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Global Stabilization for Feedforward Nonlinear System
Based on Nested Saturated Control

Wang Yong1 Ma Ru-Ning2

Abstract In this paper, we discuss global stabilization procedure to make some classes of feedforward nonlinear systems be

convergent. Our stabilizer consists of a nested saturation function, which is a nonlinear combination of saturation functions. We

extend the existent stabilization results and give exponential convergence of the stabilizer.
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The problem of stabilizing feedforward system has been
studied extensively[1][2][3][4]. In 1992, Teel[5][6] presented
some bounded control algorithms for feedforward linear sys-
tem 8>>><>>>: ẋ1 = x2,

...
ẋn−1 = xn,

ẋn = u,

where the control u is the following nested saturation func-
tions [6]:

u = −σn(xn + σn−1(xn−1 + · · · + σ1(x1) · · · )).

Since Teel’s work, there appeared many results on global
stabilization of feedforward systems, such as Jankovic,
Sepulchre, and Kokotovic[1][7], Mazenc and Praly[8], Teel[9],
Liu[10], Zhong[11] etc. In [12], the author has studied the fol-
lowing feedforward nonlinear system8>>>>><>>>>>: ẋ1 = x2 + ϕ1(x3, · · · , xn, u),

ẋ2 = x3 + ϕ2(x4, · · · , xn, u),
...

ẋn−1 = xn + ϕn−1(u),
ẋn = u,

where ϕi is vanishing and locally Lipschitz continuous at
zero for i = 1, · · · , n − 1. In this paper, we study on more
general class of feedforward nonlinear systems8>>>>><>>>>>: ẋ1 = f1(x2, x3, · · · , xn, u),

ẋ2 = f2(x3, x4, · · · , xn, u),
...

ẋn−1 = fn−1(xn, u),
ẋn = fn(u),

(1)

where x = [x1, · · · , xn]T ∈ Rn is the state, fi is continu-
ously differential for its variable, vanishing at zero.

We’ll use nested saturation stabilizer to make above non-
linear system globally stable at the equilibrium x = 0. The
stabilizer we will use is basically similar to that proposed
in [6]. The saturation levels are determined by properties
of fi.

The rest of this paper is organized as follows. In Sec-
tion 2, we give our main result about global stability and

Received December 30, 2008; in revised form March 16, 2009
Supported by National Natural Science Foundation of P.R. China

(10771101) and Science Research and Development Foundation of
ChangChun University Of Technology (2008A29)
1. ChangChun University Of Technology, ChangChun 130000,

P.R. China (corresponding author, Email address: wangy-
ong jichu@mail.ccut.edu.cn) 2. Nanjing University of Aeronautics
& Astronautics, NanJing 210000, P.R. China
DOI: 10.1360/aas-007-xxxx

exponential convergence of nonlinear system (1). An ex-
tended results is given in Section 3. In Section 4, we give a
simulation example. The paper is concluded in Section 5.

1 Global stability and exponential con-
vergence of saturated control

In this section,we always suppose that (1) satisfy

∂fi

∂xi+1

����
0

= ci 6= 0(i = 1, · · · , n − 1),
∂fn

∂u

����
0

= cn 6= 0.

Then we have

fi(xi+1, · · · , xn, u) = cixi+1 + ϕi(xi+1, · · · , xn, u), (2)

(i = 1, · · · , n − 1) and

fn(u) = cnu + ϕn(u), (3)

At the same time, there exist ai and ri such that

|ϕi(xi+1, · · · , xn, u)| ≤ ri(|xi+1|2 + |xi+2| + · · · + |u|) (4)

(i = 1, · · · , n − 1) and

|ϕn(u)| ≤ rn|u|2 (5)

whenever max{|xi+1|, |xi+2|, · · · , |xn|, |u|} ≤ ai.
Using (2)(3), system (1) can be written as8>>>>><>>>>>: ẋ1 = c1x2 + ϕ1(x2, x3, · · · , xn, u),

ẋ2 = c2x3 + ϕ2(x3, x4, · · · , xn, u),
...

ẋn−1 = cn−1xn + ϕn−1(xn, u),
ẋn = cnu + ϕn(u).

