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We consider entanglement swapping with general mixed two-mode Gaussian states and calculate
the optimal gains for a broad class of such states including those states most relevant in communi-
cation scenarios. We show that for this class of states, entanglement swapping adds no additional
mixedness, that is the ensemble average output state has the same purity as the input states. This
implies that, by using intermediate entanglement swapping steps, it is, in principle, possible to dis-
tribute entangled two-mode Gaussian states of higher purity as compared to direct transmission. We
then apply the general results on optimal Gaussian swapping to the problem of quantum commu-
nication over a lossy fiber and demonstrate that, contrary to negative conclusions in the literature,
swapping-based schemes in fact perform better than direct transmission for high input squeezing.
However, an effective transmission analysis reveals that the hope for improved performance based
on optimal Gaussian entanglement swapping is spurious since the swapping does not lead to an
enhancement of the effective transmission. This implies that the same or better results can always
be obtained using direct transmission in combination with, in general, less squeezing.

I. INTRODUCTION

Entanglement swapping is a standard tool in quantum
information processing [1, 2]. It is particularly relevant
in the context of quantum communication where, due
to losses in the channel, one typically deals with mixed
states. In the case of qubits, the states which naturally
arise in quantum communication contexts include mixed
Bell-diagonal and Werner states. Entanglement swap-
ping with these states is known to further increase the
mixedness of the initial states, e.g. for a Bell-diagonal
state of the form F |Φ+〉 〈Φ+| + (1 − F ) |Φ−〉 〈Φ−|, the
output state is of the same form, but with decreased fi-
delity F ′ = F 2 + (1 − F )2. Hence, in this case, the
purity decreases exponentially [2] (but see [3, 4]). Sur-
prisingly, qubit entanglement swapping has nevertheless
been found to be of use for quantum key distribution
since intermediate swappings can mitigate the detrimen-
tal effects of detector dark counts on the security of quan-
tum key distribution schemes [5].

Given the known practical benefits of Gaussian quan-
tum information processing [6, 7] such as the possibil-
ity of deterministic entanglement generation and swap-
ping [8], it is quite surprising that entanglement swapping
with mixed Gaussian states has not yet been treated com-
prehensively, for example, with an eye on quantum key
distribution or other quantum communication tasks. In
particular, quantum communication protocols over large
distances using quantum repeaters [2] would have to rely
upon entanglement swapping as one of the main ele-
mentary steps. Yet so far, discussions of entanglement
swapping with mixed Gaussian states in [9–11] failed to
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identify the optimal swapping scheme and therefore also
failed to provide a basis for any general negative conclu-
sion.1 More specifically, references [9–11] use only one-
sided displacements which is in general not optimal. To
achieve optimal results, two-sided displacements have to
be used. In fact, we demonstrate that, for high values of
the input squeezing, transmission with an intermediate
swapping step yields better output states (in terms of
the EPR correlations [13], as well as the entanglement of
formation) than direct transmission — contrary to the
negative conclusion in [9] in which it is claimed that
swapping always performs worse than direct transmis-
sion. This is intuitively reasonable: first, in analogy with
the pure-state case, we may expect swapping to perform
better and better for higher values of the input squeezing.
Second, the sensitivity to losses increases with increasing
squeezing. Therefore, the fact that in the swapping-based
scheme each of the states incurs only half as much loss
as in direct transmission can be expected to yield an ad-
vantage for the swapping-based scheme.

Nevertheless, the apparent gain in the performance due
to entanglement swapping in the high-squeezing regime
turns out to be spurious. In the examples we give, even
better results are obtained if direct transmission is used
together with less input squeezing. This statement can be
made rigorous and general using an effective loss analysis
which reveals that the intermediate swapping step does
never increase the transmittivity of the quantum channel.
This result implies that, in general, direct transmission
performs at least as good as swapping-based schemes and
any apparent advantage of the swapping-based schemes

1 So far, optimal entanglement swapping has only been discussed
for the special case of pure two-mode squeezed states [12], which
is insufficient for the application to quantum communication.
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disappears if the optimal value of the input squeezing is
used. Since

