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1. Introduction

In the papers [1-7] the Poincaré algebra for the generators of the rotations M, and
translations P, in D dimensions,

[Mab/ Mcd = (gadec + gbcMud) - (C < d)r
[Mab/ ] gbCP gacpb/ (11)
[P, P,] =0,

has been extended by means of the second rank tensor generator Z,;, in the following way:

[Map, Mca] = (aaMpc + gocMaa) — (c < d),
[Mab, Pe] = bcPa = acPe,
[Pa, Py] = cZab,
[Mab, Zea] = (§aaZpe + §ocZaa) — (¢ < d),
[Pa, Zbe] =0, (Zav, Zcal =0

(1.2)
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where ¢ is some constant (Note that, to avoid the double count under summation over
the pair antisymmetric indices, we adopt the rules which are illustrated by the following
example:

c 1
[Pa, Pyl = cZapy = 5 (8567 - 6265) Zea = X fur™' Zea = 5 far Zea, (1.3)

c<d

where fade are structure constants, and so on.)

Such an extension makes common sense, since it is homomorphic to the usual Poincaré
algebra (1.1). Moreover, in the limit ¢ — 0 the algebra (1.2) goes to the semidirect sum of the
commutative ideal Z,,, and Poincaré algebra (1.1).

It is remarkable enough that the momentum square Casimir operator of the Poincaré
algebra under this extension ceases to be the Casimir operator, and it is generalized by adding
the term linearly dependent on the angular momentum

PP, + cZ% My & X hFIX), (1.4)

where Xx = {P,, Zap, Map}. Due to this fact, an irreducible representation of the extended
algebra (1.2) has to contain the fields with the different masses [4, 8]. This extension with
noncommuting momenta has also something in common with the ideas of the papers [9-11]
and with the noncommutative geometry idea [12].

It is interesting to note that in spite of the fact that the algebra (1.2) is not semi-simple
and therefore has a degenerate Cartan-Killing metric tensor nevertheless there exists another
nondegenerate invariant tensor hy in adjoint representation which corresponds to the
quadratic Casimir operator (1.4), where the matrix K is inverse to the matrix hy: W hy,, = 6fn.

There are other quadratic Casimir operators

*Z%Zaw, (1.5)
el g 7 . (1.6)

Note that the Casimir operator (1.6), dependent on the Levi-Civita tensor €4, is

suitable only for the D = 4 dimensions.

It has also been shown that for the dimensions D = 2, 3, 4 the extended Poincaré
algebra (1.2) allows the following supersymmetric generalization:

{Qr, Qu} = =d(0™C) 1 Zab,
[Mabr QK] = _(GabQ)K/ (1 7)
[Pa, Qx] =0, .
[Zabr QK] =0,

with the help of the supertranslation generators Q.. In (1.7) C is a charge conjugation
matrix, d is some constant, and o, = 1/4[y,, y»], where y, is the Dirac matrix. Under this
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supersymmetric generalization the quadratic Casimir operator (1.4) is modified into the
following form:

C K
PP, + cZ% M, — EQK(C*) oy (1.8)

while the form of the rest quadratic Casimir operators (1.5), (1.6) remains unchanged.

In the present paper we propose another possible semi-simple tensor extension of the
D-dimensional Poincaré algebra (1.1) which turns out a direct sum of the D-dimensional
Lorentz algebra so(D - 1,1) and D-dimensional anti-de Sitter (AdS) algebra so(D —1,2). For
the case D = 4 dimensions we give for this extension a supersymmetric generalization which
is a direct sum of the 4-dimensional Lorentz algebra so(3,1) and orthosymplectic algebra
osp(1,4) (super-AdS algebra). In the limit this supersymmetrically generalized extension go
to the Lie superalgebra (1.2), (1.7).

Let us note that the introduction of the semi-simple extension of the (super) Poincaré
algebra is very important for the construction of the models, since it is easier to deal with the
nondegenerate space-time symmetry.

2. Semi-Simple Tensor Extension

Let us extend the Poincaré algebra (1.1) in the D dimensions by means of the tensor generator
Zap, in the following way:

[ ab/ ] (gadec + Sbe ad) - (C A d)/
[Mab/ ] gbcP gucpb/
[Pu/ Pb] ab/

[Mab/ cd] (gadzbc + 8be ad) (C -« d)/ (21)

4a?
[Zabr Pc] = T (gbcpa - gacpb)/

4 2
(Zab) Zeal = % [(8adZuc + gbcZaa) — (c = d)],

where a and c are some constants. This Lie algebra, when the quantities P, and Z;, are taken
as the generators of a homomorphism kernel, is homomorphic to the usual Lorentz algebra. It
is remarkable that the Lie algebra (2.1) is semi-simple in contrast to the Poincaré algebra (1.1)
and extended Poincaré algebra (1.2).

