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Abstract

This paper proves that protomechanics, previously introduced in fyuant-ph/9909025, deduces both
quantum mechanics and classical mechanics. It does not only solve the problem of the arbitrariness
on the operator ordering for the quantization procedure, but also that of the analyticity at the exact
classical-limit of 7 = 0. In addition, proto-mechanics proves valid also for the description of a half-spin.

To be Submitted to Found. Phys.

1 INTRODUCTION

Previous paper [l proposed a basic theory on physical reality, named as Structure behind Mechanics (SbM).f]
It supposed that a field or a particle X on the four-dimensional spacetime has its internal-time op ) (X)
relative to a domain P(t) of the four-dimensional spacetime, whose boundary and interior represent the
present and the past at ordinary time ¢ € R, respectively. The classical action Sp(;)(X) realizes internal-
time 6p(4)(X) in the following relation:

op(r) (X) = etSP) (X)) (1)

It further considered that object X also has the external-time 6’7*3( £ (X) relative to P(t) which is the internal-

time of all the rest but X in the universe. Object X gains the actual existence on P(t) if and only if the
internal-time coincides with the external-time:

0p () (X) = 0p ) (X). (2)

This condition discretizes or quantizes the ordinary time passing from the past to the future, and realizes the
mathematical representation of Whitehead’s philosophy. It also shows that object X has its actual reality
only when it is related with or exposed to the rest of the world. The both sides of relation @) further obey
the variational principle as

5op(X) =0, 80 (X) =0. 3)

These equations produce the equations of motion in the deduced mechanics.

SbM provided a foundation for quantum mechanics and classical mechanics, named as protomechanics
[ﬂ], originated by the past work [H] The sapce M of all the objects over present hypersurface 9P(t) had
an mapping o; : TM — S* for the position (z,4¢) € TM in the cotangent space T M corresponding to an
object X € M:

Ot (l’t, .’L't) = 67)(t) (X) . (4)
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For the velocity field v, € X (M) such that v, (x;) = %, we will introduce a section 7, € T'[E(M)] and call
it synchronicity over M:

nt(:v) = 0t (xavt(‘r)) ; (5)

thereby, synchronicity 7; has an information-theoretical sense, as defined for the collective set of the objects
X that have different initial conditions from one another. On the other hand, the emergence-frequency
ft () represent the frequency that object X satisfies condition (f) on M, and the true probability measure
vy on T M representing the ignorance of the initial position, defined the emergence-measure i (1:) as follows:

dpy (ne) (x) = dvy (2, v(x)) - fe () (). (6)

The induced Hamiltonian H; "M on T*M, further, redefines the velocity field v; and the Lagrangian LM
as follows:

T M
wiz) = ﬁ%—@mwﬂw (7)
LM (z,0(x) = o(z) p(ne) (@) — HT ™M (z,p (ne) (x)) (8)

where mapping p satisfies the modified Einstein-de Broglie relation:

p () = —ihn, " dn. 9)

The equation of motion is the set of the following equations:

(% + Evt> n(z) = —ih 'L (@, 0(2)) ne(z), (10)

0
(& + Evt) dpse (1)

Protomechanics had the statistical description on an ensemble of all the synchronicities n; for the labeling-
time 7 defined in the previous paper such that n7 = n. The next section will be devoted to the review of
such statistical description for protomechanics. Sections 3 and 4 will explain how protomechanics deduces
classical mechanics and quantum mechanics, respectively. They will consider the space of the synchronicities

such that
ré = {77

which requires A = 0 and A = 1 for classical case and quantum case, respectively. Both cases will consider
a Lagrange foliation p in TM such that it has a synchronicity 7j[k] € l"ﬁ

|
e

(11)

swmmﬂm=#@eR} (12)
U

plk] = p (nlk]) , (13)
and will separate every synchronicity n[k] € I'{' into two parts:
n[k] = nlk] - €. (14)

where ¢ € T§'. Finally, these sections will compress all the infinite information of back ground ¢ to produce
classical mechanics and quantum mechanics. Section 3 will additionally discuss a consequent interpretation
for the half-spin of a particle; a brief statement of the conclusion will immediately follow.

Let me summarize the construction of the present paper in the following diagram.



more elementary —

classical mechanics (2) quantum mechanics(3)

classical part: h — 0 protomechanics [l

Structure behind Mechanics (SbM) [l

| more fundamental * Numbers in bracket () refer those of sections.

In this paper, ¢ and h denote the speed of light and Planck’s constant, respectively. I will use Einstein’s
rule in the tensor calculus for Roman indices’ 4, j, k € N» and Greek indices’ v, u € NV, and not for Greek
indices’ o, 3,7 € N¥, and I further denote the trace (or supertrace) operation of a quantum observable a
as <F‘> that is only one difference from the ordinary notations in quantum mechanics, where i = /—1.

2 Review on Protomechanics

Let us review the protomechanics in the statistical way for the ensemble of all the synchronicities on M,
and construct the dynamical description for the collective motion of the sections of E(M). Such statistical
description realizes the description within a long-time interval through the introduced relabeling process so
as to change the labeling time, that is the time for the initial condition before analytical problems occur.
In addition, it clarifies the relationship between classical mechanics and quantum mechanics under the
assumption that the present theory safely induces them, and that will be proved in the following sections.El
For mathematical simplicity, the discussion below suppose that M is a N —dimensional manifold for a finite
natural number N € N.

The derivative operator D = hdx70; : T (M) — Ty (M) (m € N) for the space T (M) of all the
(0,n)-tensors on M can be described as

D"p(z) =R" (H 8jkpj(:v)> dr’? ® (®Z:1d:cj’“) . (15)
k=1

By utilizing this derivative operator D, the following norm for every p € A'(M) endows space A'(M) with
a norm topology:

Ipll = sup > IDep(a)l,, (16)

NEZZO

where | |, is a norm of covectors at x € M. In terms of this norm topology, we can consider the space
C* (AY (M), C°°(M)) of all the C*>-differentiable mapping from A (M) to C>°(M) = C*°(M,R) and the

2 In another way, consult buant—ph/990613{|.
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subspaces of the space C(I'[E(M)]) such that
C (L[ (M)]) = {p"F: D[E(M)] — C=(M) | F € C= (\}(M),C=(M)) }. (17)

Classical mechanics requires the local dependence on the momentum for functionals, while quantum mechan-
ics needs the wider class of functions that depends on their derivatives. The space of the classical functionals
and that of the quantum functionals are defined as

Ca(TEM)]) = {pFeCTEM)) |pFMn)(z)=Frphn)} (18)
Cq TEMM)]) = {pFeCT[EMM)) I (19)
p*F(n) (z) = F (z,p(n)(z), ..., D"p(n)(z),...) }, (20)
and related with each other as
Ca (N'[E(M)]) C Cq (N [E(M)]) c C(T'[E(M)]). (21)

In other words, the classical-limit indicates the limit of i — 0 with fixing |p(n)(z)| finite at every z € M, or
what the characteristic length [z] and momentum [p] such that x/[z] ~ 1 and p/[p] = 1 satisfies

