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Canonical Quantum Teleportation
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Canonically conjugated observables such as position-momentum and phase-number are found to play a 3-fold
role in the drama of the quantum teleportation. Firstly, thecommon eigenstate of two commuting canonical ob-
servables like phase-difference and number-sum provides the quantum channel between two systems. Secondly,
a similar pair of canonical observables from another two systems is measured in the Bell operator measurements.
Finally, two translations generated by the canonically conjugated observables of a single system constitute the
local unitary operation to recover the unknown state. In addition, the necessary and sufficient condition is
presented for a reliable quantum teleportation of finite-level systems.

PACS numbers: PACS numbers: 03.65.Bz, 03.67.-a, 42.50.Dv,03.65.Ca

The quantum teleportation [1], a disembodied transmission
of quantum state, has been demonstrated in several experi-
ments both for finite-level systems [2] and continuous vari-
ables [3, 4, 5]. Along with the resulting discussions [6, 7]
about its experimental realization, many other aspects such as
general schemes [8, 9, 10] and some applications [11] of the
quantum teleportation have also been investigated. All these
investigations so far emphasize mainly on thestates of the
systems. In this Letter we shall show the fundamental roles
played by the canonically conjugated (c.c.) observables in the
drama of the quantum teleportation in order to reveal the phys-
ical contents of its basic ingredients.

Generally speaking, the quantum teleportation consists of
three basic steps: (i) To prepare two systems in an Einstein-
Podolsky-Rosen (EPR) entangled state or a Bell state and send
them to two different places to establish a quantum channel;
(ii) At one place, to perform the so-called joint Bell opera-
tor measurements with respect to one system involved in the
EPR entanglement and a third system at an unknown state to
be transferred; (iii) At the other place, to perform necessary
unitary operations to the other system involved in the EPR en-
tanglement according to the outcomes of Bell operator mea-
surements. By this means the unknown state is transferred
from one place to another.

In the case of continuous variables, three similar systems
1,2 and 3 are considered, which are described by canonical
observableŝxa, p̂a (a = 1, 2, 3) satisfying canonical commu-
tation rules

[x̂a, p̂b] = iδab, (a, b = 1, 2, 3). (1)

System 1 and 2 are prepared in a common eigenstate of the
position-differencêx1 − x̂2 and the momentum-sum̂p1 + p̂2

corresponding to eigenvaluesx12 andp12 [12]:

|x12; p12〉 = e−ip̂1x̂2 |x12〉1 ⊗ |p12〉2, (2)

where|x12〉1 is an eigenstate of̂x1 with eigenvaluex12 and
|p12〉2 is an eigenstate of̂p2 with eigenvaluep12. And sys-
tem 3 is in an unknown state|ψ〉3 to be teleported to the first
system.
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Then a kind of Bell operator measurement measuring the
position-differencêx2 − x̂3 and the momentum-sum̂p2 + p̂3

is performed on systems 2 and 3. This measurement projects
systems 2 and 3 to one of the common eigenstates|x23; p23〉
of p̂2 + p̂3 andx̂2 − x̂3 with x23 andp23 taking values on the
real line uniformly. Accordingly, system 1 is transformed into
stateO†

c |ψ〉1 where

Oc = e−ip23x12e−ip13x̂1eix13p̂1 (3)

with p13 = p12 − p23, x13 = x12 + x23. At this cen-
tral stage, the measured observables are exactly two com-
muting canonical observables: momentum-sum and position-
difference. According to the outcomesx23, p23 of the mea-
surement and valuesx12, p12 known from the state prepara-
tion, one is able to perform unitary operationOc to system
1. And system 1 is then at the unknown state though no one
knows what the unknown state is.

Sincep12 andp23 are the momentum-sums of correspond-
ing systems,p13 = p12 − p23 is naturally the momentum-
difference between systems 1 and 3. Similarlyx13 = x12 +
x23 can be viewed as the position-difference between systems
1 and 3. The unitary operationOc, being made up of two suc-
cessive translations up to a phase factor, has therefore a natural
physical meaning: it compensates theposition-difference and
momentum-difference between systems 1 and 3. This obvious
fact was already noticed in Ref. [3] where the teleportationof
continuous variables was first proposed.