(6)

Next,we will use the linear coordinate transformation

yn−i =
iX

j=0

C
j
i ε

j
n

cn−j · · · cn

xn−j , i = 1, · · · , n,

where C
j
i = i!

j!(i−j)!
and ε ≤ 1 is a scaling factor. Not-

ing that ε
i
n xn−i depends only on yn−i, · · · , yn, it can be

concluded that there exist positive numbers Kn−i ≥ 1 (in-
dependent of ε) such that

ε
i
n |xn−i| ≤ Kn−i(|yn−i|+ · · ·+ |yn|), i = 0, · · · , n− 1. (7)

Since

yn−i+1 + · · · + yn =
i−1P
j=0

i−1P
k=j

C
j

k

cn−j ···cn
ε

j
n xn−j

=
i−1P
j=0

C
j+1

i

cn−j ···cn
ε

j
n xn−j

=
iP

j=1

C
j
i

cn−j+1···cn
ε

j−1

n xn−j+1,
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we have

ẏn−i =
iP

j=0

C
j
i

ε
j
n

cn−j···cn
ẋn−j

= ε
1
n (yn−i+1 + · · · + yn) + u + Φn−i,

where

Φn−i =
C0

i

cn
ϕn(u) +

C1
i

cn−1cn
ε

1
n ϕn−1(xn, u) + · · ·

+
Ci

i

cn−i···cn
ε

i
n ϕn−i(xn−i+1, xn−i+2, · · · , xn, u).

(8)

Define the nested saturation control

u = −ε
1
n σn(yn + σn−1(yn−1 + · · · + σ1(y1))), (9)

where

σi(x) =

�
x, if |x| ≤ εi,

εisign(x), if |x| > εi,
(10)

and

ε1 =
1

4
ε2 = · · · =

�
1

4

�n−1

εn, εn = ε.

By using (9),the system is transformed to the following
closed loop system8>>>>>>>>>><>>>>>>>>>>:

ẏ1 = ε
1
n [y2 + · · · + yn − σn(yn + σn−1

yn−1(+ · · · + σ1(y1)))] + Φ1,
...

ẏn−1 = ε
1
n [yn − σn(yn + σn−1(yn−1

+ · · · + σ1(y1)))] + Φn−1,

ẏn = −ε
1
n σn(yn + σn−1(yn−1

+ · · · + σ1(y1))) + Φn.

(11)

whereΦ1, · · · , Φn are defined by (8).
In the following, we will try to choose one ε ≤ 1 to

see that the system (11) is globally stable and exponential
convergent.

Lemma 1. For i = 0, · · · , n − 1, assume that

max{|xn−i+1|, · · · , |xn|, |u|} ≤ an−i,

and for j = 0, · · · , i − 1

yn−j ∈ Pn−j = {yn−j : |yn−j | <
3

4
εn−j}, (12)

then there exist constants Ãi independent of ε such that

|Φn−i| ≤ Ãiε
1+ 2

n .

Proof. First, we bound |Φn−i|. In fact, by (4), (5) and
(8), we can get

|Φn−i| ≤
���C0

i

cn
ϕn(u)

���+ ���� C1
i ε

1
n

cn−1cn
ϕn−1(xn, u)

����+ · · ·

+

���� Ci
i ε

i
n

cn−i+1···cn
ϕn−i(xn−i+1, · · · , xn, u)

����
≤ C0

i

cn
rn|u|2 +

C1
i ε

1
n rn−1

cn−1cn
(|xn|2 + |u|) + · · ·

+
Ci

i ε
i
n rn−i

cn−i+1···cn
(|xn−i+1|2 + · · · + |xn| + |u|)

= N
(i)
n |u|2 + N

(i)
n−1ε

1
n (|xn|2 + |u|) + · · ·

+N
(i)
n−iε

i
n (|xn−i+1|2 + · · · + |xn| + |u|),

where N
(i)
n−j =

C
j
i

rn−j

cn−j+1···cn
. Obviously, the constants N

(i)
n−i,

an−i depend only on the functions fi (independent of ε).

Moreover, by (7) and (12), we have

|xn−j | ≤ ε−
j
n Kn−j(|yn| + · · · + |yn−j |)

≤ ε−
j
n Kn−j

�
3
4
ε + · · · + 3

4
1
4j ε
�
≤ ε

n−j
n Kn−j .

