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Abstract—The present work develops an analytical model t
allows one to estimate the current distribution within the wh
muscle and the resulting isometric recruitment curve~IRC!.
The quasistatic current distribution, expressed as an image
ries, i.e., a collection of properly weighted and shifted poi
source responses, outlines an extension for more than t
layers of the classical image theory in conductive pla
stratified media. Evaluation of the current distribution via t
image series expansions requires substantially less comp
tional time than the standard integral representation. The
pansions use a unique recursive representation for Gre
function, that is a generic characteristic of the stratificati
This approach permits one to verify which of the tissue el
trical properties are responsible for the current density dis
bution within the muscle, and how significant their combin
tions are. In addition, the model permits one to study the ef
of different electrode placement on the shape and the ma
tude of the potential distribution. A simple IRC model wa
used for parameter estimation and model verification by co
parison with experimentally obtained isometric recruitme
curves. Sensitivity of the model to different parameters such
conductivity of the tissues and activation threshold was v
fied. The resulting model demonstrated characteristic feat
that were similar to those of experimentally obtained data. T
model also quantitatively confirmed the differences exist
between surface~transcutaneous! and implanted~percutaneous!
electrode stimulation. ©2000 Biomedical Engineering Soc
ety. @S0090-6964~00!01110-3#

Keywords—Functional electrical stimulation, Nonhomoge
neous medium, Green’s function, Current distribution, Ima
series, Volume conductor, Isometric recruitment curve~IRC!.

INTRODUCTION

In functional electrical stimulation~FES! we need to
control the externally stimulated muscle to produce
desired output. Knowledge of the electric field distrib
tion within the muscle is essential in determining whi
parts of the muscle have been excited and therefore
part in the force generation process. Thus, efficient p
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cedures for the computation of the potential and
current density distributions in an artificially stimulate
skeletal muscle with arbitrary placement of electrod
surface or intramuscular, are necessary.

Significant differences in stimulus parameters and p
terns of excitation were reported between intramuscu
and surface stimulation electrodes.4 Experimental studies
suggest that, to elicit a functional muscle contraction
the quadriceps muscle by intramuscular electrodes
regulated current of the order of 20 mA is sufficien1

whereas by surface electrodes a current of approxima
100 mA current is required.26

The difficulties encountered in applying field theo
to biological tissues include their heterogeneity, anis
ropy, and frequency-dependency of their electric
properties.7 Fortunately, most FES applications involv
currents with significant frequency components well b
low 10 kHz.28 Under this condition, it is sufficient to
deal with the stationary current in the quasistatic lim
which considerably simplifies the representation of t
potential field and the resultant current distribution.

Modeling of whole-muscle excitation by extern
stimulation is a complex problem necessitating seve
simplifying assumptions. During FES of paraplegic p
tients, we stimulate large and powerful leg muscles.1,21

Under this condition, the thigh can be approximated a
multilayered medium, where the skin, fat, and muscle
represented as flat, infinitely extended layers~e.g., Ref.
12!.

A potentially promising approach is the use of th
method known as the image technique~e.g., Ref. 36!,
expressing the potential distribution as a collection
properly weighted and shifted point-sourc
responses.15,17 The method of images is well known an
has been extensively applied in the past in geophys
problems to solve the potential generated by a po
source electrode in plane-layered media.34,38 Grill 12 and
Stegemanet al.,35 used the image technique for the mo
eling of electric fields excited by point electrodes a
active nerve bundles, respectively, in semi-infinite m
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1219Current Distribution in FES Activated Muscle
dium ~i.e., a single plane boundary!. Unfortunately,
closed-form analytical expressions have not been der
for cases exceeding three layers.18 Thus, an extension to
a physical configuration containing more than three l
ers is essential for the utilization of the image techniq
in realistic problems.

In the present study, the classical image theory
extended to incorporate explicit image series express
for plane-stratified media containing more than three l
ers. First, an integral representation for Green’s funct
is introduced via a recursive construction of the refle
tion and transmission coefficients. Next, the Gree
function is expanded in an infinite image series exp
sion and explicitly constructed forn<3, utilizing these
unique recursive relations which are a generic charac
istic of the stratification. This analytical approach lea
to an efficient procedure for the computation of the p
tential and the current density distributions in an art
cially stimulated skeletal muscle with an arbitrary plac
ment of surface or intramuscular electrodes. The met
of images is the quasistatic limit of a wave phenomen
Thus, we make use of wave analogy with its correspo
ing terminology, including reflection and transmission
to this limit.6,15,17 A simple model is used for paramete
estimation and model verification of the isometric r
cruitment curves~IRC!, by comparison with experimen
tally obtained data.