The structure of the paper is as follows. In section II,
we introduce some basic concepts of Gaussian quantum
information theory. In section III, we discuss entangle-
ment swapping with mixed two-mode Gaussian states
and calculate the conditional output states, as well as the
ensemble average output states. In section IV, we analyse
the ensemble average output state and derive the opti-
mal gains for a large class of input states. We show that
exactly if the optimal gains are used, the ensemble aver-
age output state is given by the conditional output state.
We argue that this choice of the gains yields the optimal
output entanglement, optimal output EPR correlations,
as well as optimal output purity. In fact, the purity of
the optimal ensemble-average output state is equal to the
purity of the input states, hence the optimal swapping
preserves the purity of the input states. In section V, we
apply the results of section IV to the problem of quan-
tum communication over a lossy fiber. We demonstrate
that there are values of the input squeezing, for which
a swapping-based communication scheme is able to dis-
tribute more entanglement of formation and better EPR
correlations than direct transmission. In section VI, we
use an effective loss analysis to show that swapping does
not lead to an increased transmittivity. Therefore, the
same or better output states can be obtained by direct
transmission if different input squeezing is used. Finally,
section VII provides a summary of our results.

II. PRELIMINARIES

For a single bosonic mode with annihilation and cre-
ation operators â, â†, the quadrature operators q̂, p̂ are
defined by

q̂ =
1√
2

(
â+ â†

)
, p̂ =

1√
2 i

(
â− â†

)
. (1)

The q and p without operator hats denote the corre-
sponding quadrature variables which are the arguments of
the Wigner function corresponding to a given quantum
state. When dealing with quantum states of multiple
modes it is convenient to define the vector of quadrature
variables for an n-mode quantum state as

Ri1,...,in = (qi1 , pi1 , . . . , qin , pin),

and, similarly, for the vector of quadrature operators de-
fined as R̂i1,...,in . 〈X̂〉 denotes the expectation value

(first moment) of the operator X̂ in the quantum state

in question. Hence, 〈R̂i1,...,in〉 denotes the vector of first
moments.

The covariance matrix (CM) of a two-mode state ρAB

on modes A and B is a real symmetric 4× 4 matrix σAB

with entries

(σAB)ij =
1

2
〈R̂iR̂j + R̂jR̂i〉 − 〈R̂i〉 〈R̂j〉 , (2)

where R̂ is short for R̂AB .
Note that not every real symmetric 4× 4 matrix is the

CM of a quantum state since the variances have to fulfill
the Robertson-Schrödinger inequality [16].
Gaussian states are states whose Wigner function is a

Gaussian distribution of the quadrature variables. They
are completely characterized by the first and second mo-
ments of the quadrature operators, i.e., by 〈R̂AB〉 and
σAB .

By local Gaussian operations the first moments of any
two-mode Gaussian state can be set to zero and the CM
can be brought into the following standard form [16, 17],

σ =

 a c+
a c−

c+ b
c− b

 . (3)

III. ENTANGLEMENT SWAPPING

Let us now consider entanglement swapping with two
identical Gaussian states with CM (3) and vanishing first
moments on modes 1 and 2 and modes 3 and 4, i.e.,

σ12 = σ34 = σ, 〈R̂1,2〉 = 〈R̂3,4〉 = 0. (4)

In this case, the Wigner function of the 4-mode system
before the swapping is given by

Win(R1,2,3,4) = Win(R1,2)Win(R3,4), (5)

Win(Ri,j) = N−1 exp
(
−1/2 Ri,jσ

−1RT
i,j

)
,

where N =
∫
. . .
∫

exp
(
−1/2 Ri,jσ

−1RT
i,j

)
d4Ri,j is a

normalization factor.
The swapping is performed via a Bell measurement on

modes 2 and 3 [14]. First, these modes are combined at
a 50:50 beam splitter yielding outgoing modes u and v
which are described by the annihilation operators

âu =
1√
2

(â2 − â3) , âv =
1√
2

(â2 + â3) . (6)