Thus

|Φn−i| ≤ ε1+ 2
n [N

(i)
n + N

(i)
n−1(K

2
n + 1) + · · ·

+N
(i)
n−i(K

2
n−i+1 + · · · + Kn + 1)]

= ε1+ 2
n Ãi,

where Ãi = N
(i)
n + · · · + N

(i)
n−i(K

2
n−i+1 + · · · + Kn + 1) . �

Lemma 2. If the scaling factor ε satisfies

ε ≤ min

�
1, δn, δn−1 · · · , δ1,

�
min ai

max Ki

�n�
(13)

where

δi =

�
1

4i+1Ãi

�n

, i = 0, · · · , n − 1,

then in finite time, yn−i ∈ Pn−i = {yn−i : |yn−i| < 3
4
εn−i},

where i = 0, · · · , n − 1.
Proof. First, consider the evolution of the state yn

dyn

dt
= −ε

1
n σn(yn +σn−1(yn−1 + · · ·+σ1(y1)))+Φn. (14)

If yn∈̄Pn = {yn : |yn| < 3
4
εn}, then |yn| ≥ 3

4
εn, and

|yn + σn−1(yn−1 + · · · )| ≥ |yn| − εn−1 ≥ 1

2
εn.

Let ε be small enough such that (13) holds, then |u| ≤
ε1+ 1

n ≤ an. By Lemma 1, there holds |Φn(u)| ≤ Ã0ε
1+ 2

n .
Now it can be seen from (14) that if yn∈̄Pn, then��dyn

dt

�� ≥ ε
1
n |σn(yn + σn−1(yn−1 + · · · ))| − |Φn|

≥ 1
2
ε1+ 1

n − Ã0ε
1+ 1

n δ
1
n
n = 1

4
ε1+ 1

n ,

and

sign

�
dyn

dt

�
= −sign(yn).

Therefore, when |yn| ≥ 3
4
εn, |yn| decreases at the rate

1
4
ε1+ 1

n . Consequently, yn enters Pn in finite time and re-
mains in Pn thereafter.

We complete the proof by induction. Suppose yn−j ∈
Pn−j = {yn−j : |yn−j | < 3

4
εn−j}, j = 0, · · · , i − 1, consider

the evolution of the state yn−i. The argument of σn−j , j =
0, · · · , i − 1, is bounded as

|yn−j + σn−j−1(yn−j−1 + · · · )| ≤ 3

4
εn−j + εn−j−1 = εn−j .

By the definition of σi (see (10)), the evolution of yn−i is
given by

dyn−i

dt
= −ε

1
n σn−i(yn−i + · · · + σ1(y1)) + Φn−i.

Similarly, if yn−i∈̄Pn−i, then |yn−i| ≥ 3
4
εn−i, and

|σn−i(yn−i + σn−i−1(yn−i−1 + · · · + σ1(y1) · · · ))| ≥
1

2
εn−i.

If ε satisfies (13), then ε ≤
�

minai

max Ki

�n

, and

|xn−j | ≤ ε
− j

n Kn−j(|yn|+· · ·+|yn−j |) ≤ ε
1
n Kn−j ≤ min{ai},
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where j = 0, · · · , i − 1. By Lemma 1, we have���dyn−i

dt

��� ≥ ε
1
n |σn−i(yn−i + · · · )| − |Φn−i|

≥ ε
1
n

�
1
2
εn−i − ε1+ 1

n Ãi

�
≥ ε

1
n

�
1
2
εn−i − εδ

1
n
n−iÃi

�
= ε

1
n

�
1
2
εn−i − 1

4
ε

4i

�
= 1

4
ε

1
n εn−i,

and

sign

�
dyn−i

dt

�
= −sign(yn−i).

Therefore, when |yn−i| ≥ 3
4
εn−i, |yn−i| decreases at rate

1
4
ε

1
n εn−i. Consequently, yn−i enters Pn−i in finite time

and remains in Pn−i thereafter. �

Since the right terms of (11) are all bounded, we know
that the solution of (11) exists globally. In the following,
we will study exponential convergence of the system (1).

If ε satisfies (13), then

|yn−i + σn−i−1(yn−i−1 + · · · )| ≤ εn−i, i = 0, · · · , n − 1.

By the definition of σi(10), we have

σn−i(yn−i + σn−i−1(· · · )) = yn−i + σn−i−1(· · · ).