The extended Lie algebra (2.1) has the following quadratic Casimir operators:

C1 = PP, + cZ% My, + 28> M M, < X H'X), (2.2)

Cr=c*Z%Za + 8a2<cZ“bea + ZazM“bM,lb> © X HEX), (2.3)

C; = cd [c2zabzcd + 8a? <ch,1Mcd + 2a2Machd>]. (2.4)
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Note that in the limit a — 0 the algebra (2.1) tends to the algebra (1.2) and the
quadratic Casimir operators (2.2), (2.3), and (2.4) are turned into (1.4), (1.5), and (1.6),

respectively.
The symmetric tensor

H" = sHM 1+ tHY = H* (2.5)
with arbitrary constants s and ¢ is invariant with respect to the adjoint representation
HX = g™u,ku,’. (2.6)

Conversely, if we demand the invariance with respect to the adjoint representation of
the second rank contravariant symmetric tensor, then we come to the structure (2.5) (see also
the relation (32) in [6]).

The semi-simple algebra (2.1)

Xk, X1] = fru"" Xom (2.7)
has the nondegenerate Cartan-Killing metric tensor
8kl = frm" fin'" (2.8)
which is invariant with respect to the coadjoint representation
8k = U™ U)" g (2.9)

With the help of the inverse metric tensor g¥: ¢ g1, = 65 we can construct the quadratic
Casimir operator which, as it turned out, has the following expression in terms of the
quadratic Casimir operators (2.2) and (2.3):

1 ,_3-2D
8a2(D-1)| ' " 8a2(D-2)

Xk gMX) = G|, (2.10)

that corresponds to the particular choice of the constants s and ¢ in (2.5).
The extended Poincaré algebra (2.1) can be rewritten in the form

[Nab/ ch] = (gadNbc + gchad) - (C A d)/ (211)
[Las, Lep] = (gapLac + gecLap) — (C < D), (2.12)
[Nav, Lcp] =0, (2.13)

where the metric tensor gap has the following nonzero components:

8B = {Qab, §D+1D+1 = —1}. (2.14)
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The generators

c

Nab = Mab - ﬁzub (215)
a

form the Lorentz algebra so(D — 1, 1), and the generators

1
Lap = {Lab = Zav, Lapi1 = —Lpi1a = %Pa/LDHDH = 0} (2.16)

c
4q2

form the algebra so(D — 1,2)( Note that in the case D = 4 we obtain the anti-de Sitter algebra
s0(3,2).) . The algebra (2.11)-(2.13) is a direct sum so(D - 1,1) @ so(D - 1,2) of the D-
dimensional Lorentz algebra and D-dimensional anti-de Sitter algebra, correspondingly.

The quadratic Casimir operators NN ab [,5LA8, and €N, N, of the algebra
(2.11)—(2.13) are expressed in terms of the operators C; (2.2), C, (2.3), and C; (2.4) in the
following way:

1
NaopN® - L,pLAB = 52C1 (2.17)
ab 1
NypN®» = om Cy, (2.18)
1
€PIN L, Neg = et Cs (2.19)

3. Supersymmetric Generalization

In the case D = 4 dimensions the extended Poincaré algebra (2.1) admits the following
supersymmetric generalization:

2a
(Qw Qi) ==d| Z(1C)y Pa + (0C)n Zao |,

[Mab/ QK‘] = _(oabQ)Kr

3.1)
[Pa/ QK] = a(YaQ)K/

2
[Zab/ QK] = _4% (GabQ)K/

where Q, are the supertranslation generators.
Under such a generalization the Casimir operator (2.2) is modified by adding a term
quadratic in the supertranslation generators

G = PPy + cZ% My, + 28> M My — %QK(C*)“Q Y X HEEX, (3.2)
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whereas the form of the rest quadratic Casimir operators (2.3) and (2.4) is not changed. In
(3.2) Xk = {Pa, Zab, Map, Qx} is a set of the generators for also the semi-simple extended
superalgebra (2.1), (3.1).

The tensor

HKL = UHlKL + wH2KL — (_1)PKPL+p1<+pLHLK (3.3)
is invariant with respect to the adjoint representation
HKL — (_1)(pK+pM)(pL+1)HMNuNLuMK’ (34)

where px = p(K) is a Grassmann parity of the quantity K. In (3.4) v and w are arbitrary
constants and nonzero elements of the matrix HX" equal to the elements of the matrix
H¥ followed from (2.3). Again, by demanding the invariance with respect to the adjoint
representation of the second rank contravariant tensor HXL = (—1)PKPLP*PL LK 'we come to
the structure (3.4) (see also the relation (32) in [6]).