Hence the Wigner function WBS(R1,u,v,4) of the state
after the beam splitter as a function of the new quadra-
tures qu, pu, qv, pv is obtained by substituting the old
variables q2, p2, q3, p3 in the Wigner function (5) as fol-
lows,

q2 →
qu + qv√

2
, p2 →

pu + pv√
2

,

q3 →
qv − qu√

2
, p3 →

pv − pu√
2

. (7)

Then, the new quadratures qu and pv are measured us-
ing homodyne detection. If we denote the measurement
results by q′u and p′v, the Wigner function of modes 1 and
4 after the measurement is obtained by integrating WBS
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over the unmeasured quadratures qv and pu and setting
qu = q′u and pv = p′v:

Wcond(R14)= (8)∫∫
dqvdpuWBS(R1,u,v,4)


qu=q′u,pv=p′v

.

Note that the above Wigner function Wcond for the
conditional state is unnormalized. Its norm is the prob-
ability (density) pr (q′u, p

′
v) that the Bell measurement

yields the results qu = q′u and pv = p′v. Depending on
the CM of the input states, the conditional state after
the Bell measurement is an entangled state on modes 1
and 4 modulo a displacement which is determined by the
Bell measurement result, as will be shown below. The
CM of the conditional state can be calculated by inte-
gration from its Wigner function (8). It is independent
of the Bell measurement results q′u and p′v and given by

σcond =


a− c2+

a+b

c2+
a+b

a− c2−
a+b − c2−

a+b
c2+
a+b b− c2+

a+b

− c2−
a+b b− c2−

a+b

 . (9)

Hence, all conditional output states are states with the
same CM (9), but with different first moments depending
on q′u and p′v.2

Due to the randomness of the Bell measurement re-
sults, one typically deals with an entangled output state
subject to continuously fluctuating displacements [12].
These displacements have to be undone by displacing
modes 1 and 4 according to the Bell measurement re-
sults q′u and p′v. In order to obtain optimal output states,
the displacements have to be weighted by gain factors
which will be denoted by g1 and g4 for the displacement

of modes 1 and 4, respectively. Modes 1 and 4 are dis-
placed by

√
2g1(−q′u +i p′v) and

√
2g4(+q′u +i p′v), respec-

tively [12], such that the output quadratures read

q̂1out = q̂1 − g1

√
2q′u, p̂1out = p̂1 + g1

√
2p′v,

q̂4out = q̂4 + g4

√
2q′u, p̂4out = p̂4 + g4

√
2p′v. (11)

The Wigner function Wdispl(R1out,4out) for the condi-
tional output state after the displacements can be ob-
tained by substituting the new variables q1out, . . . , p4out

for the old variables q1, . . . , p4 according to Eq. (11) in
the Wigner function Wcond of the conditional state in
Eq. (8). The displacement does not change the CM of the
conditional state which is therefore still given by Eq. (9).
For general gains g1 and g4 however, the displaced condi-
tional states still differ in their first moments. The first
moments are proportional to the coefficients of the lin-
ear terms of the exponent of the Wigner function Wdispl,
given by

√
2



− qu(g1b2+(ag1−c+)b+c2+(g4−g1))
(a+b)(ab−c2+)

pv(g1b2+(c−+ag1)b+c2−(g4−g1))
(a+b)(ab−c2−)

qu(g4a2+(bg4−c+)a+c2+(g1−g4))
(a+b)(ab−c2+)

pv(g4a2+(c−+bg4)a+c2−(g1−g4))
(a+b)(ab−c2−)


. (12)

In order to obtain the Wigner function Wens of the
output state in the ensemble-average case, one has to
average the Wigner function Wdispl of the displaced con-
ditional states over all possible measurement results q′u
and p′v weighted by the probability density pr (q′u, p

′
v) for

the respective result. This yields a two-mode Gaussian
state with vanishing first moments and CM

σens =

 a+ (a+ b)g2
1 − 2c+g1 c+(g1 + g4)− g1g4(a+ b)

a+ (a+ b)g2
1 + 2c−g1 c−(g1 + g4) + g1g4(a+ b)

c+(g1 + g4)− g1g4(a+ b) b+ (a+ b)g2
4 − 2c+g4

c−(g1 + g4) + g1g4(a+ b) b+ (a+ b)g2
4 + 2c−g4

 .

