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IS SUPERSYMMETRIC QUANTUMMECHANICS COMPATIBLE WITHDUALITY ?
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e)Abstra
tSupersymmetry applied to quantum me
hani
s has given new in-sights in various topi
s of theoreti
al physi
s like analyti
ally solvablepotentials, WKB approximation or KdV solitons. Duality plays a 
en-tral role in many supersymmetri
 theories su
h as Yang-Mills theoriesor strings models. We investigate the possible existen
e of some dualitywithin supersymmetri
 quantum me
hani
s.
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Introdu
tionSupersymmetry is an ex
iting idea to relate bosons and fermions. Manyparti
le physi
ists think that supersymmetry 
ould be found in Nature, nottoo far from the ele
troweak s
ale, typi
ally the TeV s
ale. From a theoreti
alpoint of view, supersymmetry naturally explains, for example, the large ra-tio between the ele
troweak s
ale and the other higher physi
al s
ales as thePlan
k or the GUT s
ales. Moreover, supersymmetry favours the uni�
ationfor the three fundamental 
oupling 
onstants responsible for the ele
tromag-neti
, the weak and the strong intera
tions. With the present data, su
h anuni�
ation is not possible within the Standard Model but be
omes proba-ble in its supersymmetri
 version like the MSSM (Minimal Supersymmetri
Standard Model). Supersymmetry 
an also enri
h quantum me
hani
s andgives the so 
alled supersymmetri
 quantum me
hani
s (SQM) whi
h is ani
e framework to test new 
on
epts in Physi
s. SQM is famous due to thepioneering papers of Witten on supersymmetry breaking[1℄. SQM also givesnew understandings of the analyti
al solvability of 
ertain potentials and ofthe (super)BKW approximation whi
h turns out to be exa
t for a large 
lassof potentials, or allows 
onne
tions between isospe
tral hamiltonians and themulti-soliton solution of the Korteweg-De Vries non linear equation. Mu
hmore about SQM 
an be found in [2,3℄ and referen
es therein.Duality is a very fas
inating 
on
ept whose original aim was to 
onne
ttwo di�erent regimes of the same dynami
s. The ele
tri
-magneti
 dualityis the most popular example where a weakly 
oupled version of a theoryis ex
hanged for a strongly 
oupled formulation. The 
on
ept of dualityhas been extended and means an equivalen
e between two formulations of amodel or between two di�erent models. Su
h a 
ase is the duality betweenthe sine - Gordon model and the massive Thirring model [4℄, 
onne
ting atwo-dimensional solitoni
 obje
t and a two-dimensional fermioni
 �eld. Thatmeans that there is no guarantee at all that the 
onne
tion is simple.Supersymmetry goes well with duality. As a matter of fa
t, some prob-lems in duality invariant gauge theories disappear when supersymmetry 
omesin. This is exa
tely what happens in [N=4℄ Supersymmetri
 Yang-Mills the-ory [5℄. Supersymmetry is also an essential ingredient to study duality instring theories [6℄. In this paper we will elaborate on the following simpleidea: is it possible to �nd a strong/weak 
oupling duality in the frameworkof supersymmetri
 quantum me
hani
s ? However 
lear the question maybe, the de�nition remains vague. Thus we will dis
uss a bit more this point2



later, in the �rst se
tion of this paper. In the se
ond se
tion we will developduality in SQM with a pre
ise de�nition. After the 
on
lusion, we will workout in an appendix two examples to illustrate se
tion II.Se
tion IThe idea we wish to explore is the mixing of duality and supersymmetri
quantum me
hani
s. What does this mean? To be more pre
ise, we will tryto �nd duality in SQM and not to link by duality SQM to some other theory,and more exa
tly to stay in a model of SQM, and not to map a model ofSQM with a strong 
oupling in another model of SQM with a weak 
oupling.Any model of SQM 
an be written in a superspa
e formalism like a �eldtheory. Here we will use the hamiltonian formulation where the physi
sof the model lies in an hamiltonian H whi
h is a non negative operator.One has H = {Q, Q∗} where Q and Q∗, the �super
harges�, 
an be seen asoperators transforming "bosons" into "fermions" and vi
e versa. Also anySQM hamiltonian 
an be 
ast in a matrix form as follows :
H =