QUASISTATIC FIELDS IN PLANE-STRATIFIED
MEDIA

Physical Configuration

The physical configuration of our problem, depict
in Fig. 1, consists of a source-pointS, an observation

FIGURE 1. Physical configuration for conductive plane-
stratified media, consisting of n¿1 layers, with n boundaries
between the layers. The observation point P, the source
point S, and the transverse coordinate r t are defined via: r
Ärt¿zẑÄ„x ,y ,z…, r8Ärt8¿z8ẑÄ„0,0,z8…, and r tÄ„x 2¿y 2

…

1Õ2, re-
spectively.
s

-

point P, andn11 layers, withn boundaries between th
layers ~e.g., Refs. 14 and 27!.

Green’s Function

The current densityj in the isotropic conductive me
dia is linearly related to the electric fieldE

j5sE. ~1!

The quasistatic electric fieldE is conservative and
thus can be expressed as the gradient of a scalar pote
function V

E52¹V, ~2!

¹2V52
I

s
d~r2r 8!, ~3!

where r 85(0,0,z8) and r5(x,y,z) are locations of the
source-pointS and the observationP point, respectively.
I is the stimulation current, ands is the piecewise con-
stant isotropic conductivity of the medium. Evidentl
the functionV, known as Green’s function, is a solutio
of Poisson’s Eq.~3!, and satisfies the following condi
tions:

lim
r→`

rV,`, ~4!

Vi 11~r i !5Vi~r i !, ~5!

s i 11

]Vi 11~r i !

]z
5s i

]Vi~r i !

]z
, ~6!

where r i5(x,y,zi), i 51,2,...,n.

Integral Representation

The solution of~3! for the configuration depicted in
Fig. 1, and satisfying~4!, ~5!, and ~6!, can be obtained
via separation of variables, leading to Bessel’s integ
representation~e.g., Refs. 6, 17, and 38!

Vi~z,r t!5aE
0

`F)
j 51

i

Tj~l!G @e2luz2z8u

1Ri~l!el~z1z8!#J0~lr t!dl,

zi 21,z,zi , a5I /4ps1 , ~7!

where J0 is the Bessel function of the first kind an
order zero,z052`, zn1152`, and i 51,2,...,n11;



l
ly,

e

c-
s

ar,
cal
nal
ge
the

tive

of
en’s
se

ou

, is

r of
in,

en-
ely.
es
ut-

s
,

on
ral

n-
e
urce
va-
he

1220 LIVSHITZ, EINZIGER, and MIZRAHI
Ri~l!5
Ki1Ri 11~l!e2lzi

11KiRi 11~l!e2lzi
e22lzi, Rn11~l!50,

~8!

Ti~l!5
11Ki 21

11Ki 21Ri~l!e2lzi 21
, ~9!

and

Ki5
s i2s i 11

s i1s i 11
, K050. ~10!

The functionsRi(l) and Ti(l) represent the globa
reflection and transmission coefficients, respective
whereasKi denotes the~l independent! local reflection
coefficient of thei th interface. The representation of th
integrand in~7! in terms ofRi(l) and Ti(l) constitutes
an unique recursive construction via the intrinsic refle
tion coefficientKi in ~10!. This form and its benefits ha
been overlooked in previous investigations~e.g., Refs. 17
and 18!.

Numerical evaluation of the potential integral~7!, for
a prescribed set of observation pointsP ~Fig. 1!, requires
massive computations. This may occur in particul
when ~7! has to be evaluated repeatedly in a numeri
algorithm, such as the solution of a three-dimensio
potential problem for many mesh points. Thus, the ima
series expansion, introduced in the next section via
recursive relations in~8! and ~9!, is promising in obtain-
ing an easy to implement and fast converging alterna
representation for~7!.

The Image Series Expansion

The integral in~7! can be expanded into a series
point-source responses also known as either Gre
functions or image sources. The point-source respon
are properly weighted and shifted, to satisfy~4!, ~5!, and
~6!. The classical image series representation carried
for n51 and n52 ~e.g., Refs. 15 and 36!, where n
11 represents the number of layers depicted in Fig. 1
extended herein to includen53 which is essential for
the FES problem discussed next. A model of the orde
n53 actually consists of four layers namely, air, sk
fat, and muscle. The classical expansions forn51 or
n52 result in reduced forms, i.e., a two-term repres
tation or a geometric series expansion, respectiv
However, the case ofn53, expressed as geometric seri
followed by a binomial series, is quite general and o
lines the expansion procedure forn.3 without any in-
crease in the complexity.23 In discussing the image serie
representations both forn51,2, as reference solution
s

t

and for n53, and to establish the general expansi
procedure, we make use of the Weber–Lipschitz integ
identity36

E
0

`

e2luzuJ0~lr t!dl5~r t
21z2!21/2, ~11!

which is a vital tool in converting the integral represe
tation ~7! into an image series. For illustration, w
present here image series expansions, when the so
point is placed in the uppermost layer and the obser
tion point is located in either the uppermost or in t
lowermost layer.