We see clearly that thec.c. observables, position and mo-
mentum in this case, play a 3-fold role in the drama of the
quantum teleportation of continuous variables. Firstly the
common eigenstate of two commuting canonical observables,
e.g. the position-difference and the momentum-sum, pro-
vides the quantum channel between two systems. Secondly
the same commuting canonical pair of another two systems
is measured in the Bell operator measurement. Finally the
c.c. observables of a single system generate two translations,
which make up of the unitary operation to recover the un-
known state. So the quantum teleportation deserves the name
canonical quantum teleportation.

Given one pair ofc.c. observables one may design one pos-
sible canonical quantum teleportation with exactly those three
steps. Notice that in the procedure of quantum teleportation
the real position and momentum cannot be used because local-
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ization of the particle is required. In fact in the recent experi-
mental realization of the quantum teleportation of continuous
variables [4] , a pair ofc.c. observables of the photon field,
phase quadrature and number quadrature, have been used.

At the very first look, in the case of the finite-level systems
those three steps of the quantum teleportation seem to be three
unrelated procedures: Bell states preparation, Bell operator
measurements [13] or nonlocal measurements [3] and special
unitary operations, whose physical meanings need clarifying.
We shall then demonstrate that there is also a pair ofc.c. ob-
servables that plays the same 3-fold role for finite-level sys-
tems. As it turns out, one observable is the number operator
and the other one is the phase operator of a finite-level system.

For an infinite-level system as simple as a quantum har-
monic oscillator, a Hermitian phase operator does not exist
[14, 15, 16]. After a series of efforts to solve this prob-
lem [17, 18, 19, 20] it was clear recently that the quan-
tum phase of a harmonic oscillator can only be described by
means of the phase-difference between two systems with a
rational-number-type of spectrum and the quantized phase-
difference obeys a quantum addition rule [20, 21]. Among
the early approaches to this dilemma, the truncated Hilbert
space approach proposed by Pegg and Barnett [18] describes
in de facto the phase variable of a finite-level system instead
of a harmonic oscillator with infinite many energy levels.
This approach was also investigated in some details by oth-
ers [22, 23].

For ans-level systemA, the number operatorNA has spec-
trum Zs = {0, 1, . . . , s − 1} and its eigenstates|n〉A with
n ∈ Zs span the Hilbert space of the system. In this Hilbert
space, taking the phase window as[0, 2π), one can define the
exponential phase operator as

einPA =
∑

m∈Zs

|m+ n〉A〈m|, n ∈ Zs. (4)

Here the state|ks+n〉A is identified with the state|n〉A when-
everk is an integer. This identification seems to be trivial
enough for a single system, but it is crucial for the combi-
nation of number operators from different systems. The so-
defined exponential operator is obvious unitary which leads
to a Hermitian phase operatorPA with spectrumΞs =
{2mπ/s|m = 0, 1, . . . , s− 1} and eigenstates

|θ〉A =
1√
s

∑

n∈Zs

e−inθ|n〉A, θ ∈ Ξs. (5)

The motivation to define a Hermitian phase operator is,
analogous to the well-known canonical position and momen-
tum, to find thec.c. partner for the number operator. However,
the canonical relationship between the quantum phase and
number cannot be explicitly manifested through their com-
mutator. The quantum phase and number have a very compli-
cated commutator [18] due to the fact that the phase variable
has a curved configure space because of its the periodicity,
which is also the origin of the rational-number-type of spec-
trum of quantized phase difference [20]. Only when the uni-
tary operations instead of Hermitian observables are consid-
ered, dose the canonical relationship between the phase and

number manifest itself [24]. As shown explicitly in Eq.(2)
and Eq.(3) it is also the operations represented by unitary op-
erators instead of the observables represented by Hermitian
operators that plays the main roles in the case of continuous
variables.

As is well known, the unitary operations generated by po-
sition and momentum, which represent the translations in the
momentum and configuration spaces respectively, satisfy the
Weyl form of commutation relation

eixp̂eipx̂e−ixp̂e−ipx̂ = eixp. (6)

This kind of relation indicates also the canonical relationship,
even more intrinsically than the commutator. This is because
the exponential phase and number operators satisfy also a sim-
ilar relation

eiθNAeinPAe−iθNAe−inPA = einθ. (7)

In this sense the quantum phase and number operator arec.c.
observables. The exponential phase-difference and number-
difference operators of two quantum harmonic oscillators sat-
isfy also this kind of relation which yield another pair ofc.c.
observables [24].

As relation Eq.(6) indicates that the operatoreixp̂ represents
a translation byx in the configuration space, so the relation
Eq.(7) ensures that the exponential phase operatore−inPA

represents also a translation byn (modulars) of the number.
Similarly, the exponential number operatoreiθNA represents a
translation byθ (modular2π) of the quantum phase. These are
exactly the physical contents of these two unitary operations.