∣

∣

∣

∣

H− 0
0 H+

∣

∣

∣

∣These two hamiltonians H− and H+ are 
onne
ted by supersymmetrywhi
h in turn gives a relation between the potential V− and V+ via the so
alled superpotential W [2,3℄. The question is to know whether one of them
an be strongly 
oupled and the other one weakly 
oupled.Let us denote by x the (one dimensional) spa
e variable and by g a realpositive 
oupling 
onstant. One has :
V−(x, g) = W 2(x, g) − W ′(x, g)and
V+(x, g) = W 2(x, g) + W ′(x, g),where W ′ = dW/dx.Naively, if V− is zero, the 
oupling 
ould be said "weak" ; then V+ willbe di�erent from zero and the 
oupling 
ould be said "strong". The solutionis W = −1/(a + x), where a is an arbitrary 
onstant, and V+ is obviously

2/(a + x)2. As a 
onsequen
e of this rough example, it seems possible to see3



a path through the solution but perhaps not really interesting. Indeed, inthis example, there are some drawba
ks :- g does not appear at all ;- the potential V+ is a singular potential on the line ;- the Hamiltonian H− is just a se
ond derivative, without any dynami
al
ontent.One 
an be a bit less naive in modifying our guess : is it possible to �nd a
ouple of supersymmetri
 potentials su
h as :
V−(x, g) = g f(x, g) and V+(x, g) = f(x, g)/g ? (I.1)In su
h a way it seems that one for
es, if g ∼ 0, a weak 
oupling for V−and a strong 
oupling for V+. In solving the system (I.1), one su

essivelygets the superpotential :

W (x, g) =
−1

s(a + x)
,and the potentials:

V−(x, g) =
(1 − s)

s2(a + x)2
,and

V+(x, g) =
(1 + s)

s2(a + x)2
,where s = (1 − g2) / (1 + g2) and a is an arbitrary 
onstant.Although the potentials are still singular on a line, this result is quiteinteresting. Indeed, one obtains the following identity :

V−(x, 1/g) = V+(x, g)sin
e s is 
hanged in −s when one 
hanges g in 1/g. This is a rather goodfeature. Now both potentials depend only on s and not on g, and this is arather bad feature, be
ause when g runs from zero to in�nity, s goes between
−1 and +1 and the strength of the 
ouplings is somewhat washed o�.This is a general 
onsequen
e of our proposal to sear
h for duality withinthe same SQM model. A
tually, assuming there is only one 
oupling 
onstant
g( 6= 1) in the model, the duality we look for 
an be written as follows :4



H−(x, 1/g) = H+(x, g) (I.2)That means that a SQM model determined by the two hamiltonians
(H−(x, 1/g), H+(x, 1/g)), 
onne
ted by susy thanks to the superpotential
W (x, 1/g) in a regime of strong 
oupling (if g ∼ 0), is ex
hanged in the SQMmodel determined by (H+(x, g), H−(x, g)), whi
h works in a weak 
ouplingregime. The formula I.2 is just equivalent to V−(x, 1/g) = V+(x, g), or :

W 2(x, 1/g) − W ′(x, 1/g) = W 2(x, g) + W ′(x, g).One 
an re-write this formula as :
W 2(x, 1/g) − W 2(x, g) = W ′(x, 1/g) + W ′(x, g) . (I.3)When one 
hanges g in 1/g in this formula, the left hand side gets the oppositevalue while the right hand side is invariant. Hen
e both sides vanish and theunique superpotential solution of I.2 is su
h that:

W (x, 1/g) = −W (x, g) . (I.4)So any fun
tion of x and g verifying I.4 is an answer to our question. If onelooks for su
h fun
tions, the simplest form is W (x, g) = a(x)b(g), with the
ondition
b(1/g) = −b(g) . (I.5)The general solution of I.5 is b(g) = B(Log(g)) where B is any oddfun
tion, but one 
an �nd rather simple solutions without logarithm. For ex-ample, b(g) = g−1/g is a solution but not suitable for a perturbative point aview (as Log(g)) sin
e it has no expansion neither in g = 0 nor in g = in�nity.Better solutions are b(g) = (1 − g)/(1 + g), whi
h is tanh(−(Log(g))/2), or

b(g) = arctan(g) − π/4.Anyway, the result (I.5) indu
es two remarks :- the true 
oupling 
onstant is b(g) and not g.- if the true 
oupling 
onstant b(g) belongs to the intervalle [c, d], then
b(1/g) belongs to the intervalle [−d,−c].The 
onsequen
e is evident: it is impossible to talk about strong/weakduality in su
h a simple 
ase. Of 
ourse, W (x, g) = a(x) b(g) is far frombeing the most general solution of (I.4) but one 
annot �nd other solutions5



whi
h es
ape the previous 
onsequen
e, be
ause for a �xed x the relation I.4between W (x, g) and W (x, 1/g) falls in a formula similar to I.5. Thus it isimpossible to �nd a strong/weak duality in a same model of SQM, but one
an sear
h for a 
lass of models where the 
ouple (H−, H+) is 
hanged inthe 
ouple (H+, H−), depending on the sign of the (true) 
oupling 
onstantvalue. In these 
ases, the duality would mean a 
orresponden
e between twodi�erent regimes of the same SQM model.Se
tion IIIn order to naturally introdu
e the 
lass of models that we look for, we will
ontinue to follow for a while the ingenuous path presented in the previousse
tion. Further, we note that, for any quantum me
hani
al hamiltonian,there are several supersymmetri
 extensions. For example, starting from theharmoni
 os
illator hamiltonian H0 ( in 
onvenient units : 2m = ~ = 1 ) :
H0 = −d2/dx2 + ω2x2,one has

H− = −d2/dx2 + ω2x2 − ω,and
H+ = −d2/dx2 + ω2x2 + ω,when the superpotential is W = ωx . But it is possible to obtain other super-potentials and hamiltonians H− and H+ (see for instan
e the se
ond exampleof the Appendix ). So we will assume that we know a "free" hamiltonian

H0 = −d2/dx2 + k(x), where k(x) is a fon
tion of x and of some other pa-rameters, and we add extra terms to simulate the weak and strong 
ouplingsas we did in I.1. We write :
H−(x, g) = −d2/dx2 + k(x) + g f(x, g)and

H+(x, g) = −d2/dx2 + k(x) + f(x, g)/g . (II.1)In a

ordan
e with the idea of H0 as a free hamiltonian, we suppose also that
k(x) is independent of g (g 6= 1). One 
ould probably imagine other forms6



that II.1 but the main virtue of our type is its solvability, without alteringthe physi
al meaning. One 
ould also slightly modify the proposal II.1 bysome sign or by multiplying f by g ; these 
hanges are really minor, thus wewill not 
onsider them any longer .In solving II.1 in terms of the superpotential, one obtains the followingRi

ati equation :
W ′(x, g) = s

(

W 2(x, g) − k(x)
)

, (II.2)where again we get the parameter s = (1 − g2) / (1 + g2). We use the usualtri
k to linearize the Ri

ati equation II.2 ; introdu
ing a fun
tion y of x su
has W = −y′/(s y), one readily gets the following Sturm - Liouville equation :
y′′ − s2k(x)y = 0 . (II.3)On
e a solution y is found for this equation II.3, we have the potentialssolution of the problem (II.1) :