The closed loop system (11) becomes8>>>>>><>>>>>>: dy1

dt
= −ε

1
n y1 + Φ1,

dy2

dt
= −ε

1
n (y1 + y2) + Φ2,

...
dyn−1

dt
= −ε

1
n (y1 + y2 + · · · + yn) + Φn−1,

dyn

dt
= −ε

1
n (y1 + y2 + · · · + yn) + Φn,

(15)

It can also be written as the compact form

dyyy

dt
= ε

1
n Ayyy + ΦΦΦ, (16)

where

A =

264 −1
...

. . .

−1 · · · −1

375 , ΦΦΦ =

264 Φ1

...
Φn

375 . (17)

In order to prove exponential convergence, we must
bound the norm of ΦΦΦ.

Lemma 3. Suppose ε satisfies (13), then there exists a

constant C̃, which is independent of ε, such that

‖ΦΦΦ‖ ≤ ε
2
n C̃‖yyy‖. (18)

Proof. Since for every 0 ≤ i ≤ n − 1, |yn−i| ≤ 3
4
εn−i,

we have

‖yyy‖ = (|y1|2 + · · · + |yn|2)
1
2 ≤

 
n−1X
i=0

(
3

4

ε

4i
)2
! 1

2

≤ ε. (19)

If (13) holds, we have

|Φn−i| ≤ Nn|u|2 + ε
1
n Nn−1(|xn|2 + |u|) + · · ·+

ε
i
n Nn−i(|xn−i+1|2 + |xn−i+2| + · · · + |u|)

≤ ε
2
n [Nnn‖yyy‖ + Nn−1(K

2
n + n)‖yyy‖ + · · ·+

Nn−i(iK
2
n−i+1 + · · · + Kn + n)‖yyy‖],

and
‖ΦΦΦ‖ = (|Φ1|2 + · · · + |Φn|2)

1
2 ≤ ε

2
n C̃‖yyy‖,

where

C̃ = (
nP

i=1

[Nnn + Nn−1(K
2
n + n) + · · · + Nn−i

(iK2
n−i+1 + (i − 1)Kn−i+2 + · · · + Kn + n)]2)

1
2 .

�

Theorem 1. If the scaling factor ε satisfies (13) and

ε ≤ δ̃ =

�
1

4‖P‖

�n

C̃
−n

, (20)

where P satisfies PA + A⊤P = −I , then the system (1) is
exponentially convergent with the control (9).

Proof. It is obvious that the exponential convergence
of xxx(t) is equivalent to the exponential convergence of yyy(t).
Therefore, we only need to prove that yyy(t) is exponentially
convergent.

Since the matrix A has only one eigenvalue −1, the Lya-
punov equation PA + A⊤P = −I has a solution[13]

P =

Z +∞

0

eATteAt
dt.

It is obvious that P is positive definite.

Let α = ε
1
n

4‖P‖
and zzz(t) = eαtyyy(t), we can show that zzz(t)

is bounded. Define V (t) = zzzT(t)Pzzz(t), we have

dV (t)
dt

=
�

d(eαtyyy(t))
dt

�⊤
Pzzz(t) + zzz(t)⊤P

d(eαtyyy(t))
dt

= e2αt(ε
1
n yyyT(ATP + PA)yyy + 2αyyyTPyyy + 2ΦΦΦTPyyy)

≤ e2αt[−ε
1
n ‖yyy‖2 + 2α‖P‖‖yyy‖2 + 2‖ΦΦΦ‖‖P‖‖yyy‖]

≤ e2αtε
1
n ‖yyy‖2

�
−1 + 1

2
+ 2δ̃

1
n C̃‖P‖

�
≤ 0.

Therefore, V (t) is bounded and and thus

yyy(t) = O(e−ǫt).

�

2 Further results for system (1)

In this section, we study the nonlinear system (1)

without the assumptions ∂fi

∂xi+1

���
0
6= 0(i = 1, · · · , n − 1).

In this case, the system (1) cannot be linearized to the

form (6). In fact, if ∂jfi

∂(xi+1)j

���
0

= 0(j = 1, · · · , pi+1 − 1),

∂
pi+1fi

∂(xi+1)
pi+1

���
0
6= 0(i = 1, · · · , n − 1) and ∂fn

∂u

��
0
6= 0, we can

obtain the following formulation8>>>>><>>>>>: ẋ1 = x
p2

2 + ϕ1(x3, · · · , xn, u),
ẋ2 = x

p3

3 + ϕ2(x4, · · · , xn, u),
...

