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Electric Charge Rotating Around a Black Hole
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We consider an electric charge rotating around a Schwarzschild black hole. We compute, using quantum field
theory in curved spacetime at the tree level, the power emitted by the rotating charge minimally coupled to the
Maxwell field. We also compute how much of the radiation emitted by the swirling charge is absorbed by the
black hole.

We are commemorating the first centennial of Special Rela-
tivity. Despite how exotic Special and General Relativity may
have appeared at first glance, they have become fundamen-
tal tools for now-a-days precision astrophysics. It is impos-
sible to understand the center of active galaxies, pulsars and
probably gamma ray bursts without evoking objects as black
holes and neutron stars. As astrophysics measurements be-
come more and more accurate, the influence of the spacetime
curvature in particle wave modes will also need to be consid-
ered to explain the experimental data properly. This can be
naturally accomplished in the context of quantum field theory
in curved spacetimes. To illustrate this, we analyze the radia-
tion emitted by an electric charge rotating around a Schwarz-
schild black hole (see Ref. [1] for the emission of scalar ra-
diation from a rotating source around a Schwarzschild black
hole). We assume natural units~ = c = G = 1 and metric
signature(+−−−).

Let us consider the line element of the Schwarzschild
spacetime in the form

ds2 = f (r)dt2− f (r)−1dr2− r2dθ2− r2sin2 θdφ2 , (1)

where f (r) = 1− 2M/r and the electromagnetic field de-
scribed by the Lagrangian density in the modified Feynman
gauge

L =
√−g

[
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FµνFµν− 1

2
G2

]
(2)

with g= r2sinθ, G≡∇µAµ+KµAµ andKµ = (0,d f/dr,0,0) .
The corresponding Euler-Lagrange equations are, thus,

∇νFµν +∇µG−KµG = 0, (3)

which can be written in terms of components as
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Herea andb denote angular variables on the unit2-sphereS2

with metricη̃ab and inverse metric̃ηab [with signature(−−)],
∇̃a is the associated covariant derivative onS2, ∇̃a ≡ η̃ab∇̃b
and∇̃2 ≡ η̃ab∇̃a∇̃b.

We write the complete set of positive-frequency solutions
of Eq. (3) with respect to the Killing field∂t as

A(εnωlm)
µ = ζεnωlm

µ (r,θ,φ)e−iωt , ω > 0. (7)

The indexε stands for the four different polarizations. The
pure gauge modes,ε = G, are the ones which satisfy the gauge

conditionG= 0 and can be written asA(Gnωlm)
µ = ∇µΛ, where

Λ is a scalar field. The physical modes,ε = I, II , satisfy the
gauge condition and are not pure gauge. The nonphysical
modes,ε = NP, do not satisfy the gauge condition. The modes
incoming from the past null infinityJ− are denoted byn =←
and the modes incoming from the past event horizonH− are
denoted byn =→. The l andm are the angular momentum
quantum numbers.

The physical modes can be written as

A(Inωlm)
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and

A(IInωlm)
µ =
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0,0, rϕIIn

ωl (r)Ylm
θ , rϕIIn

ωl (r)Ylm
φ

)
e−iωt (9)

with l > 1 (since the gauge conditionG = 0 is not satisfied
for l = 0). The radial part of the physical modes satisfies the
differential equation

(
ω2−VS

)[
rϕλn
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]
+ f

d
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(
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[
rϕλn

ωl (r)
])

= 0, (10)

whereλ = I, II andVS = f l(l + 1)/r2 is the Schwarzschild
scattering potential.Ylm andYlm

a are scalar and vector spheri-
cal harmonics [2], respectively.

The conjugate momenta associated with the field modes are

Π(i)µν ≡− [Fµν +gµνG]|
Aµ=A

(i)
µ

, (11)
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where(i) represents(ε,n,ω, l ,m). The modes are then nor-
malized through the generalized Klein-Gordon inner prod-
uct [3] such that

(
A(εnωlm),A(ε′n′ω′ l ′m′)

)
= Mεε′δnn′δll ′δmm′δ

(
ω−ω′

)
, (12)

where the matrixMεε′ is given by

Mεε′ =




1 0 0 0
0 1 0 0
0 0 0 −1
0 0 −1 −1


 (13)

with ε = (I, II ,G,NP).
In order to quantize the electromagnetic field, we demand

the equal time commutation relations
[
Âµ(x, t) , Âν

(
x′, t

)]
=

[
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= 0, (14)

[
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=
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The electromagnetic field operator can be expanded in terms
of the normal modes as

Âµ = ∑
ε,n,l ,m

Z ∞

0
dω
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]
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whereâ(i) andâ†
(i) are the annihilation and creation operators,

respectively, satisfying
[
â(εnωlm), â

†
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(
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)
.

