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The cone beam transform of a tensor field of order m in n > 2 dimensions is considered. We prove that the image of a tensor
field under this transform is related to a derivative of the n-dimensional Radon transform applied to a projection of the tensor
field. Actually the relation we show reduces for m = 0 and n = 3 to the well-known formula of Grangeat. In that sense, the
paper contains a generalization of Grangeat’s formula to arbitrary tensor fields in any dimension. We further briefly explain the
importance of that formula for the problem of tensor field tomography. Unfortunately, for m > 0, an inversion method cannot
be derived immediately. Thus, we point out the possibility to calculate reconstruction kernels for the cone beam transform using

Grangeat’s formula.
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1. INTRODUCTION

The cone beam transform for a symmetric covariant tensor
field f of order m reads as

Df(a, ) = jm (F(a+ tw), ™) dt, (1)
0

where a is the source of an X-ray, w € §"~! is a direction, and
w™ denotes the m-fold tensor product w™ = w ® - - - ® w.
If m = 0, this is the classical X-ray transform of functions
which represents the mathematical model for the cone beam
geometry in computerized tomography. For m = 1, the op-
erator D is the longitudinal X-ray transform of vector fields.
A lot of numerical algorithms have been developed in recent
years to solve the inverse problem Df = g in case m = 0 and
m = 1; see, for example, Louis [1], Katsevich [2], Schuster
[3], Derevtsov and Kashina [4], Sparr et al. [5] among oth-
ers. But also for tensor fields of order m > 1, this transform is
of interest in various applications such as photoelasticity and
plasma physics. Solution approaches for the tensor tomogra-
phy problem are found in Derevtsov [6], and Kazantsev and
Bukhgeim [7]. A further important transform in computer-
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ized tomography is given by the Radon transform

Rf(s,w) = J flwtydy, seR, @)

which maps a scalar function to its integrals over hyper-
planes.

An important connection between D and R is given by
the formula of Grangeat:

ng(w,s= (@ ©)) =—j Df(a,008 ((6,0))ds, (3)
S S2

which is valid for differentiable scalar fields f with compact
support; see Grangeat [8]. In this paper, we prove a general-
ization of Grangeat’s formula to arbitrary tensor fields. More
explicitly, we show that

on—2)

WR]‘“((‘),S = (a,w))

= (=1 | DE@6)6" (6, @))de,
Sn—1
(4)
where § is Dirac’s delta distribution and f, are projections of
the tensor field f.

In Section 2, we prove that D is a bounded linear map-
ping between suitable L2-spaces and give a representation for
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its adjoint D*. In Section 3, we prove formula (4) using a du-
ality argument for D and R. We finish this paper by pointing
out the importance of this result for research in the area of
tensor field tomography.

2. THE CONE BEAM TRANSFORM OF TENSOR FIELDS

We consider the Euclidean space R". A covariant tensor of
order m in R" is given by

f= f,-]...,-mdxil ®---®dx", xeR" (5)

where f;...;, € R,1 < i; < nforj = 1,...,m and dx/,
i=1,...,n, is the basis of covectors in (R")*,

dx‘v) =v, i=1,...,n, veR" (6)

As in (5), we use Einstein’s summation convention through-
out the paper, that means we sum up over equal indices. A
tensor (5) of order m is symmetric if

fio(l)"'iﬂ(m) = fil"'im> (7)

where ¢ runs over all m! permutations of {1,...,m}. The set
of all symmetric tensors of order m is denoted by 8™. A scalar
product on 4™ is given by

(f)g> = _fil---imgil.“im:

where g'*"in are the contravariant components of the tensor
g. We write [If|| = +/(f,f) for the norm on ™. If m = 1, this
is the Euclidean norm. A symmetric covariant tensor field of
order m in R” maps a point x € R” to an element of §™,

x— f(x) = fi... x € R", 9)

where f;,...;, (x) € 8™ for fixed x.

Let further Q" = {x € R" : |x| < 1} be the open unit
ball in R". We introduce an inner product for tensor fields
defined on Q" by

€9 = | (0, g00)dx = [ fionn (g ()dx,
(10)

f,g 4", (8)

o (X)dx @ - - - ® dxi,

which turns L2(Q", 8™) := {f € 8" : ||f||2 = (£, £)}5* < oo}
to a Hilbert space. Assume that ' C (R”\Q") is the path rep-
resenting the curve of sources of the X-ray beams. Examples
for I which are used in practice are a circle, two perpendicu-
lar circles, or a helix. The cone beam transform of a symmet-
ric tensor field f of order m is then defined by

Df(a,0) = L‘” (f(a+ tw), 0™)dt
” (11)
[ oot

where w € §"1 = 9Q" is the direction and a € T the source
of the beam and w™ = w ® - - - ® w means the m-fold ten-
sor product of w. As an arrangement, we extend f(x) = 0 in
R™"\Q". Hence, integrals like (11) are well defined. Finally, we
denote D, f(w) := Df(a,w). We note that D coincides with
the longitudinal ray transform in the book of Sharafutdinov
[9]. The operators D and D, are linear and bounded between
L?-spaces.