Semiinfinite Medium, n51. The physical configuration
for n51 is depicted in Fig. 2. Equations~8!, ~9!, and
~10! can be rewritten explicitly as

R1~l!5K1 , ~12!

T1~l!51, T2~l!511K1 , ~13!

and

K15
s12s2

s11s2
, ~14!

respectively. Then, utilizing~7! in conjunction with~11!,
one obtains

V15a~1/D1K1 /D̃ !, z,z150, ~15!

FIGURE 2. Physical configuration for a semiinfinite medium,
nÄ1. Both contributions from the point-source S at r 8

Ä„0,0,z8… and the image-source S̃ at r̃ 8Ä„0,0,z̃8…ÄÀr8Ä„0,0,
Àz8… reach the observation point P. The image-source „S̃…

contribution „solid line … can be interpreted as the point-
source „S… contribution undergoing a single reflection „K 1…

at zÄz1Ä0 „dashdot line ….
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1221Current Distribution in FES Activated Muscle
V25a~11K1!/D, 05z1,z, ~16!

where ~Fig. 2!,

D5ur2r 8u5@r t
21~z2z8!2#1/2, ~17!

D̃5ur2 r̃ 8u5@r t
21~z1z8!2#1/2, r̃ 852r 8. ~18!

As depicted in Fig. 2, both contributions from th
point-source atr 85(0,0,z8) and the image source atr̃ 8
52r 85(0,0,z̃8)5(0,0,2z8) reach the observation poin
P. The image-source contribution can be interpreted
the point-source contribution undergoing a single refl
tion (K1) at z5z150. Similarly, the point-source contri
bution, reaching an observation point lying in the ha
spacez.0 @Eq. ~16!#, can be interpreted as undergoing
single transmission (11K1) at z5z150. Note that ex-
pressions~15! and ~16! are similar to previously pub
lished results~e.g., Refs. 15 and 36!.

Three Layers, n52. The physical configuration for a
single conductive slab is depicted in Fig. 3. Equatio
~8!, ~9!, and ~10! can be expressed as

R1~l!5K11
~12K1

2!R2~l!

11K1R2~l!
, R2~l!5K2e22lz2,

~19!

FIGURE 3. Physical configuration for a single conductive
slab, nÄ2. Both contributions from the point sources S at
r8Ä„0,0,z8… and the image-source set S̃m

„1… at r̃m8
„1…Ä„0,0,À z̃8

¿2mz 2… „mÄ0,1,2,...S̃0
„1…ÄS̃… reach the observation point P.

The image-source set „S̃m
„1…

… contribution „solid line … can be
interpreted as a point-source „S… contribution undergoing, at
zÄz1Ä0, either a single refection „K 1, dash–dot line, mÄ0…
or a single transmission in „1¿K 1… and out „1Àk 1… accom-
panied by single reflection „K 2… at zÄz2 and mÀ1 „mÐ1…
bounces both at z1„„ÀK 1…

mÀ1
… and z2 „K 2

mÀ1, dashed and
dotted lines for mÄ1 and mÄ2, respectively ….
T1~l!51, T2~l!5
11K1

11K1R2~l!
, T3~l!511K2 ,

~20!

and

K15
s12s2

s11s2
, K25

s22s3

s21s3
, ~21!

respectively. ExpandingR1(l) in Eq. ~19! into a geo-
metric series@in K1R2(l)# and then utilizing~7! in con-
junction with ~11!, results in

V15aF1/D1K1 /D̃1K2~12K1
2!

3 (
m51

`

~2K1K2!m21/D̃m
~1!G , z,z150. ~22!

Similarly, a geometric series expansion ofT2(l) in
Eq. ~20! results in

V35a~11K1!~11K2! (
m50

`

~2K1K2!m/D̃m
~2! , z2,z,

~23!

whereD and D̃ are given in~17! and ~18!, respectively,
and

D̃
m
~2!
~1!

5ur2 r̃
m
8~2!

~1!

u5$r t
21@z2 z̃

m
8~2!

~1!

#2%1/2, ~24!

r̃
m
8~2!

~1!

5@0,0,z̃
m
8~2!

~1!

#, z̃
m
8~2!

~1!

57~z822mz2!. ~25!

Note that D̃0
(1)5D̃F( r̃08

(1)5 r̃ 852r 8) and D̃0
(2)

5DF( r̃08
(2)5r 8).