(17)
The Fock space of the physical states|PS〉 is obtained by im-
posing the Gupta-Bleuler condition [4]. In our case, this cor-
responds to imposêa(NPωnlm) |PS〉 = 0. The physical states
are obtained by applying any number of creation operators
â†

(Inωlm), â†
(IInωlm) and â†

(NPnωlm) to the Boulware vacuum|0〉
defined byâ(εnωlm) |0〉 = 0. The creation operators associated
with pure gauge modes take physical states into nonphysi-
cal ones. Moreover physical states of the formâ†

(NPnωlm) |PS〉
have zero norm. Therefore we can take as the representative
elements of the Fock space those states obtained by applying
the creation operators associated with the two physical modes
to the Boulware vacuum. For this reason we will be concerned
only with the two physical modes,λ = I, II , in this paper. (A
more detailed discussion of the Gupta-Bleuler quantization of
the electromagnetic field in spherically symmetric and static
spacetimes can be found in Ref. [5].)

The solutions of Eq. (10) are functions whose properties
are not well known. (See Ref. [6] for some properties.) We
can, however, obtain their analytic form (i) in the asymptotic
regions for any frequency and (ii) everywhere if we keep re-
stricted to the low-frequency regime. In order to study the as-
ymptotic behavior of the physical modes we use the Wheeler
coordinatex = r +2M ln(r/2M−1) and rewrite Eq. (10) as

(
ω2−VS

)
[rϕλn
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d2

dx2
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ωl (x)
]

= 0. (18)

Since the Schwarzschild potential vanishes forr = 2M and
decreases as1/r2 for r À 2M, the solutions of Eq. (18) can
be approximated in the asymptotic regions by
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whererϕλ→
ωl (r) andrϕλ←

ωl (r) are solutions incoming fromH−

andJ−, respectively. Hereh(1)
l (x) is a spherical Bessel func-

tion of the third kind [7],Bλn
ωl are normalization constants, and∣∣Rλn

ωl

∣∣2 and
∣∣Tλn

ωl

∣∣2 are the reflexion and transmission coeffi-
cients, respectively, satisfying the usual probability conserva-

tion equation
∣∣Rλn

ωl

∣∣2 +
∣∣Tλn

ωl

∣∣2 = 1. The normalization con-
stantsBλn

ωl are obtained using the generalized Klein-Gordon
inner product defined above (see Ref. [8]).

Let us now find the analytic expressions of the physical
modes in the low-frequency approximation. For this purpose
we rewrite Eq. (10) as

d
dz

[
(
1−z2) dϕλn

ωl (z)
dz

]
(21)

+

[
l (l +1)− 2

z+1
−ω2M2 (z+1)3

z−1

]
ϕλn

ωl (z) = 0,

wherez≡ r/M−1. In the low-frequency regime, we write the
two independent solutions of Eq. (21) forl > 1 as

ϕλ→
ωl (z)≈Cλ→

ωl

[
Ql (z)− (z−1)

l (l +1)
dQl (z)

dz

]
(22)

and

ϕλ←
ωl (z)≈Cλ←

ωl

[
Pl (z)− (z−1)

l (l +1)
dPl (z)

dz

]
, (23)

wherePl (z) andQl (z) are Legendre functions of the first and
second kind [7], respectively, andCλn

ωl are normalization con-
stants, which are obtained by fitting asymptotically Eqs. (22)
and (23) with Eqs. (19) and (20), respectively [8].

