y
A
[
9
:
D
K
M
� , �
�
D �
� ;
RTS{� V1, V2, · · · , VN �
0θ1,

0c1
1;

0θ2,
0c1

2; · · · ;
0θN , 0c1

N D
�
J
�
� .1
2
2 V1, V2, · · · , VN � 0θ1,

0c1
1;

0θ2,
0c1

2; · · · ;
0θN , 0c1

N D
�
J
�
� .N
O
1) P
Q
RTS VN � 0θ1,

0c1
1;

0θ2,
0c1

2; · · · ;
0θN , 0c1

N D
�
J
�
� . � (17) X (18) X (24) �
� (28) Y , 7
Z
A
[

VN = argmax
uN

−(R2
N

uN θN + uN c1
N − R2

N
0θN − 0c1

N ) = arg max
uN

−(R2
N

uN θN + uN c1
N )

\
] , VN � 0θ1,
0c1

1;
0θ2,

0c1
2; · · · ;

0θN , 0c1
N D
�
J
�
� .

2) ]
w
RTS VN−1 � 0θ1,
0c1

1;
0θ2,

0c1
2; · · · ;

0θN , 0c1
N D
�
J
�
� . � (17) X (18) X (24) �
� (29) Y , 7
Z

A
[
VN−1 = arg max

uN−1

−(R2
N−1(

VN θN , VN c1
N )uN−1θN−1 + uN−1c1

N−1 − R2
N−1(

VN θN , VN c1
N )0θN−1 −

0c1
N−1)

= arg max
uN−1

−(R2
N−1(

VN θN , VN c1
N )uN−1θN−1 + uN−1c1

N−1)

� �
, VN−1 � 0θ1,

0c1
1;

0θ2,
0c1

2; · · · ;
0θN , 0c1

N D
�
J
�
� .~
�
�
�
, 7
Z
RTS V1, V2, · · · , VN � 0θ1,

0c1
1;

0θ2,
0c1

2; · · · ;
0θN , 0c1

N D
�
J
�
� , R
� . ?
�
�
�
D
�
� ,�
� 7
Z
� 0θj = 0c1
j = 0, j = 1, 2, · · · , N .
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RN (uN θN , uN c1
N ) = −auN θN − uN c1

N (30)

VN = argmax
uN

RN (uN θN , uN c1
N ) (31)

�
� j = 1, 2, · · · , N − 1,

Rj(θj+1, c
1
j+1; · · · ; θN , c1

N ; uj θj ,
uj c1

j ) = −(R2
j (θj+1, c

1
j+1; · · · ; θN , c1

N)uj θj + uj c1
j ) (32)

R2
j (θj+1, c

1
j+1; · · · ; θN , c1

N) = a

N∏

i=j+1

(1 − θi) −
N∑

i=j+1

(c1
i + c2

i )

i∏
k=j+1

(1 − θk)

1 − θi

(33)

Vj = arg max
uj

Rj(
Vj+1θj+1,

Vj+1c1
j+1; · · · ;

VN θN , VN c1
N ; uj θj ,

uj c1
j ) (34)
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4 Ø�Ù
Ú

1 Û�Ü�Ý�Þ�ß�à�á�â
j 1 2 3 4

c2

j 1 1 5 2

1Mj(
1θj ,

1c1

j ) (0.01,9) (0.02,14) (0.04,20) (0.03,18)

2Mj(
2θj ,

2c1

j ) (0.02,5) (0.01,20) (0.02,25) (0.02,25)
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D uj θj ô uj c1
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J . V1, V2, V3, V4 D
�
�
Ç
È
ö
�ø÷
1) P
Q
ù � V4.

W (30) X (31) Y , =
R4(

u4θ4,
u4c1

4) = −100u4θ4 −
u4c1

4

R4(
1θ4,

1c1
4) = −21

R4(
2θ4,

2c1
4) = −27

V4 = argmax
u4

R4(
u4θ4,

u4c1
4) = 1

2) ]
w
ù � V1, V2, V3.

W (32) X (33) X (34) Y , �
� V3

R3(
1θ4,

1c1
4;

u3θ3,
u3c1

3) = −77u3θ3 −
u3c1

3

R3(
1θ4,

1c1
4;

1θ3,
1c1

3) = −23.08

R3(
1θ4,

1c1
4;

1θ3,
1c1

3) = −26.54

V3 = argmax
u3

R3(
1θ4,

1c1
4;

u3θ3,
u3c1

3) = 1
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�
� V2

R2(
1θ3,

1c1
3;

1θ4,
1c1

4;
u2θ2,

u2c1
2) = −48.92u2θ2 −

u2c1
2

R2(
1θ3,

1c1
3;

1θ4,
1c1

4;
1θ2,

1c1
2) = −14.9784

R2(
1θ3,

1c1
3;

1θ4,
1c1

4;
2θ2,

2c1
2) = −20.4892

V2 = argmax
u2

R2(
1θ3,

1c1
3;

1θ4,
1c1

4;
u2θ2,

u2c1
2) = 1

�
� V1

R1(
1θ2,

1c1
2;

1θ3,
1c1

3;
1θ4,

1c1
4;

u1θ1,
u1c1

1) = −32.9416u1θ1 −
u1c1

1

R1(
1θ2,

1c1
2;

1θ3,
1c1

3;
1θ4,

1c1
4;

1θ1,
1c1

1) = −9.329416

R1(
1θ2,

1c1
2;

1θ3,
1c1

3;
1θ4,

1c1
4;

2θ1,
2c1

1) = −5.658832

V1 = arg max
u1

R1(
1θ2,

1c1
2;

1θ3,
1c1

3;
1θ4,

1c1
4;

u1θ1,
u1c1

1) = 2

} «
K
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? (2θ1,
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1;
1θ2,

1c1
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1θ3,
1c1

3;
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4), úTW (15) 7
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ã K
M
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B
C
D
E
F
G
H
I
J
ENI(2θ1,

2c1
1;

1θ2,
1c1

2;
1θ3,

1c1
3;

1θ4,
1c1

4) = 26.282768.
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