As depicted in Fig. 3, both contributions from th
point sources atr 85(0,0,z8) and the image-source se
located atr̃m8

(1) @Eq. ~25!# reach the observation pointP.
The contribution of the image-source set@Eq. ~22!# can
be interpreted as a summation, over all the point-sou
responses undergoing atz5z150, either a single reflec-
tion (K1 ,m50) or a single transmission in (11K1) and
out (12K1) accompanied by single reflection (K2) at
z5z2 and m21 (m>1) bounces both a
z1F@(2K1)m21# and z2F(K2

m21). Similarly, contribu-
tion from the image-source set@r̃m8

(2) , in Eq. ~25!#,
reaching an observation point lying in the half spacez
.z2 @Eq. ~23!#, can be interpreted as a summation ov
all the point-source responses undergoing two succes
transmissions (11K1) and (11K2) and m bounces
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@(2K1)m and K2
m# both atz1 and z2 , respectively. The

image series expansion in~22! and ~23! converges if at
least one ofuK1u, uK2u is less than unity.15 Note that
expression~22! is similar to previously published result
~e.g., Refs. 15 and 36!.

Four Layers, n53. The physical configuration for doubl
slab geometry is depicted in Fig. 4. Equations~8!, ~9!,
and ~10! can be reduced into

R1~l!5K11
~12K1

2!R2~l!

11K1R2~l!
,

R2~l!5K2e22lz21
~12K2

2!R3~l!

11K2R3~l!e2lz2
,

R3~l!5K3e22lz3, ~26!

T1~l!51, T2~l!5
11K1

11K1R2~l!
,

T3~l!5
11K2

11K2R3~l!e2lz2
, T4~l!511K3 , ~27!

FIGURE 4. Physical configuration for a double slab geom-
etry, nÄ3. Both contributions from the point sources S at
r8Ä„0,0,z8… and the image-source set S̃m 1 ,l ,m 2

„1… at r̃m 1 ,l ,m 2
8„1…

Ä†0,0,À z̃8¿2m 1z2¿2„m 1À l¿m 2…„z3Àz2…‡ „m 1Ä0,1,2,...; l
Ä0,1,...,m 1 ;m 2Ä0,1,2,...;S̃0,0,0

„1… ÄS̃… reach the observation
point P. The image-source set „S̃m 1 ,l ,m 2

„1…
… contribution „solid

line … can be interpreted as a point-source „S… contribution
undergoing, at zÄz1Ä0, either a single reflection „K 1 , dash-
dot line, m 1Ä0… or a single transmission in „1¿K 1… and out
„1ÀK 1…, accompanied by all possible combinations of
bounces and transmissions at zÄz1Ä0, zÄz2 and zÄz3 ,
„ l

m 1
…„m 2

m 1À l¿m 2À1
…, where m 1À1„m 1Ð1… and m 2 denote the

number of internal reflections at zÄz1Ä0 †„ÀK 1…
m 1À1

‡ and
zÄz2 †„ÀK 2…

m 2
‡, respectively, and m 1À l is the number of

transmission in „1¿K 2… and out „1ÀK 2… at zÄz2
†„m 1 ,l ,m 2…Ä„2,1,0…‡ associated with the two only combina-
tions depicted by dashed and dotted lines.
and

K15
s12s2

s11s2
, K25

s22s3

s21s3
, K35

s32s4

s31s4
, ~28!

respectively. We refer to Eq.~26! and, as previously,
expandR1(l) into a geometric series@in K1R2(l)# fol-
lowed by a binomial series forR2(l) @in K2R3(l)#.
Then, using Eq.~7! in conjunction with Eq.~11!, results
in

V15aF1/D1K1 /D̃1~12K1
2!

3 (
m151

`

~2K1!m121(
l 50

m1 S m1

l D
3K2

l @~12K2
2!K3#m12 l (

m250

` S m12 l 1m221
m2

D
3~2K2K3!m2/D̃m1 ,l ,m2

~1! G , z,z150. ~29!

Similarly, expandingT2(l) in Eq. ~27! into a geomet-
ric series, followed by a binomial series expansion
R2(l), results in

V45a)
i 51

3

~11Ki ! (
m150

`

~2K1!m1

3(
l 50

m1 S m1

l DK2
l @~12K2

2!K3#m12 l (
m250

` S m12 l 1m2

m2
D

3~2K2K3!m2/D̃m1 ,l ,m2

~2! , z3,z ~30!

whereD and D̃ are given in~17! and ~18!, respectively,
and

D̃
m1 ,l ,m2

~2!
~1!

5ur2 r̃
m1 ,l ,m2
8~2!

~1!

u5$r t
21@z2 z̃

m1 ,l ,m2
8~2!

~1!

#2%1/2, ~31!

r̃
m1 ,l ,m2
8~2!

~1!

5@0,0,z̃
m1 ,l ,m2
8~2!

~1!

#,

z̃
m1 ,l ,m2
8~2!

~1!

57@z822m1z222~m12 l 1m2!~z32z2!#.

~32!