[P~ D p(n)(x) < 1. (22)

On the other hand, the emergence-measure u(n) has the Radon measure fi(n) for section n € T'[E(M)]
such that

fi(n) (P"F (n)) = /M dp(n)(x)p* F (n) (x). (23)
Let us assume set I' (F(M)) is a measure space having the probability measure M such that

M (L (B(M))) = 1. (24)

For a subset C,, (T (E(M))) C C (T (E(M))), an element i € C,, (I'(E(M)))* is a linear functional fi :
C,, (T'[E(M)]) — R such that

ApF) = / dM(n) i(n) (7" F (n)) (25)
T[E(M)]
- / dM(n) / do(z) p(n) (@)F (p(n)) (), (26)
T[E(M)] M

where du(n) = dv p(n). Let us call mapping p : T[E(M)] — C°°(M) as the emergence-density. The dual
spaces make an decreasing series of subsets:

Ca (T (E(M)))" 5 Cq (T (E(M)))" > C(T (E(M)))” . (27)

Let us summarize how the relation between quantum mechanics and classical mechanics in the following
diagram.



Ca (T)" «— dual — Ca (T)

T | T |
classical-limait quantization classical-limit quantization
| l | l
C, (1) — dual — €, (D)

To investigate the time-development of the statistical state discussed so far, we will introduce the related
group. The group D(M) of all the C°°-diffeomorphisms of M and the abelian group C° (M) of all the
C*-functions on M construct the semidirect product S(M) = D(M) X semi. C° (M) of D(M) with C*° (M),
and define the multiplication - between ®; = (¢1, 1) and P2 = (p2,52) € S(M) as

Dy - Dy = (102, (p351) - 52), (28)

for the pullback ¢* by ¢ € D(M). The Lie algebra s(M) of S(M) has the Lie bracket such that, for
V1 = (n,Uy) and Vi = (vg,Us) € s(M),

V1, Va] = ([v1, v2], 11Uz — voUy + [Uy, Us)) ; (29)

*

and its dual space s(M)* is defined by natural pairing (, ). Lie group S(M) now acts on every C*° section
of E(M) (consult APPENDIX). We shall further introduce the group Q(M) = Map (T'[E(M)],S(M)) of
all the mapping from I' [E(M)] into S(M), that has the Lie algebra ¢(M) = Map (T [E(M)], s(M)) and its
dual space q(M)* = Map (T [E(M)], s(M)*).

Let us consider the time-development of the section n](n) € T'[E(M)] such that the labeling time
satisfies 77 (1) = 1. Tt has the momentum p] (n) = —ihn] (n)~*dn] (n) and the emergence-measure 7 () such

that
dM (n) jiz (n) = dM (n (n)) fie (i (n)) : (30)
amm>:/ IM@) () (0" Fi(n)) (31)
T[E(M)]
- /f IM () i () 0°F (o () (32)
T[E(M)]
::/ de/mmmwwmmmw. (33)
T[E(M)] M

The introduced labeling time 7 can always be chosen such that 7] (n) does not have any singularity within
a short time for every n € I'[E(M)]. The emergence-momentum J;” € ¢ (M)" such that

T () = dM i) (fe (i (n) @ pi(n), fe (nf (n))) (34)
= dM(n) (i (n) @p;(n), i (n)) (35)



satisfies the following relation for the functional F; : ¢ (M)" — R:

Fo(T7) = (p" 1), (36)
whose value is independent of labeling time 7. The operator Fy = %7; (J7) is defined as
d T nky
| A = (K.Y, (37)
ie., .
FY = (DyyyFe (07 (1)) =27 (1) - Dy Fr (07 () + Fy (] (0))) - (38)

where the derivative D,F (p) can be introduced as follows excepting the point where the distribution p
becomes zero:

DEGE = Y o T | {(Hﬁgm)p} o @)

Thus, the following null-lagrangian relation can be obtained:
Fi (‘7[) = <‘7tT’ FtT>v (40)

while the normalization condition has the following expression:

I =1 for I(F7)= / Joapy MO (M) (41)

For Hamiltonian operator Hf = %7\{; (J7) € q (M) corresponding to Hamiltonian p* Hy (n) (x) = HE ™ (2,p (1)),

equations ) of motion becomes Lie-Poisson equation

‘95? = ady, 7, (42)
which can be expressed as
T M
G 0@) = =10, (25wl ) @) @) ). (43)
T M
5 @M@ = —v'0; (25— @l () ) sL @) )
8HT*M
=07 () @y ()0 25— (.07 (1) (@)
T M

+T @0 (00 ) - T (a0 () () (a4)
—HIM (@, p () (@) ) (45)

Equation (@) will prove in the following sections to include the Schrodinger equation in canonical quantum
mechanics and the classical Liouville equations in classical mechanics.

For U € Q (M) such that 85{5 o (U7)™" = H7 (n) € ¢(M), let us introduce the following operators:

17 (n) = Adg 7 () (= B7 () and - F7 (n) = Adg} 7 (). (46)



Lie-Poisson equation ({td) is equivalent to the following equation:

9 - o OF;
015+ (5.

The general theory for Lie-Poisson systems certificates that, if a group action of Lie group Q(M) keeps the
Hamiltonian H,; : ¢(M)* — R invariant, there exists an invariant charge functional Q : I' [E(M)] — C(M)
and the induced function Q : ¢(M)* — R such that

[ﬁ;,@f} —0. (48)

3 DEDUCTION OF CLASSICAL MECHANICS

In classical Hamiltonian mechanics, the state of a particle on manifold M can be represented as a position
in the cotangent bundle 7% M. In this section, we will reproduce the classical equation of motion from the
general theory presented in the previous section. Let us here concentrate ourselves on the case where M is
N-dimensional manifold for simplicity, though the discussion below would still be valid if substituting an
appropriate Hilbert space when M is infinite-dimensional ILH-manifold[E].

3.1 Description of Statistical State

Now, we must be concentrated on the case where the physical functional F € C> (A'(M),C>(M)) does

not depend on the derivatives of the C* 1-form p () € A}(M) induced from n € T'[E(M)], then it has the
following expression: .

pFE () (x) = FT M (2,p (n) (). (49)

Let us choose a coordinate system (U, Xa),en,, for a covering {Ua},cn,, over M, ie., M =J,cp,, Ua-

Let us further choose a reference set U C U, such that v(U) # 0 and consider the set I'yy [E(M)] of the C*°

sections of E(M) having corresponding momentum p (1) the supremum of whose every component p; (n) in
U becomes the value k; for k = (k1, ..., kx) € RV:[]

o [E] = {1 € TEN] | supp; 1) (2) = | (50

Thus, every section n € T'[E(M)] has some k € RY such that n = n[k] € Tyx [E(M)]. Notice that
Tuk [E(M)] can be identified with I'yry, [E(M)] for every two reference sets U and U’ € M, since there exists
a diffeomorphism ¢ satisfying ¢ (U) = U’; thereby, we will simply denote Ty, [E(M)] as Ty [E(M)].