Theorem 1. Let a € T. The mappings D, : L*(Q", §™) —
L*(S" Y and D : L*(Q",8™) — L2(T x $*71) are linear and
bounded if

J (lal — 1)1*"da < oo, (12)
T
Proof. For f € L*(Q", 8™) and a € T, we have
00 2
j I Df(w) | do = J ’ J (f(a+ tw), 0™)dt| do
er—l Snfl 0
< zj j I1f(a + tw)|dt dw
S=1.J0
_ 2J I1£6)|P L — al'~"dx
Qn
<2(lal - 1) " If113,

(13)

where we used thﬁubstitution X = a+ tw and the fact that
f(x) = 0 in R"\Q". This shows the continuity of D,. The
continuity of D follows then by using Df(a, w) = D,f(w) and

J J |Df(a,w)|2dwdas2\|f\|%zj (al *1)17nda.
rJgn-1 .
(14)
4

Theorem 1 implies that D, and D have bounded adjoints
D} and D*.

Lemma 1. The adjoints D} : L*(S"™!) — L*(Q",8™) and
D* : [2(T x §*') — L2(Q",8™) have the following repre-
sentations:

X—a
lx — al

D*g(x) = L {Ix - all’”’mg(ﬁ>(x - a)m}da.
(16)

Dg(x) = Ix—all’”’mg< )(x—a)m, (15)

In (15), (16), the power m again is to be understood as the m-
fold tensor product

x—-a"=(x-a)® ---®(x—a). (17)

Proof. Letf € L*(Q",8™), g € L*(S"™!). Then
J D, f(w)g(w)dw
snfl

=J f i@+ t0)a" - - - wing(w)dt dw
s=1Jo

B C deng (x _ a)il A (x — a)im
_ Im x —al' " i (%) e
x—a
Xg(\x—a\>dx
= <f’D;kg>L2-
(18)

Here, again we substituted x = a + tw. This shows the rep-
resentation of D¥. Equation (16) follows easily from (15) by
an integration over I'. (]
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For m = 0, n = 3, D* is the backprojection operator in ~ Theorem 2. Letn > 2 andf € (‘?(()"72)(0”, ™). Then
classical 3D cone beam tomography. If m = 1, n = 3, we )
obtain the adjoint of the cone beam transform in vector field 9" -
(n—Z) Rfa(w>5 - <a1 (U))
tomography s (24)

D*g(x) = Jr |x—a|’3g(a, |i:Z|)(x—a)da. (19)

Remark 1. Note that the integrals (12) and (16) are well de-
fined since I' has a positive distance from Q”.

To prove formula (4), we will also need the adjoint of
the Radon transform. The following lemma summarizes ba-
sic results of the Radon transform (2) which can be found,
for example, in the book of Natterer [10].

Lemma 2. The transforms R : L2(Q") — L*([-1,1] x §"°1)
and R, : L2(Q") — L*([—1,1]) where R, f(s) = Rf (s, w) are
linear and continuous with bounded adjoints R* : L>([—1,1] X
S — L2(Q") and R : L*([-1,1]) — L*>(Q") represented
by

Rig(x) = g((x,w)),

20
R*g(x) = Lnilg((x,w),w)dw. (20)

3. A CONNECTION BETWEEN RADON AND
CONE BEAM TRANSFORM

The proof of (4) essentially relies on the duality of the pairs
(Ry,RY), (D;, DY) on the one side and the fact that ON
where § denotes Dirac’s delta distribution, is homogeneous
of degree —k — 1 on the other side. To see the latter property,
we take ¢ € C5°(R), A > 0 and compute

JR ¢(s)8® (As)ds
= A*l J ¢(/\71$)8(k)(s)ds
R
k
= Afl(_l)k%{gb(/l—ls)}lpo _ )Likil(—l)kgb(k)(O)

- jR S 16W (5)ds,
(21)

For a tensor field f € L*(Q", 8™) and a € T, we further-
more define

falx) = (£(x), [x —al ™(x —a)™)
= fiin(X)x—al™x—a)" - (x—a)m,  (22)

l<ij<n j=1,...,m
Using the Cauchy-Schwartz inequality, we easily get
|l lax s | lieolPax (23)

Thus, f, € L>(Q"), when f € L2(Q", 8™).
We are now able to state the main result of this paper.