Note that D̃0,0,0
(1) 5D̃@ r̃0,0,08(1)5 r̃ 852r 8# and D̃0,0,0

(2)

5D @ r̃0,0,08(2)5r 8#.
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1223Current Distribution in FES Activated Muscle
As depicted in Fig. 4, both contributions from th
point-sourcesS at r 8 and the image-source set atr̃m1 ,l ,m2

8(1)

@Eq. ~32!# reach the observation pointP. The contribu-
tion of the image-source set Eq.~29! can be interpreted
as a summation over all the point-source responses
dergoing, atz5z150, either a single reflection (K1 ,m1

50) or a single transmission in (11K1) and out (1
2K1), accompanied by all possible combinations
bounces and transmissions atz5z150, z5z2 , and z
5z3 , ( l

m1)(m2

m12 l 1m221). Here m121(m1>1) and m2

denote the number of internal reflections
z1 @(2K1)m121# and z2 @(2K2)m2#, respectively, and
m12 l is the number of transmission in (11K2) and out
(12K2) at z5z2 . Similarly, contribution from the
image-source set@r̃m1 ,l ,m2

8(2) , in Eq. ~32!# reaching an ob-

servation point lying in the half spacez.z3 @Eq. ~30!#,
can be interpreted as a summation over all the po
source responses undergoing three successive tran
sions (11K1), (11K2), and (11K3) at z1 , z2 , andz3 ,
accompanied by all possible combinations of boun
and transmissions atz5z150, z5z2 , and z5z3 , ( l

m1)

3(m2

m12 l 1m2). Here m1 and m2 denote the number

of internal reflections at z1 @(2K1)m1# and
z2 @(2K2)m2#, respectively, andm12 l is the number
of transmission in (11K2) and out (12K2) at
z2 . The image series expansion in~29! and ~30! con-
verges if at least two ofuK1u, uK2u, and uK3u are less
than unity.6

VOLUME CONDUCTION FIELD MODEL

In this section, we apply~30! and ~29! to the follow-
ing two volume conductor field configurations:~a! tran-
scutaneous~surface! stimulation and~b! percutaneous
~intramuscular! stimulation.

Transcutaneous Model

Placing the stimulation electrode over the first inte
face z850 (n54), see Fig. 1, and modeling the uppe
half space as an air layer,s150 (K1521), both the
integral representation in~7! and the image series expa
sion in ~30! are reduced to

V45a1E
0

` ~11K2!~11K3!e2lz

@12R2~l!#@11K2R3~l!e2lz2#

3J0~lr !dl, a15I /2ps2 , z.z3 ~33!

and
-

s-

V45a1)
i 52

3

~11Ki ! (
ml50

`

(
l 50

m1 S m1

l D
3K2

l @~12K2
2!K3#m12 l (

m250

` S m21m12 l
m2

D
3~2K2K3!m2/D̃m1 ,m2 ,l

~2! , ~34!

respectively. The parameters;s2 , s3 , and s4 , in ~28!,
denote the conductivities of the skin, fat, and mus
layers, respectively.

Percutaneous Model

Modeling the lower-half space as an air layer~Fig. 4!,
s450 (K351), both the integral representation in~7!
and the image series expansion in~29! are reduced to

V15aE
0

`Fe2luz2z8u1K1e~z1z8!l

1
~12K1

2!R2~l!el~z1z8!

11K1R2~l!
GJ0~lr !dl, z,z150

~35!

and

V15aF1/D1K1 /D̃1~12K1
2!

3 (
m151

`

~2K1!m121(
l 50

m1 S m1

l D
3K2

l ~12K2
2!m12 l (

m250

` S m12 l 1m22 l
m2

D
3~2K2!m2/D̃m1 ,l ,m2

~1! G , ~36!

respectively, whereR2(l) in ~26! takes the form

R2~l!5K2e22lz21
~12K2

2!e22lz3

11K2e22l~z32z2! . ~37!

The parameters;s1 , s2 , and s3 in ~28!, denote the
conductivities of the muscle, fat, and skin, respective
Note that Eq.~35! is an alternative representation of th
given by Stefanescoet al.34 The study of a two-electrode
model is accomplished by applying the superposit
principle. The two electrodes namely the anode and
cathode are placed along thex axis. Both the anodal and
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cathodal currents have equal amplitudes but opposite
rections.

MODEL SIMULATION AND VERIFICATION

Electric Field Simulation

For illustration, we present the numerical results
the transcutaneous model simulation. The criterion
the selection of these presented results was the rela
importance of the stimulation parameters in poten
practical FES applications. These included electric fi
distribution, skin and fat conductivities, and activatio
threshold. Both the numerical evaluations of the integr
and the image series calculation were implemented
using MATLAB 5.3 ~MathWorks corp!. For typical re-
sistivity contrasts between the biological tissues (uKu
,0.9), up to third order terms (m15m253) in the se-
ries expansion~34! were found sufficient to obtain con
vergence within more than 95% of the exact solutio
Using the image series technique, a computational t
reduction of 30 fold was obtained compared to the n
merical integration~subroutinetrapz of aforementioned
Matlab 5.3!.