The quantum phase and phase differences were found to
observe a quantum addition rule [20], which assures another
quantum phase or phase difference with the same kind of spec-
trum. The quantum addition of phase operatorsPA andPB

of two s-level systemsA andB, since they are commuting,
is simplyPA−̇PB ≡ PA − PB modular2π. Similarly, to
preserve the spectrum of the number operator, the quantum
number-sum can be defined asNA+̇NB ≡ NA + NB modu-
lar s. Because the quantum phase-difference and number-sum
are commuting, they possess common eigenstates

|θAB;nAB〉 = e−iNAPB |θAB〉A ⊗ |nAB〉B, (8)

where|θAB〉A is the eigenstate ofPA with eigenvalueθAB ∈
Ξs and |nAB〉B is the eigenstate ofNB with eigenvalue
nAB ∈ Zs. They form a complete and orthonormal basis
of systemsA andB. These two observables are measurable
in the framework of nonlocal measurements [3].

Now that a complete analogue between the well-known
c.c. observables, position and momentum, and the less obvi-
ouslyc.c. observables, quantum phase and number, has been
established, we can formulate the quantum teleportation of
finite-level systems in the same canonical manner. As a quan-
tum channel of the quantum teleportation of finite-level sys-
tems, systemsA andB are prepared in a common eigenstate
|θAB;nAB〉 of their quantum phase-difference and number-
sum.

Suppose that anothers-level systemC is in an unknown
state|φ〉C which will be teleported to the systemA. To this
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end we perform a joint measurement of the quantum phase-
differencePB−̇PC and the number-sumNB+̇NC of the sys-
temsB andC. With probability1/s2, the total state of the
whole system|Φ〉 = |θAB;nAB〉 ⊗ |φ〉C is projected to state
O†

s|φ〉A ∝ 〈θBC ;nBC |Φ〉 where

Os = e−inBCθABe−inACPAeiθACNA (9)

with θAC = θAB + θBC andnAC = nAB − nBC after the
measurement. The number-sumnBC takes value inZs and
the phase-differenceθBC takes values inΞs with equal prob-
ability, which label thes2 outcomes of the measurements.

After knowing these phase-differencesθAB, θBC and
number-sumsnAB, nBC , one can perform a unitary transfor-
mationOs to systemA so that the unknown state of systemC
appears at the other end of the quantum channel. We note that
operationOs is made up of an exponential phase operator and
an exponential number operator up to a phase factor. From
the discussions above we know that these two operations rep-
resent a phase translation by valuesθAC and a number trans-
lation by valuesnAC . BecauseθAC can be regarded as the
phase-difference andnAC as the number-difference between
systemsA andC, the meaning of these two unitary operations
become now clear: before the unknown state can be recovered
the phase-difference and number-difference between systems
A andC must be compensated.

Consider the simple case of 2-level systems, where we iden-
tify state|0〉 with | ↑〉 and state|1〉 with | ↓〉. As the quantum
channel we prepare systemsA andB in the state as in Eq.(8)
with θAB = π, nAB = 1. Four possible outcomes of the Bell
operator measurements on systemsB andC are labeled by
phase-differenceθBC = 0, π and number-sumnBC = 0, 1.
We can see that four corresponding unitary operationsO2 in
Eq.(9) applied to systemA are exactly the same as those in
Ref. [1].

Canonical transformations, which preserve the canonical
commutators among observables as in Eq.(1) or relations such
as Eq.(7) of corresponding unitary operations, can be per-
formed toc.c. observables. Some canonical transformations
can result in some new forms of quantum teleportations. The
simplest case is to make a canonical transformation only to
systemB, for example,PB → −PB andNB → −NB, which
results a quantum teleportation as follows. The quantum chan-
nel is a common eigenstate ofPA+̇PB andNA−̇NB , e.g.
state

|ΨAB〉 =
1√
s

∑

m∈Zs

|m〉A ⊗ |m〉B (10)

corresponding to zero number-difference and zero phase-sum.
The observables measured in the second step arePB+̇PC and
NB−̇NC . And the final operation Eq.(9) to recover the un-
known state remains unchanged. This scheme is exactly the
original teleportation of systems with more than 2 levels dis-
cussed in Ref. [1]. One notes that whens = 2 the quantum
phase-difference and number-sum are identical with quan-
tum phase-sum and number-difference respectively, therefore
these two teleportation schemes are identical in the case of
s = 2.