- (71)<H-Z>J Df(a, 0)5 2 ((w, 0))d6,
Sn*l

wherea € T, w € §"1,

Proof. We follow the proof of Grangeat’s classical formula as
outlined in Natterer and Wiibbeling [11, Section 2.3]. For
y € L*([-1,+1]), we have from lemma 2 that

| Refioptas
= JQ o)y ({x, w))dx (25)
= L} (f(x), |x — al ™ (x — @)™y ({x, w))dx.

Using (15), we obtain in the same way for h € L2(S""1),

|, Dat@me)a0

—n—-m m xX—a
:Jm (£(x), 1x — al =" (x — a) )h(|x_a|>dx.
(26)

Assertion (24) is then proved when setting h(6) = 8"~ ((6,
w)), y(s) = 82 (s — (a,w)) and taking into account that
8"~ is homogeneous of degree 1 — . O

Remark 2. Obviously, §""=2) is not in L>([—1, +1]). But since
§n=2) ¢ (@"=2([—1,+1]))" and the cone beam transform
Df(a, y) can be extended homogeneously to R” with respect
to the second variable for any m according to m = 1 (see
[11, Section 2.3]), the integrals in the proof of Theorem 2 are
well defined by the smoothness requirement for f. The ex-
pression on the right-hand side of (24) is to be understood
as

(=1)n=2) Df(a,0)6" % ((w,8))do
s (27)
- J (d"DDf(a, y = 6), 0"2)db,
S=Tnwt
where d” = d ® - - - ® d means the m-fold inner derivative

with respect to the second variable in Df(a, y). We have that
d! = V is the gradient, d? is the Hessian.

If n = 3, m = 0, (24) is just the classical formula of
Grangeat (3). For m = 1, we get an extension of Grangeat’s
formula to vector fields, where

fa(x) = (£(x), [x —al ' (x — a)). (28)

The benefits of formula (24) can barely be anticipated.
Let us consider the scalar case, that is, m = 0. If there exists
to each s € [—1, 1] a source point a € T such that (a,w) =s,
then the derivative 8" 2R f(w,s) can be obtained for arbi-
trary w € $"71, s € [—1,1] by integrating a corresponding
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derivative of the data D f (a, 0) over the manifold "' N w*.
This condition is well known as Tuy’s condition (see, e.g.,
[10, Section VL5]) and means that every hyperplane pass-
ing through Q" has to intersect the source curve I' in at least
one point. The situation changes decisively for m > 0 since
the projections f, depend on the source point a. Even if we
found to every s a source a satisfying (a,w) = s, this would
not help since the object function f, of R changes with a.
Thus applying formula (24) would give us R f,(w, s) for a sin-
gle s, namely, s = (a,w). Tuy’s condition is not sufficient for
m > 0. Moreover, we have to take into account that there is a
nontrivial null space for m > 0 anyway. To see this, we note
that Df = 0 if f is a potential field, that means f = dp for
p € H}(Q", 8™ ). We refer to the book of Sharafutdinov
[9] for a characterization of the null space of D. Denisjuk
[12] suggested a generalization of Tuy’s condition for higher
order tensor fields. He obtained similar formulas as (24) and
showed that every plane through " has to intersect I at least
m — 1 times.

If it is possible to compute f, with the help of formula
(24), the curve I' additionally has to satisfy the requirement
that f(x) can be computed from the projections

(f(x), Ix = al ™ (x — a)™). (29)

This is possible, if the curve T fulfills the condition, that
for each x € Q" there exist dim(4™) = n™ source points
ai,...,ay» such that the tensors |x — a;| ™ (x — a;)™ are lin-
early independent for fixed x and 1 < i < n™. The tensor
field f(x) can then be recovered from the projections (29).
In case of three-dimensional vector fields (n = 3, m = 1),
we need three linearly independent vectors x — a; to each
x. Hence, this condition is not fulfilled when, for example,
I'={aeR>:|a—ayl =r, as = 0} is a single circle since we
find no such vectors for x in {|x — ag| < 1, x3 = 0}.

Formula (24) could be used to calculate reconstruction
kernels for D, that is we could try to solve

D*y ., (x) =El , (x,) (30)

using that relation to the Radon transform, where E,Yl.__im (x,
y) = 8(x — y)dx"' ® - - - ® dx'» for small y > 0 is an approx-
imation to the delta distribution. Reconstruction kernels are
necessary to cope the problem of tensor tomography with the
method of approximate inverse; see, for example, Louis [13],
Schuster [3], Rieder and Schuster [14]. It is clear that

Df(a, w)w + a1 (a, w, ) w1 + & (a, w, wy) W,

- Joof(a+ tw)dt (3D
0

for certain coefficients «;, ay, where {w, w;, w,} forms an or-
thonormal basis of R, Unfortunately, a1, &y, are unknown.
An idea to apply the method of approximate inverse to D
might be to approximate