In all the model evaluations, the following paramete
were used: interelectrode distance of 20 cm and th
nesses of the skin and fat were set to 0.4 and 0.6
respectively. The mesh step used across the thicknes
0.1 cm was found numerically efficient, yet small enou
to avoid discretization errors.

Typical conductivity values were as follows:7 for skin
sskin50.1– 0.8 S/m, and for the fat layers fat

50.04 S/m. Muscle was assumed to be isotropic and
bulk conductivity values used forsmuscle were in the
range of 0.2–0.7 S/m. Due to the variability of the da
found in the literature on the skin and muscle cond
tivity these quantities were subject to parameter estim
tion.

FIGURE 5. Variation of the x component of the current den-
sity with depth in the lowermost layer. The depth increment
between the curves is 0.5 cm „K 2Ä0.81 and K 3ÄÀ0.89….
-

e

,
f

Figure 5 presents the variation of thex component of
the current density with depth in the muscle layer with
a plane perpendicular to the skin surface and pass
through the point sources (y50). The maximal stimula-
tion current is 120 mA and each curve corresponds t
specific z level. The current density under the skin
electrode junction in the muscle layer is not uniform.
is highest in the area underneath the electrode where
input current is applied~40 A/m2! and decreases rapidl
further away from the electrode to~;4 A/m2! and shows
a near uniform electric field distribution midway betwee
electrodes. The selected values for the reflection coe
cients in Fig. 5,K250.81 andK3520.89, will be later
justified in reporting on the optimal parameter estim
tion.

The influence of the conductivity of the intermedia
~fat! layer on the current density distribution within th
muscle slice in the transcutaneous model is shown
Fig. 6. In this graph the conductivitys fat was changed
from 0 to 4 S/m, while the thickness of the layer w
held constant. Increasing the conductivity of the interm
diate layer leads to a decline of the current dens
within the lowermost layer. Variation of the distanc
from the current electrode shows a little effect on t
current density value. It is obvious that ifs fat'0, no
current can spread into the lowermost layer since
current pathway is totally restricted within the uppermo
layer. While increasing the conductivity, the current de
sity increases until it is maximum~K2'0, or sskin

's fat!. However, further increasing of the conductivi
leads to a shunt effect and the current density decrea

Model Verification

For validation of the model, we used experimen
isometric recruitment results from three paraplegic s
jects from previous studies conducted by our group. T
detailed procedures of the preparation of the subje

FIGURE 6. Influence of the conductivity of the fat layer on
the current density.
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1225Current Distribution in FES Activated Muscle
placement of the electrodes, and measurement proto
are as described in these studies.20,25 Data indicating that
the maximal force may be achieved by intramuscu
stimulation of the quadriceps muscle at stimulus level
20–30 mA were taken from the current literature.4

The IRC of a muscle is defined as the relation b
tween the stimulus activation level and the output fo
when the muscle is held at a fixed length. The shape
the IRC during FES is determined, among various f
tors, by the electric field distribution, location, fiber siz
distribution of the excitable elements, and their excitat
thresholds.5 The activation threshold, which is a measu
of the interaction between the external electric field a
the excitable fibers, is a complex property that is in t
study subject to parameter estimation using the exp
mentally obtained isometric recruitment curve.

There are several accepted mechanisms of fi
excitation.3,16,24,29–33,40The ‘‘activation function’’ pro-
posed by Rattay,30 relies on the second spatial longitu
dinal derivative of the external potential, and is valid f
the case of infinitely long, straight, and uniform fiber
For other cases, namely, fiber termination, nonunif
mity, curvature, etc., Roth33 suggested that activatio
will most likely take place where the electric field, i.e
the first derivative of the potential is larger.

Figure 5 plots current density which is proportional
field strength. It shows a nearly uniform distribution
the deeper layers of the muscle, where the spatial der
tive of the electric field is indeed near zero. Real sha
finite size electrode gives a uniform distribution.23 There-
fore there would, in theory, be zero net current trans
through the membrane. However, the field within t
skeletal muscle is never uniform. Furthermore, an eff
tive field gradient will result for any change in the axo
conditions ~e.g., diameter, direction, with respect to
locally uniform field!, or if the axon is terminated in the
field ~as with free nerve endings, or nerve connections
muscle fibers!. Consequently we used the electric fie
strength~or the linearly related current density! as the
more appropriate activation threshold criterion for a u
form electric field as suggested by Reilly.31,32

In our work, the pulse duration was held consta
~250 ms! and the amplitude of the stimulation was vari
~0–120 A!.26 However, these two quantities are not m
tually independent but are experimentally related to e
other through the strength-duration curves~SDC!.31,39

Thus, the threshold can be scaled by means of the S
to either pulse duration or amplitude. The effects of fib
diameter and electrode/fiber distance on the nerve a
vation threshold are also mutually dependent.31 In our
model since all the fibers are assumed identical, the
tivation threshold is a function of the fiber/electrode d
tance.