(13)

2 The first moments are proportional to the coefficients of the lin-
ear term in the exponent of the Wigner function of the condi-
tional state given by Eq. (8). These coefficients depend on the
Bell measurement results q′u and p′v and read

√
2(a + b)(ab− c2−)(ab− c2+)


q′ubc+

(
ab− c2−

)
p′vbc−

(
ab− c2+

)
q′uac+

(
c2− − ab

)
p′vac−

(
ab− c2+

)
 . (10)

IV. ANALYSIS OF THE OUTPUT STATE

We saw that, for any two input states of the form (3),
all conditional output states have the same CM (9). Note
that, for Gaussian states, the most interesting proper-
ties such as the entanglement, the quality of the EPR
correlations, and the purity, only depend on the CM.
Hence, all conditional output states have the same en-
tanglement Econd, EPR correlations ∆EPRcond, and pu-
rity µcond. Intuitively, the ensemble average over these
conditional states with the same CM (9) but different
first moments (12) leads to a “blurring out” of the vari-
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ances and covariances, yielding an output state ρens of
less quality.

More formally, it follows for any entanglement mono-
tone E which is convex, such as the entanglement of for-
mation, that the entanglement E (ρens) of the ensemble
average state is bounded from above by the entangle-
ment Econd of the conditional states:

E (ρens) = E

(∫∫
dq′udp′vpr (q′u, p

′
v) ρcond,q′up

′
v

)
≤
∫∫

dq′udp′vpr (q′u, p
′
v)E

(
ρcond,q′up

′
v

)
=

∫∫
dq′udp′vpr (q′u, p

′
v)Econd = Econd. (14)

The conditional states ρcond,q′up
′
v

are here assumed to be
normalized.

A very similar argument shows that the purity of the
ensemble average state µ (ρens) is bounded from above by
the purity of the conditional states µcond. For simplicity,
let us denote the Bell measurement results collectively as
(q′u, p

′
v) = m and the conditional output state ρcond,m by

ρm. Then, the purity of the ensemble average state is
given by

µ (ρens) = tr
(
ρ2

ens

)
(15)

= tr

(∫
. . .

∫
d2m1d2m2pr (m1) pr (m2) ρm1

ρm2

)
=

∫
. . .

∫
d2m1d2m2pr (m1) pr (m2) tr (ρm1

ρm2
)

≤
∫
. . .

∫
d2m1d2m2pr (m1) pr (m2) tr

(
ρ2
m1

)
=

∫
. . .

∫
d2m1d2m2pr (m1) pr (m2)µcond

= µcond.

In the step from line 3 to line 4, we used tr (ρm1ρm2) ≤
tr
(
ρ2
m1

)
. This follows from the Cauchy-Schwarz inequal-

ity applied to the Hilbert-Schmidt norm which yields
(tr (ρm1ρm2))

2 ≤ tr
(
ρ2
m1

)
tr
(
ρ2
m2

)
, together with the

fact that tr
(
ρ2
m1

)
= tr

(
ρ2
m2

)
= µcond.

Finally, it is easy to see that the variance of the EPR
quadratures is bounded from below by the variance of
the EPR quadratures of the conditional output states
∆EPRcond. For a state ρ with vanishing first moments,
the EPR correlations are given by

∆EPR(ρ) = tr
(
Êρ
)
, (16)

Ê := 1/2
(

(q̂1 − q̂4)
2

+ (p̂1 + p̂4)
2
)
.