Now we try to take a general pure state of systemsA and
B as our quantum channel. Any normalized state can be ex-
pressed asT |ΨAB〉 where operatorT acts only on systemA
with Tr(T †T ) = s. Then we perform a general Bell opera-
tor measurement on systemsB andC. This is equivalent to
projection to some orthonormal basis of systemsB andC

|k; l〉 =
1√
s

∑

m∈Zs

|m〉B ⊗Okl|m〉C , (11)

wheres2 operatorsOkl act only on a single system and satisfy
the following normalization conditions

Tr
(

OklO†
k′l′

)

= s δkk′δll′ , k, k′, l, l′ ∈ Zs. (12)

Numbersk, l label all possible outcomes of the measurements.
Given outcomesk, l of the measurements, appearing with
equal probability, systemA is found to be in state

s2〈k; l|T |ΨAB〉 ⊗ |φ〉C = TO†
kl|φ〉A, (13)

where operatorOkl is now acting on systemA. The only re-
quirement for a reliable quantum teleportation is therefore to
haveTO†

kl unitary, which infers thatT must be reversible.
From Eq.(12) one obtains Tr((T †T )−1) = s, which is com-
patible withTr(T †T ) = s iff T is unitary. Therefore to have
TO†

kl unitary is equivalent to have all the operatorsT andOkl

unitary. This is the necessary and sufficient condition for a
reliable quantum teleportation. In other words the quantum
channel must be a maximum entangled state and the measure-
ments must be projections to maximum entangled states. And
the recovering operation at the final stage is simplyOklT

† de-
pending on the outcomes of the measurements.

As one wishes, from orthonormal bases|k; l〉 one can
construct two commuting canonical observables like phase-
difference and number-sum, whose common eigenstates are
exactly these bases. As a result, the measured observables
in the second step of the quantum teleportation may be dif-
ferent from the observables determines the quantum channel.
For example, the quantum channel may be provided by the
common eigenstate of the quantum phase-sum and number-
difference and the quantum phase-difference and number-sum
are the Bell operators. By this means one can also teleport an
unknown state from one place to another. The general scheme
discussed in Ref.[10] is included here as a special example.

The continuous variables case can be analyzed similarly.
Let us fix our measurements at the second step to the projec-
tions to states|x23, p23〉. All the pure states that can be used
as quantum channel should have form

∑∞
n=0

D†|n〉1 ⊗ |n〉2
whereD is an arbitrary unitary operator acting on system
1 only. The operation at the final stage isM †D where
M is a unitary operator acting on system 1 with elements
〈m|M |n〉 = 〈x23, p23|m,n〉 where|m,n〉 = |m〉1 ⊗ |n〉2
denote the number state bases withm,n going from zero to
infinity. When the elements ofD are taken as〈m|D|n〉 =
〈x12, p12|m,n〉, the teleportation of continuous variables dis-
cussed at the beginning is regained. This discrete formulation
of the quantum channel upto a normalization constant was no-
ticed in Ref. [25].
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When one consider three quantum harmonic oscillators, al-
though the quantized phase-differences between each two of
them are well defined, it is impossible to perform a quan-
tum teleportation using the quantized phase difference and
number-sum. This is because the exponential phase operator
of a single oscillator, which ought to be employed to com-
pensate a number-difference at the final stage of the quantum
teleportation, dose not exist.

In conclusion, the quantum teleportation is characterized
by c.c. observables completely: The quantum channel is pro-
vided by the common eigenstate of two commuting canon-
ical observables, the Bell operator measurement measures a
similar pair of canonical observables and the recovering op-
eration consists of two translations generated by thec.c. ob-
servables. By applying suitable canonical transformations to
the c.c. observables, one can design new schemes of quan-
tum teleportation. The necessary and sufficient condition for

a reliable quantum teleportation of finite systems is to have
a maximum entangled state as quantum channel and the Bell
operator measurements are projections to maximum entangled
states. The nonexistence of certainc.c. observables makes the
quantum teleportation using these variables impossible. All
these investigations concern the ideal quantum teleportation.
In the real experiments where non-ideal elements must be con-
sidered, it becomes ambiguous how to characterize quantum
teleportation. In this aspect some efforts have been made [26].
The attention to the roles played by thec.c. observables in the
drama quantum teleportation may help to establish such kinds
of criteria both for the continuous and discrete variables.
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