ẋn−1 = xpn
n + ϕn−1(u),

ẋn = u,

(21)

where ϕi is continuously differential for its variable. In this
section, we assume ϕi satisfies

|ϕi(xi+1, · · · , xn, u)| ≤ ai(x
pi+1+1

i+1 + · · · + x
pn+1
n + u

2),
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where i = 1, · · · , n − 1, and

|ϕn(u)| ≤ an|u|2.

Consider linear coordinate transformation:

yn−i =
iX

j=0

C
j
i xn−j , zn−i =

iX
j=0

C
j
i x

pn−j

n−j ,

or in detail,264 y1

...
yn

375 =

264 Cn−1
n−1 · · · C0

n−1

. . .
...

C0
0

375264 x1

...
xn

375 ,264 z1

...
zn

375 =

264 Cn−1
n−1 · · · C0

n−1

. . .
...

C0
0

375264 x1

...
xpn

n

375 ,

where C
j
i = i!

j!(i−j)!
.

Since

nP
j=n−i+1

zj =
i−1P
j=0

i−1P
k=j

C
j
kx

pn−j

n−j =
i−1P
j=0

C
j+1
i x

pn−j

n−j

=
iP

j=1

C
j
i x

pn−j+1

n−j+1 ,

we have

ẏn−i =
iP

j=0

C
j
i ẋn−j

=
iP

j=1

C
j
i x

pn−j+1

n−j+1 + u +
iP

j=1

C
j
i ϕn−j+1

= (zn−i+1 + · · · + zn) + u + Φn−i,

where

Φn−i = ϕn(u) + C1
i ϕn−1(xn, u)

+ · · · + Ci
iϕn−i(xn−i+1, xn−i+2, · · · , xn, u).

satisfies

|Φi(xi+1, · · · , xn, u)| ≤ ri(x
pi+1+1

i+1 + · · · + x
pn+1
n + u

2),

where i = 1, · · · , n − 1, and

|Φn(u)| ≤ rn|u|2.

Using the following nested saturation control

u = −σn(zn + σn−1(zn−1 + · · · + σ1(z1) · · · )),

where

σi(x) =

�
x, if |x| ≤ εi,

εisign(x), if |x| > εi,

ε1 =
1

4
ε2 = · · · =

�
1

4

�n−1

εn, εn = ε.

System (21) is then transformed to the following closed
loop system8>>>>><>>>>>: ẏ1 = z2 + · · · + zn − σn(zn + · · · + σ1(z1)) + Φ1,

ẏ2 = z3 + · · · + zn − σn(zn + · · · + σ1(z1)) + Φ2,
...

ẏn−1 = zn − σn(zn + · · · + σ1(z1))] + Φn−1,
ẏn = −σn(zn + · · · + σ1(z1)) + Φn.

Now, we will prove that system (21) is globally stable
with small enough ε.

Theorem 2. Choose ε to be small enough, then in finite
time, zn−i ∈ Pn−i = {zn−i : |zn−i| < 3

4
εn−i}, where i =

0, · · · , n − 1.
Proof. Since all xi → 0 if and only if all zi → 0, this

theorem implies the state of control system (1) is globally
stable.

We begin by considering the evolution of the state yn

dyn

dt
= −σn(zn +σn−1(zn−1+ · · ·+σ1(z1) · · · ))+Φn. (22)

If zn∈̄Pn = {zn : |zn| < 3
4
εn}, then |zn| ≥ 3

4
εn, and

|zn + σn−1(zn−1 + · · · )| ≥ |zn| − εn−1 ≥ 1

2
εn.

Now it can be seen from (22) that if zn∈̄Pn, then��dyn

dt

�� ≥ |σn(zn + σn−1(zn−1 + · · · ))| − |Φn|
≥ 1

2
εn − rnε2

n ≥ 1
4
εn, (when ε ≤ 1

4rn
),

and

sign

�
dyn

dt

�
= −sign(zn).