On the other hand, let us consider the space L (T*M) of all the Lagrange foliations, i.e., every element
p € L(T*M) is a mapping p : RN — A'(M) such that each ¢ € T*M has a unique k € RY as

q = plk] (x(q)) - (51)
For every p = pofj € L(T*M) such that fj[k] € Ty [E(M)], it is possible to separate an element n[k] €
Ty [E(M)] for a £ € Ty [E(M)] as
nk] = nlk] - €, (52)
or to separate momentum p (n[k]) as
p (n[k]) = plk] +p (&) ; (53)

3 To substitute Ty, [E(M)] = {n e I'[E(M)] ’ fU dv(z) p; (n) (x) = kv (U) } for definition (E) also induces the similar
discussion below, while there exist a variety of the classification methods that produce the same result.




thereby, we can express the emergence-density p : I[E(M)] — C° (M) in the following form for the function

0(&) e C®(T*"M,R) on T*M:
p (nlk]) () = 0 (&) (2, p (n[k]) () - (54)

We call the set B[E(M)] = T'g[E(M)] the back ground of L (T*M). For the Jacobian-determinant
olk] = de t( oF '1[]6}), we will define the measure ' on B[E(M)] for the o-algebra induced from that of

L [E(M)]:
dM (n[k]) dv(x) = dNkdN (€) dv(z) ofk](x) . (55)

For separation @)7 the Radon measure ji(n) induces the measure w’¥ on T*M in the following lemma such

that w = ¢y .d¥z A dNk for dNx = dz' A ...dz™ and dVk = dk A ..dEN .

Lemma 1 The following relation holds:

fi(p*F) Z/T*MwN(q) p" M (q) FTM (q) (56)

where

T (g) = / N (€) 0(6)(q)- (57)
B[E(M)]

Proof. The direct calculation based on separation shows
RGF) = [ aM) ) F ()
T[E(M)]
= [ M) [ o) o(©) p k) @) FT (o () ()
T[E(M)] M

/RN d"k /B ) N (€) /M dv(x) o[k](x)

(5) (a,p (n[k]) (2)) FTM (2, p (n]k]) ()

_ /R L /B o /M dv(z) olk)(z)

k@) +p (&) (2) FTM (2, plk) (@) +p (€) () (58)

Z / kAT 8, 0(€) (k) ¢ FTM (2, k)
- / aN () / N (g) 0(6) () FT™ (q). (59)
B[E(M)] *M

aEhr bU, (Aa)

where T*M = U, cy,, Aa s the disjoint union of Aq € B(Or+«n) such that (1) w(As) C Us and that (2)
AyNAg =10 for o # 3 € Ay (consult APPENDIX).
If defining the probability function p© M : T*M — R such that
P = [N e(©) (@), (60)
BIE(M)]

we can obtain this lemma. O



3.2 Description of Time-Development

Let us consider the time-development of the functional fi, : C* (I' (M), C (M)) — R for p] (n[k]) = p7[k] +
p (€). For the Jacobian-determinant o] [k] = det (%), the following relation holds:

J

R = [ WM @ P @ (61)
- / Nk / do(z) 57 (K@) FT™ (2, 57 K] (@) (62)
RN M
where .
S K@) = o7 R(@)p"™ ™ (x5 [K)(2)) (63)

The Jacobian-determinant o] [k] satisfies the following relation:

dM (i (n)) _ of [K]
dM(n) olk] -

Thus, we can define the reduced emergence-momentum J; € ¢(M)" = q(M)" /B [E(M)] as follows:
Ji (lk]) = ("k Adv pi[k) @ by [k],d"k Adv p7[k]); (65)
and we can define the functional F, € C* (7(M)" ,R) as
Fe(F) = mu(p*Fp) (66)
[ [ avte) GR@FT (57 ). (67)

which is independent of labeling time 7.
Then, the operator F¢' = 9Z¢ (Jt) satisfies

oT
N QFT "M . T* M QFT™M 7.,_
Bt = (2= ) 27 (0 2= ) ). (63)
where
. oFT™ M OFT™ M .
LFtT M <gc, 8;9 (;v,p)) =p- (9;9 (z,p) — FtT M (x,p) (69)

is the Lagrangian if function F} is Hamiltonian H;. Thus, the following null-lagrangian relation can be
obtained ]

Fo(J8) =\ B2 (o)
Besides, the normalization condition becomes
I(J) =1 for (%)= / vk / dv(z) 77 [k](x). (71)
RN M
Theorem 1 For Hamiltonian operator H, = %@t (jt) € G(M), the equation of motion becomes Lie-Poisson
equation: ~
N/ . =
8—; = ady. T, (72)

4 The Lagrangian corresponding to this Lie-Poisson system is (J¢, ﬁfl> — He (jt), while the usual Lagrangian is LaE



that is calculated as follows:
0 (BHt

O ) = —v ', (o ) AV ). (73)

Opj
0 T T aHT M —T —T —T
5 Prlkl@)pp[k](2) = v~ 10, ap, - @ PH(@) prlkl(@)pi K (2)V
J
OH T M
a7 K @0 (2 (i)
by
T* M
+p7 (k] ()0 LT (a, 57 [K] (@) - (74)
Proof. The above equation can be obtained from the integration of general equations (?7) and (??7) on the
space Dyo; thereby, it proves the reduced equation from original Lie-Poisson equation (43). 0

As a most important result, the following theorem shows that Lie-Poisson equation (@)7 or the set of
equations @) and (I@)7 actually represents the classical Liouville equation.

Theorem 2 Lie-Poisson equation is equivalent to the classical Liouville equation for the probability
density function (PDF) pI M € C(T*M,R) of a particle on cotangent space T*M :

B . .
s =Apl M HTMY, (75)

where the Poisson bracket { , } is defined for every A, B € C>*°(M) as

0A OB 0B 0A
8pj 27 8p 029

Proof. Classical equation is equivalent to the canonical equations of motion through the local expression
such that ¢y, (q) = (x4, pi) for the bundle mapping ¢y, : 7 (Uy) — Uy x RV :

{A,B} = (76)

dpjy  OHTM de] 9HTM
it =g @) a = ap, P (77)
If qr = (24, pT[K] (1)) satisfies canonical equations of motion ([77), the above equation of motion induces
81—)7' 8HT* M . 8HT* M _T _T
L 1) = ~ 2 (o ) — o (oK) 0,7 ), (78)
j
then relation @) satisfies the following equation:
0 —T — T aHT*M —T * T
S = 70 (o7 ) 2 k@) ) A )
j
-1 _r apg*M =T
o7 ) 2 (AR )
8HT*M apT*M

VT (@) g (o BRI ) (AR )

—V o K@) T — (o7 ()

o T M
%0 pek ) () 22




Equations (@) and @) lead to the following equation:

™M
S H@IIE) = sl 0, (P s Ak
™M
A7) o (o K] )
"M
=17 K)o (a7 H)(0) 07, )
™M
A GG EEACIEN)
™M
il { koo (25— (i)
+0p L™ (2, p7 [K](2) } (80)
Equations ) and @) are equivalent to equations (@) and ([74); thereby, canonical equation @) 18 equiv-
alent to Lie-Poisson equation ) O

The above discussion has a special example of the following Hamiltonian:
HIM (2,p) = g7 (2) (pi + A) (p; + A7) + U(2), (81)
where corresponding Hamiltonian operator H, is calculated as

Hylk) = (97" (Prilk] + Ai) 0, —g”" Pr; [K]pei[K] + ¢7* A; Ai + U) 5 (82)

thereby, equation (@) is described for special Hamiltonian @) as

aat (Pr k) (2)pp K@) = —v/ 0 {g™(x (ka k] (x )+ Ak () 7 [k]()pr; K] (x) v/}
—py [K] (2 ( gl (x)) pii k] (2)pix (K] (2)
- (9 g”“ Ay (z)) pr k] )y k) ()
—71 [K](2)9; {U (@) + "™ (2) Ai(2) Ak (2) } , (83)
O B =~ 0 {g™ @) (Guelkl(@) + Aea)) AT K@) V) &)
For U; € Q (M) such that % oU; ' = H' € (M), let us introduce operators

' = Adg'H{, (85)
Ff' = Adg'Fy, (86)

which induces the following equation equivalent to equation (@)

— _cl
0 rcl cl thel aFt
et = [Ht o } <E> . (87)

This expression of the equations of motion coincides with the following Poisson equation because of Theorem
OFM

ot (88)

d _ s x X
EFtTM:{HtT M pT M}+
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As discussed in Section 3, if a group action of Lie group Q(M) keeps the Hamiltonian H; : g(M)* —

R invariant, there exists an invariant charge function Q7 ™ € C>°(T*M) and the induced function Q :
g(M)* — R such that

[ﬁgl, @cl] —0, (89)
where Qd is expressed as
R T M "M .
0= (%= @t @) vl 4= ) + @Y ). (90)

Relation (E) is equivalent to the following convolution relation:
{ml, QT <o, (91)

In the argument so far on the dynamical construction of classical mechanics, the introduced infinite-
dimensional freedom of the background B[E(M)] seems to be redundant, while they appear as a natural
consequence of the general theory on protomechanics discussed in the previous section. In fact, it is really
true that one can directly induce classical mechanics as the dynamics of the Lagrange foliations of T M
in L(T*M). In the next section, however, it is observed that we will encounter difficulties without those
freedom if moving onto the dynamical construction of quantum mechanics.

4 DEDUCTION OF QUANTUM MECHANICS

In canonical quantum mechanics, the state of a particle on manifold M can be represented as a position
in the Hilbert space H(M) of all the Lo-functions over M. In this section, we will reproduce the quantum
equation of motion from the general theory presented in Section 4. Let us here concentrate ourselves on
the case where M is N-dimensional manifold for simplicity, though the discussion below is still valid if
substituting an appropriate Hilbert space when M is infinite-dimensional ILH—manifold[].

4.1 Description of Statistical-State

Now, we must be concentrated on the case where the physical functional F € C*° (A'(M), C>°(M)) depends
on the derivatives of the 1-form p(n) € AY(M) induced from n € T [E(M)], then it has the following
expression:
p*F (1) (x) = F9 (2,p (n) (x), Dp (1) (x), ... D"p () (x), ...) . (92)
Let us assume that M has a finite covering M = (J, Ay, Ua for the mathematical simplicity such that
An = {1,2,...,A} for some A € R, and choose a coordinate system (Un,Xa)qep,,- Let us further choose a
reference set U C U, such that v(U) # 0 and consider the set I'};, [E(M)] of the C* sections of E(M) for
k= (k1,....kn) € RN such thatf]

I [E(M)] = {n € T [E(M)]

supp; (n) () = Bk, } | (93)
U

As in classical mechanics, we will simply denote I'Y;, [E(M)] as T} [E(M)], since I'Yy, [E(M)] can be identified
with ', [E(M)] for every two reference sets U and U’ C M.
For every p = poq € L(T*M) such that 7[k] € T [E(M)], it is further possible to separate an element
n[k] € TR [E(M))] for a £ € T} [E(M)] as
n[k] = nlk] - €, (94)
5 As in classical mechanics, to substitute Fig}k (E(M)] = {7] e T'[E(M)] | fU dv(x) pj (x) = hkjv (U)} for definition (E)
also induces the similar discussion below, while there exist a variety of the classification methods that produce the same result.

12



or to separate momentum p (n[k]) as
p (nlk]) = plk] +p (£) .- (95)

The emergence density p(n[k]) can have the same expression as the classical one (f4) for the function
0(&) € C=(T*M,R) on T*M since C, (I')* C C (T)":

p (nlk]) (2)v/ = ¢ (&) (z,p (n[k]) () , (96)

which has only the restricted values if compared with the classical emergence density; it sometimes causes
the discrete spectra of the wave-function in canonical quantum mechanics. We call the set B" [E(M)] =
Ik [E(M)] as the back ground of L (T*M) for quantum mechanics. For the measure A" on B" [E(M)] for
the o-algebra induced from that of T [E(M)]:

dM (n[k]) dv(x) = dNkdN (€) dv(z) ofk](x) . (97)

Let us next consider the disjoint union M = {J,c,,, 4o for Aq € B (Op(m)) such that (1) 7 (Aq) C Uq
and that (2) A, NAg =0 for @« # 8 € Ay (consult APPENDIX). Thus, every section n € T'[E(M)] has
some k € RY such that n = n[k] € I} [E(M)]; and, it will be separated into the product of a & € B" [E(M)]

and the fixed 7j[k] = e2{%%’+<} ¢ T [E(M)] that induces one of the Lagrange foliation p = poqj € L (T* M):

n[k] = Z XA, . 2k’ +¢} € (98)
aEA,
ko XAq
_ H (621{k] I+¢} 5) , (99)
a€A,

where the test function x4, : M — R satisfies

|1 atzeA,
XAC‘(‘T)_{O at x & A, (100)

and has the projection property x%a = XA,-
If defining the window mapping x%_ : C*°(M) — L' (RY) for any f € C°°(M) such that

X, () = { PRl 09 E v (e, (101)

we can locally transform the function p[k] (§) = o[k]p (n [k]) / into Fourier coefficients as follows:

. ~ 2+ Kk 2k —k'\
k@ 0= [ o (P BT e, (102
RN
where introduced function g, should satisfies
0o (&) (k, k)" = 0a (§) (K, k), (103)
for the value p[k] (€) (x) is real at every & € M; thereby, the collective expression gives
_ 2k 4+ k' 2k =K'\ prpi
PO = X [ W oo (T E T e (104
a€A, RN
1 1
2k + k" 2k —Fk kKl ® k2
= [ awae (P 0 P e P (105)
RV 2 2 2 2
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where

§(§)<2k;k’,2k2—k’) _ H (éa(§)<2k—2|—k’72k2—k’>)“a' (106)

a€A,

Let us introduce the ketvector |k) and bravector (k| such that

k) = H |k, a) (k| = H (k,al, (107)

aEAy aEA

where the local vectors |k, ) and (k, | satisfy
(z|k,a) = e2i{kjz? +Cxaan \/_% . (k,alr) = e2i{—kjz7 +Cxaan \/_% (108)

We can define the Hilbert space H (M) of all the vectors that can be expressed as a linear combination of
vectors {|k)}ker. Now, let us construct the density matriz in the following definition.