The force produced was calculated as the ratio of
number of active fibers to the overall number of fibers
s

-

-

-

the muscle. Although the muscle slice was represente
a semiinfinite~unbounded! layer in the four-layer mode
configuration, it was assumed that the layer is effectiv
bounded, i.e., that only a finite part of this slice cou
generate a force. The thickness, width and length of
active part were taken to be 3, 4, and 30 cm, resp
tively, and were based on magnetic resonance imag
~MRI! measurements made on paraplegic patients.19

The minimum root-mean-square error criterion b
tween the experimental data and model solution w
used to determine the best fit solution of the IRC pro
lem for the transcutaneous model. Note that the obtai
parameters had to also satisfy the percutaneous mode
which saturation is reached at 40–50 mA. It should
noted, however, that percutaneous stimulation is limi
to 30 mA approximately due to possible tissue dama
near the stimulating electrode.

Figure 7 shows the IRC of the transcutaneous and
percutaneous models. The squared dots represent th
perimental IRC of a paraplegic patient in transcutane
stimulation. The current density threshold is held co
stant at 3.5 A/m2. The intramuscular IRC has a highe

FIGURE 7. The IRC of the transcutaneous and percutaneous
models.

FIGURE 8. Influence of the conductivity of skin on the IRC
„transcutaneous model ….
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1226 LIVSHITZ, EINZIGER, and MIZRAHI
slope than that of the surface stimulation IRC, due to
higher current density values resulting when intramus
lar stimulation is used. An additional feature of the IR
in this case is the absence of an initial dead zone reg
possibly because of the presence of singular values
the current density near the stimulation electrodes.

Figure 8 presents the IRC for the transcutane
model for different values of conductivity of the ski
layer sskin, while s fat and smuscle are held constant. An
increase ofsskin ~leading to an increase inK2! reduces
both the current density in the muscle slice and the sl
of the IRC. Irregularities in IRCs were due to the di
cretization along thex direction, as a result of the finite
length of the fibers~50 mm!.8

Parameter Estimation

The best fit to our experimental recruitment data d
ing parameter estimation for a four-layer~air, skin, fat,
muscle! surface stimulation model is achieved with th
following parameters: sskin50.4 S/m, s fat50.04 S/m,
and smuscle50.7 S/m ~the corresponding reflection coe
ficients areK250.81 andK3520.89!; and the minimal
current density midway between electrodes is 3.5 A/2.
The conductivity values lie within the physiological7

and the current density correspond to previously p
lished results.32

DISCUSSION

This study outlines an analytical model for the elect
field distribution within an electrically activated muscl
The electric potential was expressed as image series
provides both an efficient alternative representation an
clear physical interpretation of the individual terms~i.e.,
properly weighted and shifted point-sources respons!.
Major factors affecting the potential distribution durin
surface stimulation are the nonuniform resistance of
skin ~e.g., stratum corneum, epidermis, and dermis!, fat,
and muscle fascia. The derived model allows to calcu
the electric field in configurations with several paral
tissue layers with arbitrarily placed electrodes, us
relatively low computational power.

A basic assumption in the model is the stationarity
the current distribution, i.e., that the capacitive and
ductive effects of the medium are sufficiently small. Th
is satisfied since the equilibrium potential is achiev
within a time scale that is shorter than that of the act
potential. The medium can thus be modeled as pu
resistive and the field potential was assumed to sat
the Laplace equation at each instant in time.27 Air was
modeled as a perfect insulator.

Anisotropy was not taken into account in this stud
However, the nature of the solution in terms of an in
gral formulation for a transversely anisotropic stratifi
,
f

d

medium was indicated by Grant and West.11 The image
method has already been successfully applied to sim
anisotropic geometries.11,22 The implementation of the
image method in more complex anisotropic multilayer
media is, however, a crucially important research top
The image method is a promising method for applic
tions beyond those presented in this study. One exam
is to calculate the extracelluar potential distribution in
number of single-fiber models,24,40 where the extracellu-
lar space is modeled as an infinite high-conductive m
dium. The image series, in conjunction with the meth
of moments13 constitute an efficient computation schem
for a finite-size electrode or an array of electrodes
layered media.23 Preliminary results show that, in surfac
stimulation, the recruitment model solutions for fini
size and point electrodes compare well, except in
initial slope of the IRC, which was found higher in th
finite compared to the point electrodes. In intramuscu
stimulation the size difference between finite and po
electrodes is much smaller, making the differences in
model solutions negligible. Thus, our closed-form so
tion can be used as a reference solution for future, m
anatomically detailed description of the limb, based
MRI data19 and using numerical solution techniques.