The semi-simple Lie superalgebra (2.1) (3.1) has the nondegenerate Cartan-Killing
metric tensor Gk, (see the relation (A.6) in the Appendix A) which is invariant with respect
to the coadjoint representation

Gkr = (-1)P¥ (prepv) U N UxMGun. (3.5)

With the use of the inverse metric tensor GKE,
GKLGpyp = 6K, (3.6)

we can construct the quadratic Casimir operator (see the relation (A.11) in the
Appendix A) which takes the following expression in terms of the Casimir operators (2.3)
and (3.2):

1 /=~ 9
XxGMXp = —(C1 - = ) 7
KGUXL = (Cl 22" G7)

that meets the particular choice of the constants v and w in (3.4).
In the D = 4 case the extended superalgebra (2.1), (3.1) can be rewritten in the form of
the relations (2.11)—(2.13) and the following ones:

4a%d
c

{Qe, Qi) =- (=4PC) 1 Las, (3.8)
[LAB/ QK] = _(ZABQ)KI (39)

[Nab, Q] =0, (3.10)
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where

1
ZAB:ZI[FA'FB]/ T'g= {YaYSIYS}/

(Yaro) =28, gab = diag(~1,1,1,1), (3.11)

Ys = YoY1Y2Ys-

The generators N, (2.15) form the Lorentz algebra so(3,1) and the generators Lag
(2.16), Q\ form the orthosymplectic algebra osp(1,4). We see that superalgebra (2.11)-(2.13),
(3.8)—(3.10) is a direct sum so(3,1) ® osp(1,4) of the 4-dimensional Lorentz algebra and 4-
dimensional super-AdS algebra, respectively.

In this case the Casimir operator (2.17) is modified by adding a term quadratic in the
supertranslation generators

x 1 ~
NN - Lyl - <00y = —C 3.12
b AB 4a2dQ (C) A 22V (3.12)
while the form of the quadratic Casimir operators (2.18) and (2.19) is not changed.

4. Conclusion

Thus, we proposed the semi-simple second rank tensor extension of the Poincaré algebra in
the arbitrary dimensions D and super-Poincaré algebra in the D = 4 dimensions. It is very
important, since under construction of the models, it is more convenient to deal with the
nondegenerate space-time symmetry. We also constructed the quadratic Casimir operators
for the semi-simple extended Poincaré and super Poincaré algebra.

It is interesting to develop the models based on these extended algebra. The work in
this direction is in progress.
Appendix
A. Properties of Lie Superalgerbra

Permutation relations for the generators Xk of Lie superalgebra are
[Xi, X1} E XeeXp - (~1)PKPEX Xk = frM X (A1)
Structure constants fx;* have the Grassmann parity
p(fc™) =px+pr+pr =0 (mod2), (A2)

following symmetry property:

frM = —(-1)PFPE M (A.3)
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and obey the Jacobi identities

Z (~1)PEPM £ ™ =0, (A4)
(KLM)

where the symbol (KLM) means a cyclic permutation of the quantities K, L, and M. In the
relations (A.1)-(A.4) every index K takes either a Grassmann-even value k(px = 0) or a
Grassmann-odd one x(p, = 1). The relations (A.1) have the following components:

Xk, Xi] = fi" Xom,
{XK/ X/\} = fK/\me/ (A5)
Xk, Xu] = fra" X,
The Lie superalgebra possesses the Cartan-Killing metric tensor
Gk = CDPN fem™ fin™ = (-1)PXPEGri = (-1)PXGrx = (1) Gk, (A.6)

which components are

le = fkmnflnm - fkyvflv#/
GK./\ = fnymflmﬂ - fkmﬂf)wm/ (A7)
GkJ\ =0.

As a consequence of the relations (A.3) and (A.4) the tensor with low indices
frem = fxrNGam (A.8)
has the following symmetry properties:

—(-1)PKpL

fxim = frem = —(DPPM fea . (A9)

For a semi-simple Lie superalgebra the Cartan-Killing metric tensor is nondegenerate
and therefore there exists an inverse tensor GXL,

Gk G = 6. (A.10)
In this case, as a result of the symmetry properties (A.9), the quantity
XxGKEX (A.11)
is a Casimir operator

[XKGKLXL, XM] = 0. (A.12)
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