Df(a, 0)w ~ r f(a+ tw)dt, (32)
0

and to use methods for 3D cone beam CT to solve the prob-
lem. If 9¥(x) denotes a reconstruction kernel for D in case

m = 0, then v,y(x) := 1Y(x) - e; represents a reconstruc-
tion kernel for the right-hand side of (32). This approach
is subject of current research. Hence, relation (24) might be
of large interest in the area of tensor tomography problems.
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Techniques for processing signals corrupted by non-Gaus-
sian noise are referred to as the robust techniques. They are
established and used in science in the past 40 years. The
principles of robust statistics have found fruitful applications
in numerous signal processing disciplines especially in digital
image processing and signal processing for communications.
Median, myriad, meridian, L filters (with their modifica-
tions), and signal-adaptive realizations form a powerful tool-
box for diverse applications. All of these filters have lowpass
characteristic. This characteristic limits their application in
analysis of diverse nonstationary signals where impulse,
heavy-tailed, or other forms of the non-Gaussian noise can
appear: FM, radar and speech signal processing, and so
forth. Recent research activities and studies have shown
that combination of nonstationary signals and non-Gaussian
noise can be observed in some novel emerging applications
such as internet traffic monitoring and digital video coding.
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alternatives are based on the standard approaches (optimiza-
tion, iterative, ML strategies) modified for nonstationary
signals or signals with high-frequency content.

Since these techniques are increasingly popular, the goal
of this special issue is to review and compare them, propose
new techniques, study novel application fields, and consider
their implementations.

Topics of interest include, but are not limited to:

e Robust statistical signal processing (estimation, detec-
tion, decisions)

e Robust tracking, classification and control

e Performance analysis, comparison, benchmark set-
ting, and achievable bounds

e Robust parametric/non-parametric estimation, filter-
ing, and feature extraction of nonstationary signals

e Robust learning and adaptive robust techniques

e Fast software and hardware realizations

e Applications

Before submission authors should carefully read over the
journal’s Author Guidelines, which are located at http://www
.hindawi.com/journals/asp/guidelines.html. Prospective au-
thors should submit an electronic copy of their complete
manuscript through the journal Manuscript Tracking Sys-
tem at http://mts.hindawi.com/ according to the following
timetable:

Manuscript Due January 1, 2010

First Round of Reviews | April 1, 2010

Publication Date July 1, 2010

Lead Guest Editor

Igor Djurovi¢, Department of Electrical Engineering,
University of Montenegro, Cetinjski put bb, 81000
Podgorica, Montenegro; igordj@ac.me

Guest Editors

Ljubisa Stankovic, Department of Electrical Engineering,
University of Montenegro, Cetinjski put bb, 81000
Podgorica, Montenegro; ljubisa@ac.me

Markus Rupp, Institute of Communications and Radio
Engineering, Vienna University of Technology,
Gusshausstrasse 25/389, 1040 Wien, Austria;
m.rupp@nt.tuwien.ac.at

Ling Shao, Philips Research Labaratories, 5656 AE
Eindhoven, The Netherlands; 1.shao@philips.com

Hindawi Publishing Corporation

http://www.hindawi.com



http://www.hindawi.com/journals/asp/guidelines.html
http://www.hindawi.com/journals/asp/guidelines.html
http://mts.hindawi.com/
mailto:igordj@ac.me
mailto:ljubisa@ac.me
mailto:m.rupp@nt.tuwien.ac.at
mailto:l.shao@philips.com

EURASIP Journal on Image and Video Processing

Special Issue on

Multicamera Information Processing: Acquisition,
Collaboration, Interpretation, and Production

Call for Papers

Video sensors have gained in resolution, quality, cost-
efficiency, and ease of use during the last decade, thus
fostering the deployment of rich acquisition settings, to
cheaply and effectively capture scenes at high spatiotemporal
resolution, in multiple locations and directions. By providing
extended and redundant coverage, multicamera imaging
provides a practical approach to support robust scene
interpretation, integrated situation awareness, as well as rich
interactive and immersive experience in many different areas
of industry, health-care, education, and entertainment. Tools
and algorithms that aim to recognize high-level semantic
concepts and their spatiotemporal and causal relations
directly depend on the robustness and reliability of the
underlying detection and tracking methods. These tasks
related to scene interpretation have a strong impact on
many real-life applications and are also fundamental to
understand how to render a scene, for example, in a sport
event summarization context or while browsing multiview
video surveillance content. Finally, multiview imaging allows
for immersive visualization by adapting rendered images
to display capabilities and/or viewer requests. The goal
of this special issue is to present the recent theoretical
and practical advances that take advantage of multiview
processing to improve 3D scene monitoring, immersive
rendering, and (semi-)automatic content creation. Topics of
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