The presence of fat in the layer beneath the sk
electrode junction of the model has an interesting eff
on the current densities in the whole medium. Und
constant current conditions, fat prevents the late
spread of current from the electrode, forcing the curr
to flow along the shortest path, i.e., across the thickn
of the fat layer. On the other hand muscle tissue is
better conductor than fat, therefore allowing the curre
to spread laterally from the electrode. Carteret al.2 re-
ported that for a given total tissue thickness, patie
with large amounts of subcutaneous fat would requir
lower input current to maintain a given level of curre
density in a specificz layer, as compared to patients wit
little fat. This, however, was not confirmed in our resu
as shown in Fig. 6, because the skin layer has a hig
conductivity than the fat layer and current pathways c
close through the high-conductive skin layer witho
reaching the muscle layer.

The current density distribution obtained in the su
face stimulation model was found to be largely nonu
form near the stimulating electrodes and was near u
form within a large part of the muscle volume. This ma
lead to fast fatiguing of the fibers adjacent to the stim
lating electrodes, increase the threshold and make
more difficult to activate the middle portion of th
muscle. Decreasing the interelectrode distance or us
additional stimulation electrodes can, however, help b
in making the current density more evenly distribut
near the electrodes, preventing fast fatigue and decr
ing the stimulation threshold midway between the ele
trodes.
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1227Current Distribution in FES Activated Muscle
The calculated IRC results demonstrated the influe
of tissue conductivity on the maximum force value. T
general IRC shape appeared sigmoidal, in agreem
with previous results.5,9,21 An additional expected resu
was that the intramuscular curves were shifted towa
lower stimulus amplitude and had a higher slope wh
compared to surface IRC. The success in matching b
the IRC experiments and IRC numerical simulation in
rather restricted value range of the parameters, dem
strate that our simplified planar model may be appl
quite effectively in FES problems. An additional adva
tage in our model validation is that the given inputs we
not arbitrarily assumed, but derived from the elect
field distribution due to the stimulating electrodes. T
skin conductivity as well as presence of fat or other lo
conductive tissue~e.g., muscle fascia! play a major role
in demonstrating the difference in activation patterns
tween intramuscular and surface stimulation.

Experimental studies have shown that the location
the stimulating electrodes with respect to the mo
points ~MP!39 can strongly affect the maximal force10

and also reduce muscle fatigue. Thus, moving the e
trodes away from the MPs results in:~a! reduction of the
excitation force of the whole muscle;~b! a more con-
tinuous nature of recruitment; and~c! reduced slope of
the IRC. The last two of these results are often desira
for FES controllability.

Muscle activation was related in our simplified ma
roscopic model validation to the current density. Th
was justified by the data used, i.e., pulse width 250ms,
combined thickness of skin and fat layers of about 1 c
and electrode placement slightly away from the MPs
minimize fatigue. In the real situation, both mechanis
~electric field and its spatial derivative! may produce a
muscle contraction. The question which mechanism
more dominant depends heavily on geometry, i.e., d
tances relative to the electrode of the nerve fibe
branching points and nerve endings.31–33 Future models
should clarify more precisely the borderlines determin
which of the mechanisms is dominant for a given ca
The location of fibers with different diameters within th
nerve bundles37 and information on the muscle fibe
population and their force generation properties~slow
versus fast! are also important but need further anatom
cal and physiological data.

The numerical simulations demonstrate the imp
tance of an appropriate modeling of the tissue laye
Oversimplified models which use a reduced number
layers may result in an inaccurate simulation whi
greatly obscures the real FES situation. Since, our mo
can handle effectively problems with any number of t
layers, the decision whether a particular layer should
included in the model can be accurately made.

Our simplified macroscopicmodel verification may
have overlooked some of physiological details but
t

-

-

l

nevertheless advantageous in that it can provide an
sight into practical FES applications. Particularly it dem
onstrates how the tissue’s electrical properties influe
the difference between intramuscular and surface stim
lation.
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NOMENCLATURE

Roman Symbols

E electric field intensity~V/m!
I current ~A!
J0 Bessel function of zero order of the firs

kind
K local reflection coefficient
P observation point
R(l),T(l) global reflection and transmission coeffi

cients
S source point
V potential function~V!
h thickness of a layer~m!
j current density~A/m2!
n number of layers
x,y,z rectangular coordinates

Greek Symbols

l separation coefficient
s conductivity of layer~S/m!
d Dirac delta function
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