Note that all pi are odd numbers and all yi → 0 if and only
if all zi → 0. Therefore, when zn ≥ 3

4
εn, yn decreases at the

rate 1
4
εn until zn < 3

4
εn. Similarly, when zn ≤ − 3

4
εn, yn

increases at the rate 1
4
εn until zn > − 3

4
εn. Consequently,

zn enters Pn in finite time and remains in Pn thereafter.
Now, we proceed by induction. Suppose zn−j ∈ Pn−j =

{zn−j : |zn−j | < 3
4
εn−j}, j = 0, · · · , i − 1, we consider the

evolution of the state zn−i. The argument of σn−j , j =
0, · · · , i − 1, is bounded as

|zn−j + σn−j−1(zn−j−1 + · · · )| ≤ 3

4
εn−j + εn−j−1 = εn−j .

By the definition of σi (see (10)), the evolution of zn−i is
given by

dyn−i

dt
= −σn−i(zn−i + · · · + σ1(z1)) + Φn−i.

Similarly, if zn−i∈̄Pn−i = {zn−i : |zn−i| < 3
4
εn−i}, then

|zn−i| ≥ 3
4
εn−i, and

|σn−i(zn−i + σn−i−1(zn−i−1 + · · · + σ1(z1) · · · ))| ≥ 1

2
εn−i.

Hence, we have ( for small enough ε)���dyn−i

dt

��� ≥ |σn−i(zn−i + · · · )| − |Φn−i|

≥ 1
2
εn−i − ri

�
ε

pm+1

pm
n−i + ε2

�
≥ 1

4
εn−i,

(where pm = max{p2, · · · , pn}) and

sign

�
dyn−i

dt

�
= −sign(zn−i).

Therefore, when zn−i ≥ 3
4
εn−i, yn−i decreases at the rate

1
4
εn−i until zn−i < 3

4
εn−i. Similarly, when zn−i ≤ − 3

4
εn−i,

yn−i increases at the rate 1
4
εn−i until zn−i > − 3

4
εn−i. Con-

sequently, zn−i enters Pn−i in finite time and remains in
Pn−i thereafter. �
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3 Numerical test

Example. Consider the feedforward nonlinear system:8<: ẋ1 = − sin(x2 + x3 + u) + cos(x3 + u) + tan(u) − 1
ẋ2 = tan(x3) − sin(u2x3)

ẋ3 = − sin(u − u2) + u2

4

Let u = − 3
√

ε(σ3(y3 + σ2(y2 + σ1(y1)))), where24 y1

y2

y3

35 =

24 1 −2 −1
0 −1 −1
0 0 −1

3524 ε
2
3 x1

ε
1
3 x2

x3

35 .

Simulation results are described in Figure 1 (the ini-
tial point x0 = (2,−3, 1), (−2, 1,−1), (1.5, 1,−1) and
(−1, 1.5, 1), the parameter ε = 0.65).

0 20 40 60 80
−3

−2

−1

0

1

2

3
x(1)

x(2)

x(3)

(1):x
0
=(2,−3,1)

0 20 40 60 80
−3

−2

−1

0

1

x(1)

x(2)

x(3)

(2):x
0
=(−2,1,−1)

0 10 20 30
−1

−0.5

0

0.5

1

1.5

x(1)
x(2)

x(3)

(3):x
0
=(1.5,1,−1)

0 50 100 150 200
−6

−4

−2

0

2

4

6

8

x(1)

x(2)

x(3)

(4):x
0
=(−1,1.5,1)

Figure 1 Simulation results

From the simulation test, we observe that the solution
trajectory x3(t), x2(t) and x1(t) converge to zero one by
one, that is, x3(t) converges to zero firstly, then x2(t), and
x1(t) converges to zero finally (especially from figure 1 (4)).
In fact, from the proof of Lemma 2, the control (9) makes
the solution trajectories of nonlinear system (1) come into
the small interval Pn−i by the order of yn, yn−1, · · · , y1.
The numerical simulation verifies that exactly.

4 Conclusion

In this paper, we study the saturated control of a gen-
eral class of feedforward nonlinear systems. By linear co-
ordinate transformation, we transfer this feedforward non-
linear system to a closed loop system. We use nested sat-
uration stabilizer [6] to make the nonlinear system globally
stable and exponential convergent at the equilibrium xxx = 0.
The results of this paper enlarge the class of feedforward
nonlinear systems investigated before clearly. Numerical
example is given, by which efficiency of the result given
above is verified.
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