Definition 1 The density matrix p is an operator such that

- Nn Nn/ ~ n.n' 1 n (n -1
’- ﬂ;wwmdM@\LNd Awd 8(8) (n,n') €7 [n) ('] ¢ (109)
= [ [ @, 1)
BR[E(M))] RN

where
1

€. (111)

ﬁ[k](§)=/RNde’ o(8) (k—i-%/k—%l) ¢t k+5/><k—%l

Let O (M) be the set of all the hermite operators acting on Hilbert space H (M), which has the bracket
( ):O(M)— R for every hermite operator F such that

<F>=/RN de/Mdv(x) <$‘F‘$> (112)

Set O (M) becomes the algebra with the product, scalar product and addition; thereby, we can consider the
commutation and the anticommutaion between operators A, B € O (M):

[A,BL — AB+BA. (113)
Consider the momentum operator p that satisfies the following relation for any |¢)) € H (M):

(z[plY) = —iD (x|¢), (114)

where D = hda? 9; is the derivative operator (@) Further, the function operator f induced from the function
f € C>(M) is an operator that satisfies the following relation for any |¢) € H (M):

(2|t[v) = F@) (zlv). (115)

The following commutation relation holds:
a9 h—
[pj, f} = - o;f. (116)
Those operators f and P induces a variety of operators in the form of their polynomials.
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Definition 2 The hermite operator F is called an observable, if it can be represented as the polynomial of
the momentum operators p weighted with function operators £ independent of k such that

o [fﬂ',”}} . 117
2 [fe5], (117)
The following lemma shows that every observable has its own physical functional.

Lemma 2 Every observable ¥ has a corresponding functional F : T[E] — C>(M):
A F) = (pF). (118)
Proof. There are corresponding functionals gl, : A*(M) — C(M) (1 € {1,2,...,n}) such that
<,ﬁ {f”,f)ﬂ > = / dN(§) dNn/ dNn' 5(€) (n,n) <n’ n>
BR[E(M)] RN RN
= / dN(g)/ de/ dV K
h RN RN
k
x ) / dNz 5(€) (k—— k+ —> {Zgnl )k'.l}
a€Aym

:/ /RNde/RNde’
. Z/ o o) (k-4 ){Z( )l l(p(n[k]>><x>}

aEAN =0

o O [ [ dute) ool 2) 1 ) 0

- / dM(n) / dv(x) p(n)(x) p*F}'(n)()
TE(M)] M
= W) )

et [Epp] ¢

where

n l
P E] ) (@)= {( s ) 8 (0 (001)) <w>}. (120)

1=0
(]
4.2 Description of Time-Development
Now, we can describe a n/ (n[k]) € Ty [E(M)] as
n (nlk]) = Z o, - e2ilkasal+CT MY ¢ (121)
aEA,
_ H (eQi{kajIj+<:[k]} .5) Xda , (122)
a€A,
where the function (7 [k] € C (M) labeled by labeling time 7 < t € R satisfies
CTlk]=C¢  :independent of k; (123)
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thereby, the momentum pJ (n[k]) = py[k] +p (&) € AY(M) for p] = p] o7j € L (T* M) satisfies the Einstein-de
Broglie relation: ﬂ

pEIK) =~ K]~ a7 [ (124)

The density operator p [k] (£) is introduced as

1

K K K K
IO = [ 0" g (ke -5 ) et ra ) (k- et (125)
RN 2 2 2
which satisfies the following lemma.
Lemma 3
b= [ avie [ a¥kUziaE O Ur (120)
I'y RN
where _
Uy [k] = St [k1=¢Y (127)

Proof. The direct calculation shows for the observable F, corresponding to every functional F
<ﬁt Ft> = [u(p"F)
[ ame) / dv 57 () () "B (o] (1)
T[E(M)] M

- / v [ avk / do(z) pf[K] (€) (2) p°F (i [K]) ()

B[E(M)] RN
- / o e [ de/ dv(z) pT[k] (€) (z) p F(n[k]-ei{g[k]{}.) ()
/B o dN (€) - dVk /M dv(z) < 3:>

<{ [ ave deUZ[k]ﬁZ[k](é“)UZ[k]‘l} F> (128)
B[E(M)] RN

REACTACIG LA

1
2

+

Relation ([[26) represents relation (B(): -
fiuln) = % 7 (7 ). (129)
Emergence-momentum J;” = 7 (57) € ¢(M)* has the following expression:
TT = dVKAN (€ dv (1K) (€) 5T k), pEIH] (€)) (130)
= v ©aknds (5 (el © B2} | (I 1) ). (131)
where the momentum operator py[k] satisfies
Brlkl = UF [k~ b UF K] (132

6 Relation () is the most crucial improvement from the corresponding relation in previous letter [E]
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The following calculus of the fourier basis for 2k; = n; + m; justifies expression (L31):

o= HnixI G R} gotilmyxd +GT IR} _ gti{myxd +¢7 (K]} g —idnsd +CT K]}

o~ i{nix +CT[K] }d{ +i{ (my+ny)x? +2¢] [k} fz{njxuc:[k]}} _ ti{mixd (TR} go—ifngx? +¢T K]}

i m i (g 2GR} gt (g bm ) 2T Y (133)

For Hamiltonian operator fl[ = %7}‘ (j[) € ¢ (M), the equation of motion is the Lie-Poisson equation

NA

=L = ady, 7 (134)
that is calculated as follows:
S © @ =0 (2 ) ) A © ). (135)
2T © @i 0D @) =~ 0, (2 a.af (0l () 714 (©) @ KD )
114 © @ (01K 0 (25 . ) )
71K} (&) @ L™ (.97 (k) (). (136)

Notice that the above expression is still valid even if Hamiltonian H; ™ has the ambiguity of the operator
ordering such as that for the Einstein gravity.

To elucidate the relationship between the present theory and canonical quantum mechanics, we will
concentrate on the case of the canonical Hamiltonian having the following form:

* 1. ..
HE M (2,p) = 1 (i + Aui) (pj + Agg) + Ut(2), (137)
where dh® = 0. Notice that almost all the canonical quantum theory including the standard model of the

quantum field theory, that have empirically been well-established, really belong to this class of Hamiltonian
systems. For Hamiltonian (), we will define the Hamiltonian operator H; as

H = 3 (5 + Au) b9 (55 + A) + U, (138)
or (x|Hy|v) = Hy(z|t)) where
Ht % ( zh@ + Atz( )) hij (—ihaj + At](l')) + Ut(l') (139)

Lemma 4 Lie-Poisson equation @) for Hamiltonian ) induces the following equation:

g T ©la) = - (o
;) - <_<x
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:17> . (141)
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0
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Proof. If we define the operators:

& 1 iJ T AT .