V−(x, g) = +sk(x) + (1 − s)(y′/(sy))2,and
V+(x, g) = −sk(x) + (1 + s)(y′/(sy))2. (II.4)The supersymmetry is not broken if one 
an 
hoose the sign of s su
hthat only one of the following sets of equations is true :

H−(x, g) y(+1/s) = 0 and H+(x, g) y(+1/s) 6= 0,or
H+(x, g) y(−1/s) = 0 and H−(x, g) y(−1/s) 6= 0.Furthermore to get dis
rete spe
tra for H− and H+, one needs that y(1/s)or y(−1/s) be normalizable (L2(x, R)), depending on the signe of s. Then the
orresponding hamiltonians H− and H+ will be isospe
tral (up to the lowestbound state).Let us be more pre
ise about the solution II.4. At �rst sight, it seemsthat when we perform the following 
hange : g → 1/g, then s → −s and

V−(x, g) → V−(x, 1/g), whi
h would be equal to V+(x, g). A
tually, this is7



not true be
ause it is ne
essary to take into a

ount the eventuality thatthe boundary 
onditions of the equation II.3 depend on g. In su
h a way, ywould be g dependent and V−(x, 1/g) di�erent from V+(x, g). So, in general,
V−(x, 1/g) 6= V+(x, g) and it is not suitable for duality ; fortunately there aresimple situations where we get it.Assuming that k(x) is an even fun
tion of x, then the se
ond order di�er-ential equation II.3 (without �rst order term) has two independent solutionsof given parity, one is even and the other is odd in the variable x, and bothdepend on s2. The odd one is zero at x = 0, so leading possibly to singularpotentials. Thus it is highly preferable to use the even solution, and thenthe ratio y′/y will be well de�ned and insensitive to a possible g dependen
e
oming from the boundary 
onditions. This is a 
ase where we get the wishedduality :- �rst regime :

0 < s < 1 (0 < g < 1)

H−(x, s) = −
d2

dx2
+ V−(x, s)

V−(x, s) = +sk(x) + (1 − s)(y′/(sy))2,

H+(x, s) = −
d2

dx2
+ V+(x, s)

V+(x, s) = −sk(x) + (1 + s)(y′/(sy))2,and (for example) H−(x, s) y(+1/s) = 0 with H+(x, s) y(+1/s) 6= 0 and y(+1/s)is normalizable. In this regime, the ground state energy of H− is zero andthe other energy eigenvalues of both H− and H+ are paired.- se
ond regime :
−1 < s < 0 (1 < g < ∞)8



H−(x, s) = −
d2

dx2
+ V−(x, s) = H+(x,−s)

V−(x, s) = V+(x,−s)

H+(x, s) = −
d2

dx2
+ V+(x, s) = H−(x,−s)

V+(x, s) = V−(x,−s),and (for example) H+(x, s) y(−1/s) = 0 with H−(x, s) y(−1/s) 6= 0 and y(−1/s)is normalizable. In this regime, the ground state energy of H+ is zero, andthe other energy eigenvalues of both H− and H+ are paired.In other words, this duality ex
hanges the role of H+ and H−, when onegoes from the positive s regime to the negative s regime. Roughly speak-ing, one 
ould say that this duality ex
hanges the "boson" spe
trum andthe "fermion" spe
trum (see �gure 1). In the appendix, we work out twoillustrative examples, one based on k(x) = 
onstant and the other one onthe harmoni
 os
illator. Finally, thanks to a theorem of Poin
aré [7℄ one 
anprove that the solutions of the Sturm - Liouville equation II.3 are analyti
in s2, whatever k(x) is, if the boundary 
onditions are independent of s. Inthese situations, the ratio y′/y will be s2 dependent and V−(x,−s) will beequal to V+(x, s). That extends the 
ases of duality.Con
lusionIn this study we have shown that it is impossible to �nd a strong/weakduality within a model of Supersymmetri
 Quantum Me
hani
s and we havedeveloped a strategy to �nd a 
lass of models of SQM where the dualitymeans a 
orresponden
e between two regimes of the 
oupling 
onstant.A
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attering, North Holland Pub-lishing Company (1965), page 9.AppendixExample 1 : k(ω) = ω2(ω > 0)The master equation II.3 reads :
y′′ − s2ω2y = 0 ,and an even solution is cosh(sωx). One gets the potentials :