Note first that the quantity ∆EPR as defined above is not
invariant under local (Gaussian) unitary operations. To
obtain an interesting figure of merit which can be a basis
for a comparison of different quantum communication
schemes, one should optimize the EPR correlations over

all possible local Gaussian operations U1, U4:3

∆EPRopt(ρ) := min
U=U1⊗U4

(
tr
(
ÊUρU†

))
. (17)

Using the linearity of the trace, we obtain

∆EPRopt (ρens) = min
U=U1⊗U4

(
tr
(
ÊUρensU

†
))

(18)

= min

(∫∫
dq′udp′vpr (q′u, p

′
v) tr

(
ÊUρcond,q′up

′
v
U†
))

≥
∫∫

dq′udp′vpr (q′u, p
′
v) min

(
tr
(
ÊUρcond,q′up

′
v
U†
))

=

∫∫
dq′udp′vpr (q′u, p

′
v) ∆EPRopt

(
ρcond,q′up

′
v

)
= ∆EPRopt (ρcond) , (19)

where the last equality follows since the second mo-
ments of ρcond,q′up

′
v

are independent of q′u and p′v and

∆EPRopt

(
ρcond,q′up

′
v

)
only depends on the second mo-

ments. Hence, no matter which of the considered quan-
tities we are interested in, the conditional output state is
the best we can achieve.

However, only if the displacements of the conditional
states given by Eq. (12) vanish (due to the right choice of
the gains g1, g4), is the CM (13) of the ensemble average
state equal to that of the conditional state in Eq. (9).
This can be achieved if and only if c+ = −c− =: c.4 In
this case, the displacement vanishes for all measurement
results if we set

g1 = g4 =
c

a+ b
. (22)

Let us summarize at this point. If the input states are
described by a CM of the forma c

a −c
c b
−c b

 , (23)

3 The optimal EPR correlations are interesting since they are di-
rectly related to the fidelity that can be achieved in quantum
teleportation [14, 15].

4 This statement relies on the assumption of phase-independent
gains as in Eq. (11). If the gains are allowed to depend not
only on the mode, but also on the quadrature such that the
quadratures after the displacement are given by

q1,out = q1 −
√

2g1,qqu, p1,out = p1 +
√

2g1,ppv ,

q4,out = q4 +
√

2g4,qqu, p4,out = p4 +
√

2g4,ppv , (20)

one can indeed achieve an ensemble-average output state which
is equal to the single-shot output state also in the more general
case in which c+ 6= −c−. In this case, the optimal quadrature-
dependent gains are given by

g1,q = g4,q = c+/(a + b), g1,p = g4,p = −(c−/(a + b)). (21)

For simplicity, we will stick to the simpler case of phase-
independent gains in the main text.



5

then the gains can be chosen according to Eq. (22) such
that the output state in the ensemble-average case is op-
timal, namely equal to the conditional output state for
q′u = p′v = 0. The resulting two-mode Gaussian state has
vanishing first moments and a CM

σopt =


a− c2

a+b
c2

a+b

a− c2

a+b − c2

a+b
c2

a+b b− c2

a+b

− c2

a+b b− c2

a+b

 . (24)

Note also that, for any input state of the form (3),
the purity of the resulting conditional state (9) is given

by 1/
(

4
√

(ab− c2−)(ab− c2+)
)

which is equal to the pu-

rity of the input state. This implies the following re-
markable fact: for mixed two-mode Gaussian states, the
purity can be completely preserved during the entangle-
ment swapping. In particular, for states of the form (23),
one can maintain the input purity even for the ensemble
average output states. This result extends earlier work
which showed that for entanglement swapping with pure
finitely squeezed two-mode squeezed states, the gains can
be chosen such that the (ensemble average) output state
is pure again, i.e., such that the purity is preserved in the
entanglement swapping step [12].

Note that one of the most widely used entanglement
monotones, the logarithmic negativity, fails to be convex
[18–20]. Therefore one cannot automatically assume that
the logarithmic negativity of the ensemble average output
state is bounded from above by that of the conditional
output state. Instead, one has to explicitly optimize the
logarithmic negativity of the ensemble average output
state over all possible gains. We find that, for states of
the form (23), the logarithmic negativity as a function of
the gains g1 and g4 is critical along the following path in
the g1-g4 parameter space,

γ(t) := (g1,critical(t), g4,critical(t)) = (25)(
c

a+ b
+

(
a2 − b2 +

√
4c4 + (a2 − b2)

2

)
t,

c

a+ b
− 2c2t

)
.