Hoy = 3h”pilkp;H / ih (142)
. 1 oo [, _

o) = FUAMTD, [+ BLHATA,) it (143)
Hp = (U+%hiﬂ'AiAJ—)/m, (144)

then Hamiltonian operator H, can be represented as
H:/ih = H)+Hy +He,. (145)
Thus, for density operator pI[k] (€) defined as equation ([123),
-1
i {

JCCCRE T

I> = termyy) (I:I(O))—i—term(l) (I:I(l))—l—term(l) (I:I(Q)) , (146)

where
term) (H)) = 2‘7;< _%_ﬁ{[k] (&) . H| b7 [k]:+ w>
termy (Hpy) = 2_—2< :%:ﬁi[k] G T ﬁI[k]:+ w>
term) (He)) = 2_—2< :%:ﬁi[k] ©) . Hp) ﬁI[k]:+ w>
First term results
termy (Fo)) = =05 {h"pus (nlK]) pi K] (€) pun (n[k]) } d* (147)
from the following computations:
(o] ottt 570 © Fry |2) = 5 [ awaro (v G- ) e { (149
(s o)+ 155 ) 1 (s o) = 1) (s ) -5 ) 1)
in (o k) + %) 190 (i otk - 0% )} (130)
(o 0 W1© b0ttt [0) = 5 [ kg (e S B) e { (151)
(e o) = 155 ) 19 (s o) + 8 ) (s ) + 5 ) 152)
it (o (0) = 158 ) 150, (s ) + 15 ) | (139)



(o] i@ o piuti |2) = 5 [ aw gt (v G- ) e { (154
(s a1k = 0% ) 17 (s ) = 055} (i ol % ) 159
it (e )~ 02 ) 090 (s k) -2 ) (156)
— W1 8,,0; (ptj (nlk]) — h%;) (157)
vin 0. { (o) = 155) (o ) -n ) M oo
(o] o0lt By 1@ [2) = 5 [ a0 o) (b S- ) ew ] (159)

- (ron )+ 05 ) 19 (s ) 405 ) (s kD + 15 J160)
(

_ih (mk (n[k]) + ﬁ%;“) K49, (ptj (n[k]) + hgj)

—h2hijakai (ptj (U[k]) + 7L J

Further,
termy (Hey) = = {0 (07 4307 ) (€) pax (n[K])
+p7 [K] (€) (Oxh™ Aj) pei (nlk]) } da* (164)
termy) (I:I(Q)> = —p[[k] (&) Ok (U + %hiinAj> da®. (165)

Thus, second equation i this lemma becomes

S AT (€ pas DY = =05 {9 (s oK)+ A43) 1K) (€) pu oK) } (166)
+p7 [K] (€) ey (n[K]) (O™ As;) (167)
@0 (U + 5h4.4,). (168)

which is equivalent to equation (@) for Hamiltonian ).
On the other hand,

;_hl <I‘ [mk] € ﬂﬂk]], ‘T> = termqy) (ﬂm)) + termyz (ﬂ(l)) + termz) (ﬂ@)), (169)
where
termg) (ﬂ(o)) = ;—h1<3:} {[’)Z[k] &) , IA{(O)L :z:>

19



termg) (I:I(l)) = ;—h1<f£

termg) (I:I@)) = _—h1<3:

Each term can be calculated as follows:

termg) (I:I(O)) = % . av i’ oy (&) (k + %/, k — %) ek { (170)
7 (s k) = 25 (s o)~ 2 ) am)
+ihh" 9; (pm- (nlk]) — h%l) (172)
10 () + 0% ) (o 0l + 02 73)
—in0; (s kD) - 15 ) | (174)
= -0 (PZ (k] (€) hijpti (n[k])) (175)
term gy (ﬂ(l)) = —3ihij (Aij (k] (£)) 5
termg) (I:I(Q)) = 0. (176)

Thus, first equation @ in this lemma becomes

%pl[/ﬂ] () = =05 {h" (pui (nlk]) + A;) p7 K] ()}, (177)

which is equivalent to equation ) for Hamiltonian )
Therefore, Lie-Poisson equation ) proved to be equivalent to the equation set ) and ) in this

lemma. 0

The above lemma leads us to one of the main theorem in the present paper, declaring that Lie-Poisson
equation () for Hamiltonian () is equivalent to the quantum Liouville equation.

Theorem 3 Lie-Poisson equation for Hamiltonian ) is equivalent to the following quantum Li-

ouville equation:

b= [pett] Jim). (178)

Proof. The following computation proves this theorem based on the previous lemma:
0 . 0 .
Som) - )
ot <Pt t ot \Pt Tt

— / dN (€) de/ dv(z) x
't RN M
{(x|70) 10 ) AR ) = (o

H7 K] 57 [k () F7IK]| )
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A OF,
= (ady J7 BT ) + <Jta—tt> . (179)

O

Now, the density matrix p; becomes the summation of the pure sates ‘wil;i)> <w,§l;i)‘ for the set

{‘wy;i)>}zeRN of the orthonormal wave vectors such that <z/1§l/;s/) wil;s)> =0(" —1)ds,s:

o= [ ) (o] = [ ap-

where Py is a corresponding probability measure on the space A of a spectrum and the employed integral
is the Stieltjes integral [E] If the system is open and has the continuous spectrum, then it admits A be
the continuous superselection rules (CSRs). The induced wave function has the following expression for a

L2 function " *) = <:1: ’U’t(l;_) > € L*(M):

) (w7, (180)

) () = /sz ANk D (p)eithid +e (@) (181)

The existence of the probability measure P_ would be corresponding to the existence of the antiparticle for
the elementary quantum mechanics.

For example, the motion of the particle on a N-dimensional rectangle box [0, 7]" needs the following
boundary condition on the verge of the box:

if z; =0 or 7 for some j € {1,..., N}, then (x|p:| ) =0,
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Density matrix p; is the summation of integer-labeled pure states:

pr = Z pi(n',n) |n;t) (n';t]. (182)

(n,n’)€Z2N

Let us now concentrate on the case where p; is a pure state in the following form:

pr = i) (Wil (183)
there exists a wave function ¢, € L?(M)
i(z) = / dN ,th(k)ei{ijj-i-ﬁ(w)}, (184)
RN
where } }
pi(k, k") = i (k) 4y (k). (185)

Theorem E introduces the Schrodinger equation as the following collorary.
Collorary 1 Lie-Poisson equation ) for Hamiltonian ) becomes the following Schrédinger equation:
thopy = Haby, (186)

where
= ﬁV T (ih0; + Auil(2)) g7 (@) (=ihd; + Agj (@) + U(@). (187)