Now let us consider an electric charge withθ = π/2, r =
RS and angular velocityΩ ≡ dφ/dt = const> 0 (as defined
by asymptotic static observers), in uniform circular motion
around a Schwarzschild black hole, described by the current
density

jµS(xν) =
q√−gu0 δ(r−RS)δ(θ−π/2)δ(ϕ−Ωt)uµ. (24)

Hereq is the coupling constant and

uµ(Ω,RS) =
1√

f (RS)−R2
SΩ2

(1,0,0,Ω) (25)
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FIG. 1: The total powerWS emitted by the electric charge rotating
around a Schwarzschild black hole is plotted as a function of the
angular velocityΩ as measured by asymptotic static observers. The
solid line represents our numerical result whereas the dashed line
represents our analytic result for low frequencies. Thel summation
in Eq. (28) is performed up tol = 6. MΩ ranges from0 up to0.068
(associated with the innermost stable circular orbit atRS = 6M).

is the charge’s 4-velocity. We note thatjµS is conserved,

∇µ jµS = 0, and thus
R

Σ dΣ(3)
µ jµS(xν) = q for any Cauchy sur-

faceΣ.
Next let us minimally couple the charge to the field through

the LagrangianLI =
√−g jµSÂµ. Then the emission amplitude

at the tree level of one photon with polarizationε and quantum
numbers(n,ω, l ,m) into the Boulware vacuum is given by

Aεnωlm = i
Z

d4x
√−g jµSA(εnωlm)

µ . (26)

It can be shown thatAεnωlm ∝ δ(ω−mΩ). This implies that
only photons with frequencyω0 = mΩ are emitted once the
charge has some fixedΩ = const. One can also verify that
the pure gauge and nonphysical modes have vanishing emis-
sion amplitudes. This is so for the pure gauge modes because
∇µ jµS = 0 and for the nonphysical modes because they have
zero norm.

The total emitted power is

WS = ∑
λ=I,II

∑
n=←,→

∞

∑
l=1

l

∑
m=1

Z +∞

0
dω ω

∣∣∣Aλnωlm
∣∣∣
2
/T, (27)

whereT = 2πδ(0) is the total time as measured by the asymp-
totic static observers. Using now Eqs. (8)-(9) and (24)-(25) we
rewrite Eq. (27) as

WS = ∑
n=←,→

∞

∑
l=1

l

∑
m=1

[
WInω0lm

S +WIInω0lm
S

]
(28)

with

WInω0lm
S =

2πq2m3Ω3

[l (l +1)]2

(
1− 2M

RS

)2

×
[

d
dRS

[
RS ϕIn

ω0l (RS)
]]2

|Ylm (π/2,0)|2 (29)

and

WIInω0lm
S = 2πq2mΩ3[

RS ϕIIn
ω0l (RS)

]2
∣∣∣Ylm

φ (π/2,0)
∣∣∣
2
. (30)

According to General Relativity for a stable circular orbit

around a Schwarzschild black hole we haveRS=
(
M/Ω2

)1/3
.

We use this relation to compute numerically the emitted power
given by Eqs. (28)-(30) as a function ofΩ. The numerical
method used here is analogous to the one described in Ref. [1].
The result is plotted as the solid line in Fig. 1. The main con-
tribution to thetotal emitted power comes from modes with
angular momentuml = m = 1. As a general rule, (i) the
smaller is thel , the larger is the contribution to the total ra-
diated power, and (ii) for a fixed value ofl , the larger is them,
the larger is the contribution to the total radiated power.

It is interesting to note that the magnitude of the total radi-
ated power in the electromagnetic case is approximately twice
the numerical result found previously for a scalar source cou-
pled to a massless Klein-Gordon field [1]. In principle, this is
not surprising because of the fact that photons have two phys-
ical polarizations. Notwithstanding, it should be emphasized
that the two polarizations contribute quite differently to the
emitted power. For our rotating charge, the contribution from
modeλ = II is negligible when compared with the one from
modeλ = I. In order to get a feeling about it, we first re-
call that although the physical modes I have a non-vanishing
radial component in contrast to the physical modes II, our cur-

rent is such thatj r = 0. Thus, the radial componentA(εnωlm)
r

of the physical modes do not contribute to the corresponding
interaction amplitude. In addition, since both physical modes

are such thatA(εnωlm)
t = 0, all their contributions to the emit-

ted power come from the angular components ofA(εnωlm)
µ .

Now, becauseYlm (π/2,0) andYlm
φ (π/2,0) are non vanish-

ing only for evenandodd l + m, respectively, the dominant
contribution to the emitted power should come from modes
I, since only they contribute whenl = 1 (i.e. WInω011

S 6= 0

while WIInω011
S = 0), and for a fixedl only they contribute

when m has the maximum allowed value (i.e.WInω0ll
S 6= 0

whileWIInω0ll
S = 0) (see discussion in the previous paragraph),

which complies with our quantitative results. Moreover, it is
very interesting to note that because the physical modes I and
II only contribute toWInω0lm

S andWIInω0lm
S whenl +m is even

andodd, respectively, this means that only physical modes,
which lead asymptotically to electric fields oscillating at the
orbit planeθ = π/2 along(∂/∂φ)µ contribute to the emitted
power, which is a familiar fact from synchrotron radiation
physics (see, e.g., Ref. [9]).