V−(x, s) = ω2
(

+s + (1 − s)(tanh(sωx))2
)and

V+(x, s) = ω2
(

−s + (1 + s)(tanh(sωx))2
)

. (A.1)It is easy to 
he
k that H−(x, s) (cosh(sωx))(
1

s
) = 0 and that (cosh(sωx))(

1

s
)is normalizable for negative s. The duality is guaranteed sin
e V−(x, s) =10



V+(x,−s).The surprise in this example is that it is quite easy to �nd the full (dis-
rete) spe
tra of the hamiltonians be
ause these potentials are in the S.I.P
lass (Shape Invariant Potential) [2,3℄. Indeed, potentials in A.1 
an be de-rived from the superpotential W = a tanh(bx) when a = −ω and b = sω.We refer to the referen
e [3℄ for details. One �nds that the energy levels aregiven by
En(s, ω) = −nsω2(2 + ns).Now, sin
e s is negative and n is a non negative integer, and be
ause Enmust be an in
reasing fun
tion of n, one gets that n belongs to the interval

[0, E(−1/s)]. [E(x) ≡ greatest integer less than or equal to x℄.For example, if s = −1/4, H− has 5 eigenvalues (0, ω2 7
16

, ω2 12
16

, ω2 15
16

, ω2
)and H+ has 4 eigenvalues (ω2 7

16
, ω2 12

16
, ω2 15

16
, ω2

). See �gure A1.If one 
hooses k(x) = −ω2, one gets trigonometri
 fun
tions instead ofhyperboli
 fun
tions. With this 
hoi
e, x must be in an interval su
h as
]−π/2, +π/2[.Example 2 : k(x) = ω2x2(ω > 0)The master equation II.3 reads:

y′′ − s2ω2x2y = 0 ,and an even solution is given in terms of a Bessel fun
tion :
√

|x|Bessel I [−1

4
, (x2

√

ω2s2)/2

]whi
h has the following expansion (up to an overall numeri
al fa
tor)
1 +

∞
∑

p=1

(

s2pω2px4p

cp

)where cp = ((3.4)(7.8) · · · ((4p − 1).(4p))).Handling with 
are, the potentials read :11



V−(x, s) = +sωx2 + (1 − sω)x2

(Bessel I [+3
4
, (sωx2)/2

]Bessel I [−1
4
, (sωx2)/2

]

)2and
V+(x, s) = −sωx2 + (1 + sω)x2

(Bessel I [+3
4
, (sωx2)/2

]Bessel I [−1
4
, (sωx2)/2

]

)2 (A.2)Depending on s, one obtains the same behaviour as in the example 1 andthe duality is got. The potentials are (probably) not S.I.P . In �gure A2are drawn these potentials for s = −1/3 and ω = 1. For these values, V−shows two degenerate 
lassi
ally stable minima and one 
lassi
ally unstablemaximum. Tunneling e�e
ts in quantum me
hani
s make that the energy ofthe ground state, whi
h is of 
ourse 0 for supersymmetri
 reasons, is at thelevel of the 
lassi
al unstable extremum.Figure CaptionsFigure 1 : typi
al dis
rete spe
trum of a model in the negative s regimeon the left side and in the positive s regime on the right side showing the"Bosoni
" and "Fermioni
" states .Figure A1 : plots of V−(thi
k) and V+ (thin) and the energy eigenvalues(example A1 of the Appendix ; ω = 2, s = −1/4).Figure A2 : plots of V− (thi
k) and V+(thin) and the ground state energy(example A2 of the Appendix ; ω = 1, s = −1/3).
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