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Scalar Source in Circular Motion Interacting with Massive Klein-Gordon Field in
Minkowski Spacetime
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We analyze the scalar radiation emitted by a source in uniform circular motion in Minkowski spacetime
interacting with a massive Klein-Gordon field. We assume the source rotating around a central object due to a
Newtonian force. By considering the canonical quantization of this field, we use perturbation theory to compute
the radiation emitted at the tree level. Regarding the initial state of the field as being the Minkowski vacuum, we
compute the emission amplitude for the rotating source, assuming it as being minimally coupled to the massive
Klein-Gordon field. We then compute the power emitted by the swirling source as a function of its angular
velocity, as measured by asymptotic static observers.

In a previous work one of the authors together with Higuchi
and Matsas have analyzed the radiation emitted by a source
rotating around a massive object and interacting with a mass-
less scalar field [1]. More recently this analysis has been ex-
tended to the electromagnetic case [2]. In the present work
we investigate how the mass of the scalar field influences the
emission rate and the power emitted by a swirling source ro-
tating around a massive object, due to a Newtonian gravita-
tional force. We assume natural unitsc = G = 1 and metric
signature(+−−−).

We start by exhibiting the classical solutions to the mas-
sive Klein-Gordon field equation in Minkowski spacetime,
(∇µ∇µ+m2)uωl p = 0, in spherical polar coordinates

uωl p(xµ) =

(√
ω2−m2

π

) 1
2

×

j l
(

r
√

ω2−m2
)

Yl p(θ,ϕ)exp(−iωt) (ω≥m) ,

with positive frequencyω, and angular momentum quantum
numbersl and p. Here j l (r) are spherical modified Bessel
functions andYl p(θ,ϕ) are the scalar spherical harmonics.
These positive-frequency orthogonal modes have been nor-
malized through Klein-Gordon inner product

σKG(φ,ψ) = i
Z

Σ(3)
dΣ(3)nµ[φ∗(∇µψ)− (∇µφ∗)ψ],

such thatσKG(uωl p,uω′ l ′ p′ ) = δll ′ δpp′ δ(ω−ω′
) . The quan-

tum scalar field is given by the usual Fourier expansion of the
positive- and negative-frequency modes

Φ̂(xµ) =
∞

∑
l=0

l

∑
p=−l

Z ∞

m
dω[uωl p(xµ) âωl p +u∗ωl p(x

µ) â†
ωl p ] ,

so that the non-vanishing commutation relations between the
creation and annihilation operators are

[
âω l p , â†

ω′ l ′ p′
]

= δll ′ δpp′ δ(ω−ω
′
) .

The quantum field states are obtained by applying the cre-
ation operators to the Minkowski vacuum|0〉, defined by
âω l p |0〉 = 0. Our rotating source, represented byJ(xµ) =
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FIG. 1: The contribution to the emission rateE coming from particles
with angular momentum up tol = 3 is plotted as a function of angular
velocity Ω of the rotating source, as measured by asymptotic static
observers, for the cases withm = 0 (continuous line),mM = 0.01
(dotted line) andmM = 0.02 (dashed line).MΩ ranges from0 up to
0.068(associated with the circular orbit atR= 6M).

q
R2γ δ(r−R)δ(θ− π

2)δ(ϕ−Ωt), is regarded as minimally cou-

pled to the fieldΦ̂(xµ), through the interaction action̂SI =R
d4x

√−gJΦ̂. Here γ = 1/
√

(1−R2Ω2). Keplerian orbits
of the source at a fixed radiusR, with angular velocityΩ as
measured by asymptotic static observers, are characterized by

R =
(
M/Ω2

)1/3
, whereM is the mass of the central object,

which attracts the source through a Newtonian gravitational
force. The total emission rate of one quantum of the field into
the vacuum is given by

E =
∞

∑
l=1

l

∑
p=1

Z ∞

m
dω

|〈1;ωl p|iŜI |0〉|2
T

=
∞

∑
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l

∑
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2q2
√
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M
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2 ∣∣∣Yl p

(π
2
,Ωt

)∣∣∣
2
, (1)

whereT ≡ 2πδ(0) =
R ∞
−∞ dt is the total time measured by the

asymptotic static observers. In Fig. 1 we plot the emission
rate for two different values of the productmM, as well as
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FIG. 2:Wl p is plotted as a function ofΩ for different choices ofl and
p, with mM = 0.02. The contribution froml = p = 1 is given by the
continuous line, the one froml = p = 2 by the dotted line, whereas
the contributionl = p = 3 is given by the dashed line. The main
contribution to the emitted power comes from modes with angular
momentuml = p = 1. The largerl is, the smaller is the contribution
to the total radiated power.

for m = 0. We see that for a fixed value ofΩ, the emission
rate is smaller in the massive case than in the massless case.
Moreover, the greater the value ofmM, the less is the emission
rate for a fixed angular velocity of the source.

The next step is to compute the power emittedW by the
swirling source. For a fixed value of the angular momentum
quantum numbersl andp we have that

Wl p =
Z ∞

m
dωω

|〈1;ωl p|iŜI |0〉|2
T

=
2q2pΩ
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. (2)

In Fig. 2 we plotWl p as a function of the angular velocity
of the source, for increasing values ofl . We see that the ma-
jor contribution is given by the mode withl = p = 1. For a
fixed value ofl the dominant contribution comes froml = p.

Moreover, modes with odd values ofl + p have vanishing con-
tributions to the emitted power. Modes withl = p = 0 are not
emitted by the rotating source. The total emitted power is ob-
tained by adding up all the contributions from all possible val-
ues ofl andp, namelyW = ∑∞

l=1 ∑l
p=1Wl p. In Fig. 3 we plot

the total power emitted by the rotating source form= 0 and
also for two non-vanishing values of the productmM. Analo-
gously to what happens for the emission rate, for a fixed value
of Ω, the emitted power is also smaller for larger values of
mM.

The case of a source, minimally coupled to massive scalar
field, swirling around a Schwarzschild black hole is presently
under investigation.
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FIG. 3: The total powerW emitted by the source rotating around the
massive object due to a Newtonian force is plotted as a function of
the angular velocityΩ. The l summation in the definition ofW is
performed up tol = 3. One of the plots have been performed for
the massless scalar field (m= 0, continuous line), while for the other
two we have chosenmM= 0.01(dotted line) andmM= 0.02(dashed
line). AgainMΩ ranges from0 up to0.068.
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