Therefore, the presented theory induces not only canonical, nonrelativistic quantum mechanics but also
the canonical, relativistic or nonrelativistic quantum field theory if proliferated for the grassmanian field
variables. In addition, Section 7 will discuss how the present theory also justifies the regularization procedure
in the appropriate renormalization. A

On the other hand, if introducing the unitary transformation U, = et Theorem E obtains the Heisen-
berg equation for Heisenberg’s representations I:It = UtI:ItUt_l and Ft = UtFtUt_lz

%Ft = [ B /(=in)+ <%>, (188)

since p; = ﬁt_lﬁoﬁt.
As discussed in Section 3, if a group action of Lie group Q(M) keeps the Hamiltonian H; : ¢(M)* — R

invariant, there exists an invariant charge functional @ : T'[E(M)] — C(M) and the induced function
Q : q(M)* — R such that

1,0] =0, (189)
where Q is expressed as
Q= (Dpi@Q (p(m)) . —p(n) - Dy @ ((M) + Q (p(n))) - (190)
Suppose that functional p*@ : T'[E(M)] — C(M) has the canonical form such that
Q" M(z,p) = Apip; + B(x)ip; + C(x), (191)
then the corresponding generator is equivalent to the observable:

Q = AYp;p, + Bip, + p;B; + C. (192)
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In this case, relation ([L89) has the canonical expression:
f1.,Q] = 0. (193)

Those operators can have the eigen values at the same time.

As shown so far, protomechanics successfully deduced quantum mechanics for the canonical Hamiltonians
that have no problem in the operator ordering, and proves still valid for the noncanonical Hamiltonian that
have the ambiguity of the operator ordering in the ordinary quantum mechanics. In the latter case, the
infinitesimal generator F” corresponding to Fe q(M) is not always equal to observable F,:

F, £ FU". (194)

If one tries to quantize the Einstein gravity, he or she can proliferate the present theory in a direct way by
utilizing Lie-Poisson equation () But, some calculation method should be developed for this purpose
elsewhere.

4.3 Interpretation of Spin

It has been known that a half-spin in quantum mechanics does have a classical analogy as a rigid rotor in
classical mechanics [E] ﬂ Such a model represents the motion of a particle on the three-dimensional orthogonal
group SO(3). A spinor is corresponding to an element of the Lie-algebra so(3) of SO(3), which is equivalent
to a right-(or left-)invariant vector field over SO(3). This section reviews such an interpretation of a spin in
terms of the Euler angles or the coordinates over a three-dimensional special orthogonal group SO(3); and
thus, it proves that the present theory is applicable for the description of a half-spin, too.

Now, let us consider the particle motion in a three-dimensional Euclidean space R3 with the polar
coordinates x = (r,0,¢) € [0,+00) x [0,27) x (0,7). Lie group SO(3) acts on J; = (pip7,p;) by the
coadjoint action, where an infinitesimal generator M = ML, € s0(3) C ¢(M) (M; € R, j € {1,2,3}) has
an corresponding operator M = M/ L] € su(2,C) that satisfies

<ad}*\>[jt,f7> = ik <{ﬁt,1\71} ) F> . (195)

Infinitesimal generator f/j has the following expression:

Ly = —sznqﬁa

50 cot 0 cos ¢3¢ (196)
. B ,
Ly = cos (b% — cot@smqﬁa—q5 , (197)
A 0
o= o (198)

It has an corresponding operator M = Mjﬁj € su(2, C) acting on the Hilbert space H(S?) of all the single-
or double-valued Lo functions over S2:

(0.0[La8) = 21; (0.010), (199

where [¢) € H(S?). Notice that these operators are hermite or self-conjugate, f;;r = f;j, and induces the
angular momentum or the integer spin of the particle:

l

[ = Y @ llm) (200)

m=—I1

for (0, |l;m) =Y,"(6,9), (201)

7 The ignorance on this fact may have prevented quantum mechanics from the realistic interpretation in general.
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where

1;-1;|z,m>:h21(z+1)|z;m> , 1;3|z,m>:nm|z;m>. (202)

If the Hamiltonian for the motion in the three-dimensional Euclid space has the following form in a
central field of force, it is invariant under the rotation about z-axis:

H(z,p)=p>+x-(px B)+U(r), (203)

where r = \/x2 + 32 + 22 # 0. Since this Hamiltonian has the canonical form, the corresponding infinitesimal
generator is equivalent to the following quantum observable [ﬂ]

A 2 L-L 1 (s R
H=P, +=; +§{L~B+B~L}+U(r), (204)
where 9
<97¢7T pt‘ 1/}> = _EET <95 ¢5T |¢> . (205)

To realize the representation for a half-spin, let us consider the Hilbert spaces H(SO(3)) of all the single-
or double-valued Ly functions over S? which can be reduced to H(S?). On the classical level, an infinitesimal
generator N = N7S; of SO(3) is equivalent to a left-(or right-)invariant vector field:

cos¢ 0

h
S1o= Iy +5 S0 Oy’ (206)
. . h sing 0
= L — _ 2
52 2t i sinf Oy’ (207)
S3 = Ls. (208)

Notice that infinitesimal generator N = N7, is also an element of the semidirect product SO(3) x C*°(M)
of SO(3) with the space C°°(S?) of all the C™ functions over S? excepting poles 6 = 0, 7. The corresponding
operators S; in quantum mechanics to generators S; become

(poxfsiley = {Sh+3 2021 o), (209)
(poxfalv) = {Fha+ 22020 ooxlv). (210)
(0.6.x[8s|w) = iy 0.0,x10). (211)

which has the following reduced expression:
(pofsalvy = {3ii+g-220) ol). (212)
(0.0alv) = {3ha+3- 0 .6lu), (213)
(0.0]8s0) = i 0.010). (214)

These operators induce the half-spin:

) = ()4 +e- (0], (215
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where the eigen states have the following expression:

1 0 1 i 0
_ £ o 7 Ny — 56 «ip 7
<97¢7X|+> \/%62 COs 2 Y <97 ¢7X| > \/%e 2 Sln2'
whose reduced version is
1 . 0 1 o
0,0]+) = meﬂsez% cos g 0,9]—) = ﬁe*”eﬂ% sin —.
They satisfy
N 3 N h
S-S|i>:Zh2|i) , S3|j:>:j:§|i).

In addition, we can introduce the increasing operator and the decreasing one S. =S +iSs:

0 i 0

<9,¢,x ‘si‘ ¢> — Retid {i% +icotty s ~ SW@} 0,6, % 1),

which proves the following relations:
SilF)=1+) , Sil|¥)=0.