Further analysis reveals that, for all parameters a, b, c for
which the input states are physical and entangled, the
second derivative of the logarithmic negativity perpen-
dicular to the critical path is negative. Since the points
on the path are the only critical points, this establishes
that the gains on the path optimize the output logarith-
mic negativity. In particular, the optimal gains include
the gains g1 = g4 = c/(a + b). Hence, for states of the
form (23), the gains (22) which yield an ensemble average
output state (13) which is equal to the conditional out-
put state (9) also yield the optimal output logarithmic
negativity.

Quite counterintuitively, however, and possibly linked
to the failure of convexity, there are infinitely many
choices of gains which yield the same optimal output log-
arithmic negativity — including choices of gains which no
longer lead to the conditional state but rather to highly

mixed states. Hence, entanglement swapping illustrates
the potential pitfalls of using the logarithmic negativ-
ity as a figure of merit. For example, Ref. [11] discusses
entanglement-swapping with one-sided displacements us-
ing only the output logarithmic negativity as a figure of
merit. In this case, the use of the logarithmic negativ-
ity which can also be optimized by a one-sided gain (as
revealed by Eq. (25)) suggests that the swapping suc-
ceeds reasonably well. Hence, the use of the logarith-
mic negativity effectively hides the crucial fact that one-
sided gains are far from optimal if other figures of merit
are considered. In this context, it is also important to
note that, for symmetric two-mode Gaussian states, the
logarithmic negativity is interesting from an operational
point of view because it is directly linked to the opti-
mal EPR correlations [21]. However, as pointed out in
Ref. [21], this connection no longer holds for asymmet-
ric Gaussian states. Hence, even though the logarithmic
negativity remains optimal if one of the asymmetric gains
along the path γ(t) is used, no conclusion can be drawn
about the EPR correlations due to the asymmetricity of
the resulting states.

V. QUANTUM COMMUNICATION OVER
LOSSY CHANNELS

The states of the form (23) form a fairly general class.
They include, for example, the practically relevant cases
of two-mode squeezed states sent through lossy or noisy
fibers. Therefore, the findings of the previous section
regarding the optimal output state can be applied di-
rectly to many Gaussian quantum communication sce-
narios. Naturally, applications of the purity-preserving
feature of the optimal Gaussian entanglement swapping
come to mind. In the context of quantum communica-
tion over a lossy channel, for example, output states with
higher purity (compared to direct transmission) can be
obtained with the help of an intermediate entanglement
swapping step: instead of sending a two-mode squeezed
state with squeezing r over the whole length l, one can
send two two-mode squeezed states with squeezing r over
only l/2 such that they each incur less loss and are less
mixed. Since the swapping preserves the purity, the out-
put state in the swapping-based scenario is less mixed
than the one obtained via direct transmission.

This possibility to distribute entangled Gaussian states
with higher purity could be suspected to be an interest-
ing ingredient for a continuous variable repeater scheme
where higher purity might be of use, for instance, in
an entanglement distillation step. Analogously to the
qubit case, one might also expect benefits of entangle-
ment swapping in continuous variable quantum key dis-
tribution if experimental imperfections are taken into ac-
count.

In fact, numerical calculations comparing direct trans-
mission of a two-mode squeezed state with squeezing r
over a lossy fiber of length l to direct transmission of two
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copies of the same state over l/2 with an intermediate en-
tanglement swapping step reveal that, for certain values
of r, the swapping-based scheme allows to distribute more
entanglement of formation and better (smaller) EPR cor-
relations (defined in Eq. (17)) than direct transmission
(see Fig. 1). The calculation of the entanglement of for-
mation is based on Ref. [22].

This result is consistent with the intuition that for
large squeezing, when the swapping becomes highly ef-
ficient and the states are more sensitive to losses, en-
tanglement swapping might help. Does this mean that
swapping can improve the performance of Gaussian en-
tanglement distribution schemes?