Next, we use our low-frequency expressions for the physi-
cal modes to obtain an analytic approximation for the emitted
power. The result is plotted as the dashed line in Fig. 1. We
see from it that the numerical and analytical results differ sen-
sibly as the charge approaches the black hole but coincide as-
ymptotically, since far away from the hole only low frequency
modes contribute to the emitted power.

Now let us compare the power emitted by the swirling
charge in Schwarzschild spacetime (WS), with the correspon-
dent power emitted in Minkowski spacetime (WM), the latter
being obtained assuming that the charge is moving in a cir-
cular orbit due to a Newtonian gravitational force around a
central object with the same massM as the black hole.



Jorge Castĩneiras et. al. 1083

FIG. 2: The ratioWS/WM is plotted as a function of the angular ve-
locity Ω. Again we consider contributions of the angular momentum
up to l = 6 in the summations. The maximum value ofMΩ is 0.068.
The solid line corresponds to our numerical result, while the dashed
line corresponds to our analytical low-frequency approximation re-
sult.

FIG. 3: The ratio between the asymptotically observed powerWobs
S

and the emitted powerWS is plotted as a function of the angular ve-
locity Ω of the swirling electric charge according to asymptotic static
observers.MΩ varies from 0 to0.068. The summations in Eqs. (31)
and (28) are performed up tol = 6.

The quantization of the electromagnetic field in flat space-
time can be performed analogously to the procedure exhibited
previously by makingf = 1. We then compare our curved and
flat spacetime results as functions of the physical observables
M andΩ as measured by asymptotic static observers. We plot

the ratio betweenWS andWM in Fig. 2 obtained from our nu-
merical computations (solid line) and from our low-frequency
analytic approximation (dashed line). In both cases the ratio
tends to the unity as the charge rotates far away from the at-
tractive center, as a consequence of the fact that the Schwarz-
schild spacetime is asymptotically flat. As the rotating charge
approaches the central object, curved and flat spacetime re-
sults differ more significantly. In the innermost relativistic
stable circular orbit, the numerical computation gives thatWS
is 30% smaller thanWM.

Now, this is interesting to use our quantum field theory
in Schwarzschild spacetime approach to compute what is the
amount of emitted radiation which can be asymptotically ob-
served. This is given by

Wobs
S = ∑

λ=I,II

∞

∑
l=1

l

∑
m=1

[
|Tλ→

ω0l |2Wλ→ω0lm
S

+|Rλ←
ω0l |2Wλ←ω0lm

S

]
. (31)

Our results are shown in Fig. 3. We see that the black hole
absorbs only a small amount of the emitted radiation. Even
for the innermost stable circular orbit the black hole absorbs
only 3%of the total radiated power.

This is interesting and non trivial to make educated guesses
about what are the most promising situations where the influ-
ence of the spacetime curvature on particle wave modes will
be “essential” to understand the forthcoming observational
data. We believe that black holes provide an excellent back-
ground stage and are, perhaps, the most natural candidates.
Quantum field theory in Schwarzschild spacetime may be-
come to tomorrow astrophysics as important as quantum field
theory in Minkowski spacetime is to today particle physics.
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Fundaç̃ao de Amparoà Pesquisa do Estado de São Paulo
(FAPESP), respectively.

[1] L. C. B. Crispino, A. Higuchi, and G. E. A. Matsas, Class. Quant.
Grav.17, 19 (2000).

[2] A. Higuchi, Class. Quant. Grav.4, 721 (1987).
[3] L. C. B. Crispino, A. Higuchi, and G. E. A. Matsas, Phys. Rev.

D 58, 084027 (1998).
[4] C. Itzykson and J. -B. Zuber,Quantum Field Theory(McGraw-

Hill, New York, 1980).
[5] L. C. B. Crispino, A. Higuchi, and G. E. A. Matsas, Phys. Rev.

D 63, 124008 (2001).

[6] B. P. Jensen and P. Candelas, Phys. Rev. D33, 1590 (1986);35,
4041(E) (1987).

[7] I. S. Gradshteyn and I. M. Ryzhik,Tables of Integrals, Series,
and Products(Academic Press, New York, 1980).
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