As in the usual expression [ originated by Pauli, if ketvectors |+) are denoted as

then, Sj = %Uj for the Pauli matrices:

0 1 0 —i 1 0
012(1 O) , 02:(2' 0) and 032(0 _1);
0 1 0 0
=19 o and o_ = 10l

A general state of the half-integer spin of a particle has the following expression:

l

W)= > @)+ 1/2,m+1/2),

m=—1—1

Nm+1/2

where, for the normalization constant N, | /2

: _ oyt JLAmAl e 0w
<9,¢|l+1/2,m+1/2> = Nl+1/2 T_He €2COS§}/l (9,¢))

m+1/2 /l_m _is_—i2% . 0 m—+1 .
+Nl+1/2 2I——|—16 € 2 Sln§ }/l (9,¢),

S.s|z+1/2,m+1/2> = R2(1+1/2)A+3/2) 1 +1/2m+1/2) |

and the eigen states satisfy

Ss |l +1/2,m + 1/2> = h(m+1/2)[1+1/2;m+1/2).
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Let us assume the classical motion of a rigid rotor has the following Hamiltonian:
H=I'S-S+S-B. (229)
To elucidate that Hamiltonian () has no trouble in the operator-ordering problem, we can introduce
H=I""p*+0%**)+2 - {pxCp'} +z-{px (B-Cp)}, (230)
where the induced motion preserve the following initial conditions:

I
z-p=0 and p/:§. (231)

For Hamiltonian (), the infinitesimal generator of motion is equivalent to the following observable:

N PN 1A N
H=1"'$-S+_{$-B+B-S}, (232)
2
where "
_h z y
c=3 (s st ®) +o v 253

Now, we can investigate the internal structure of such a half-integer spin particle, an quark or lepton as
an electron or a constituted particle as a nucleus, which would have the following spin for the internal
three-dimensional Euclid space:

h T Y
S(x,p) = \Y% — , ,0 ). 234
(z,p) =z %X (p+ 8)+2<2(x2+y2) 22 + 47 > (234)
Such an interpretation of half-integer spin allows us to describe the Dirac equation as the equation of the
motion for the following Hamiltonian:

H(z,p,a,8) = 13- (p — ZA) +mclas — eAy, (235)

where o and 3 are the internal spins expressed as relation (R34). Since the obtained Hamiltonian is also
canonical as discussed in the previous subsection, it has the following infinitesimal generator:

H— (aj (pﬂ' - ZA) + mc2) 30 — ey, (236)

where 4 is the Dirac matrices. In the same way, the internal freedom like the isospins of a particle can be
expressed as the invariance of motion, if its Lie group is a subset of the infinite-dimensional semidirect-product
group S(M). More detailed consideration on the relativistic quantum mechanics will be held elsewhere.

5 CONCLUSION

The present paper proved that SbM and then protomechanics deduces both classical mechanics and quantum
mechanics in its natural consequence, and supported the rigid-body interpretation of a half-integer spin. The
next paper [ﬂ] will discuss the intimate relationships between the present theory and the other quantization
methods known in twentieth century; and it will reveal that the new interpretation of the measurement
process is compatible with reality and causality.
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APPENDIX: INTEGRATION ON MANIFOLD

Let us here determine the properties of the manifold M that is the three-dimensional physical space for the
particle motion in classical or quantum mechanics, or the space of graded field variables for the field motion
in classical or the quantum field theory.

Let (M,Oyps) be a Hausdorff space for the family Ops of its open subsets, and also a N-dimensional
oriented C'*° manifold that is modeled by the N-dimensional Euclid space R" and thus it has an atlas
(Ua, a)aen,, (the set of alocal chart of M) for some countable set Aps such that

1. M= U,

aEAn
2. 0 : Uy — Vi, is a C diffeomorphism for some V,, ¢ R and
3. if Uy NUp # 0, then g75 = pg o' Vo NV — Vo NV is a O diffeomorphism.

The above definition would be extended to include that of the infinite-dimensional manifolds called ILH-
manifolds. A ILH-manifold that is modeled by the infinite-dimensional Hilbert space having an inverse-
limit topology instead of RN [ﬂ] We will, however, concentrate ourselves on the finite-dimensional cases
for simplicity. Let us further assume that M has no boundary OM = () for the smoothness of the C*
diffeomorphism group D(M) over M, i.e., in order to consider the mechanics on a manifold N that has the
boundary ON # 0, we shall substitute the doubling of N for M: M = N UON U N.

Now, manifold M is the topological measure space M = (M, B (Oy),vol) that has the volume mea-
sure vol for the topological o-algebra B (Oys). For the Riemannian manifold M, the (psudo-)Riemannian
structure induces the volume measure vol.

Second, we assume that the particle moves on manifold M and has its internal freedom represented by a
oriented manifold F' = (F, Op), where Op is the family of open subsets of F'. Let F' = (F,B(Op),mp) be the
topological measure space with the invariant measure mp under the group transformation Gp: g.mp = mp
for g € Gr where g.mp (§(A)) = mp(A) for A € B(Op). In this case, the state of the particle can be
represented as a position on the locally trivial, oriented fiber bundle F = (E, M, F, w) with fiber F over M
with a canonical projection 7 : E — M, i.e., for every x € M, there is an open neighborhood U(x) and a C'*°
diffeomorphism ¢y : 771 (U(x)) — U(z) x F such that 7 = 7y o ¢y for 7y : U(x) x F — U(z) : (x,8) — .
Let G r be the structure group of fiber bundle E: the mapping §og = ¢v,, © gb{]; U NUgx F — U, NUg x F
satisfies gog(z,s) € Gp for (z,s) € Uy N Ug x F and the cocycle condition:

Gap(x,8) - §p~y(2,8) = Gavy(, 5) for (z,s) € UaNUgNU, x F, (A1)
where a, 3, v € Ajs; and condition (EI) includes the following relations:
Jaa(r,8) =id.  for x€Us, and Gos(r,s) = gsalr,s)™*  for (v,s) €Uy, NUs x F. (A2)

Thus, (F, Og) is the Hausdorff space for the family O of the open subsets of F such that U € Op satisfies

ou., (U) = U, x U], for some U, (o € Apy) and U!, € Op.

Now, (E,B(Og),mg) becomes the topological measure space with the measure mpg induced by the
measures vol and mp as follows. For A € B(Og), there exists the following disjoint union corresponding to
the covering M = |J,cy,, Ua such that

1. A=
2. AgNAg =0 for a # 0.

A, where 7(A,) C Uy, and

acAn
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Thus, the measure mpg can be defined as

mp(A) = > (vol ® mp) o ¢y, (Aa). (A3)

aEAnr

Notice that the above definition of mg is independent of the choice of {Aa}aeAM such that A = UaEAM A,
is a disjoint union since mp is the invariant measure on F' for the group transformation of Gp.

Let us introduce the space M (E) of all the possible probability Radon measures for the particle positions
on E defined as follows:

1. every v € M (E) is the linear mapping v : C*°(E) @ M — R such that v(F) < +oo for F € C*(E),
and

2. for every v € M (E), there exists a o-additive positive measure P such that

v(F) = /E dP(y) (F()) (Ad)

and that P(M) =1, ie., v (1) =1.

For every v € M (E), the probability density function (PDF) p € L' (E, B(OF)) is the positive-definite, and
satisfies

vF) = [ dme) o) () (A3)
= QGZAM /¢Ua(Aa) dvol(x) dmp(¥) po (blji (x,9) (F o qS[}i (z, 19)) , (A6)

where dP = dmpg ® p.
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