To answer this question in greater generality, we con-
sider two two-mode squeezed states with squeezing r
which are distributed over a general lossy channel char-
acterized by transmittivities τa and τb for the first and
second modes, respectively. The whole swapping-based
distribution scheme is sketched in Fig. 2. The resulting
states are characterized by a CM of the form (23) with
matrix elements

a, b = 1 + τa,b(cosh(2r)− 1), c =
√
τaτb sinh(2r). (26)

Note that, from here on, we are using units in which the
vacuum variance is given by 1, for simplicity.

Using expression (24) we find that the output state
after optimal swapping with these states is characterized
by the parameters

aopt, bopt = 1 + 2τa,b sinh2(r)− copt, (27)

copt =
τaτb sinh2(2r)

2− τa − τb + (τa + τb) cosh(2r)
.

VI. EFFECTIVE LOSS ANALYSIS

We now show that direct transmission over a lossy
channel always yields states which are at least as good
as the states obtainable in the swapping-based scheme
which are characterized by Eq. (27). An effective loss
analysis, which has been used before in Ref. [23], reveals
that the swapped states — as long as they are still en-
tangled — are in fact, lossy two-mode squeezed states.
More precisely, they are two-mode squeezed states with
squeezing reff whose first and second mode have been
sent through lossy channels characterized by transmit-
tivities τa,eff and τb,eff, respectively. In general, the ef-
fective squeezing reff and the effective transmittivities
τa,eff, τb,eff which characterize the swapped states are dif-
ferent from the squeezing r and the transmittivities τa, τb
that characterize the input states used in the swapping.
Once the effective transmittivities for the swapped states
have been calculated, one can compare the total effective
transmittivity τa,eff τb,eff to the total transmittivity that
can be achieved by direct transmission. Only if the total
effective transmittivity for the swapping-based scheme is
higher than that for direct transmission, will it be bene-
ficial to use the swapping instead of direct transmission.

1 2 3 4
r

0.2

0.4

0.6

0.8

EF

(a)The output entanglement of formation EF as a function of
the input two-mode squeezing r for direct transmission (black,

dotted) and swapping-based transmission (blue, solid). The
different pairs of curves show different total transmission lengths

l in units of the absorption length la; from top to bottom:
l/la = 0.5, 1, 2.

0.5 1.0 1.5 2.0
r

0.8

1.2

1.4

1.6

1.8

2.0

DEPRopt

(b)The (numerically optimized) output EPR correlations
∆EPRopt as a function of the input two-mode squeezing r for

direct transmission (black, dotted) and swapping-based
transmission (blue, solid). The total transmission length l is

given by 0.5 la where la is the absorption length.

Figure 1. The output entanglement of formation EF and the
output (optimized) EPR correlations ∆EPRopt as a function
of the input two-mode squeezing r. The black, dashed curves
correspond to direct transmission of one mode over the whole
length l. The blue curves correspond to transmission with
an intermediate entanglement swapping step as sketched in
Fig 2. In both cases, the mode distribution is asymmetric,
i.e., only one mode is sent through the fiber, the other mode
remains at the starting point (τa = 1 in Fig 2). For high
values of r, the swapping-based scheme yields more entan-
glement of formation and better (smaller) EPR correlations.
However, in general, even higher entanglement of formation
and even better EPR correlations can be obtained by direct
transmission if less input squeezing is used.
Note that, both for the swapping-based scheme as well as for

direct transmission, the output states remain entangled for
any positive input squeezing. This is in fact a peculiarity of
the case of asymmetric mode distribution. If both modes are
subject to losses, there are values of the squeezing for which
the output state is not entangled anymore.
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swap

Figure 2. Sketch of the swapping-based distribution scheme.
Two two-mode squeezed states with squeezing r are dis-
tributed over lossy channels which are characterized by trans-
mittivities τa and τb for the first and the second mode of the
two-mode squeezed states, respectively. In the middle, an
entanglement swapping step is performed.

Unfortunately, we will now show that this is never the
case.

We showed that, for entanglement swapping with two-
mode Gaussian states whose CM is of the form (23), the
output states after optimal entanglement swapping are
of the same form, but with new parameters a, b, c given
by Eq. (26). Note that the parameters a, b, c which arise
in this manner are not completely arbitrary, but are con-
strained by the requirement that the corresponding CM
is the CM of a physical state. Before we calculate the
effective transmittivities and the effective squeezing for
the output states after the swapping, let us collect all
such constraints on a, b, c.

First of all, the parameters a, b, c all have to be real,
and the diagonal elements a, b have to be non-negative
since they are the variances of the quadrature opera-
tors. Additionally, the resulting CM has to fulfill the
Roberston-Schrödinger inequality which is equivalent to
the following inequalities for a, b, c,

(a− 1)(b+ 1) ≥ c2, (a+ 1)(b− 1) ≥ c2. (28)

These constraints on a, b, c are assumed in what follows
since we are always dealing with covariance matrices of
(Gaussian) quantum states.

Furthermore, we will focus on those output states of

the entanglement swapping which are entangled. A two-
mode Gaussian state is separable exactly if it fulfills the
PPT criterion [16]. For a physical state with a CM of the
simple standard form (23), the PPT criterion is equiva-
lent to the inequality

a+ b+ c2 − 1 ≤ ab. (29)

Now, any CM of the standard form (23) can formally
be written as the CM of a lossy two-mode squeezed state
with parameters

a, b = 1 + τa,b,eff(cosh(2reff)− 1),

c =
√
τa,effτb,eff sinh(2reff), (30)

where the effective transmittivities τa,eff, τb,eff and the ef-
fective squeezing reff are given by

cosh(2reff) =
c2 + (a− 1)(b− 1)

c2 − (a− 1)(b− 1)
, (31)

τa,eff =
a− 1

cosh(2reff)− 1
, τb,eff =

b− 1

cosh(2reff)− 1
.

However, the resulting parameters τa,eff, τb,eff and reff can
only be interpreted as transmittivities and squeezing if
0 ≤ τa,eff, τb,eff ≤ 1 and 1 ≤ cosh(2reff) < ∞. It fol-
lows from the physicality constraints in Eq. (28) that
a, b ≥ 1. Therefore, 1 ≤ cosh(2reff) <∞ is equivalent to
c2 > (a− 1)(b− 1) which is just the negation of the sep-
arability condition (29). Furthermore, it is easy to show
that c2 > (a − 1)(b − 1), together with the physicality
constraints (28), imply 0 ≤ τa,eff, τb,eff ≤ 1. Hence, for
physical parameters a, b, c, violation of the separability
condition (29) is equivalent to 1 ≤ cosh(2reff) < ∞ and
0 ≤ τa,eff, τb,eff ≤ 1. Therefore, exactly those two-mode
Gausian states of the form (23) which are entangled are
equal to lossy two-mode squeezed states.

For these states, Eqs. (32) yield the following expres-
sions for the effective transmittivities and the effective
squeezing as a function of the squeezing r and the trans-
mittivities τa and τb of the input states used in the en-
tanglement swapping,

cosh(2reff) =
2
(
τa − τ2

a + τb − τ2
b

)
cosh(2r) + τaτb cosh(4r) + 7τaτb − 6(τa + τb) + 2

(
τ2
a + τ2

b

)
+ 4

2(τa + τb − 1)((τa + τb) cosh(2r)− τa − τb + 2)
,

τa,eff = − 2τa(τa + τb − 1) sinh2(r)

2τa + τb − τb cosh(2r)− 2
, τb,eff = − 2τb(τa + τb − 1) sinh2(r)

− cosh(2r)τa + τa + 2τb − 2
. (32)

Let us now turn back to the swapping-based scheme
as sketched in Fig. 2 and use Eqs. (32) to compare its
performance to direct transmission. Denote the total
distance to be bridged by l. Then each of the states
used in the swapping is transmitted over a lossy fiber of
length l/2. Hence we have τaτb = exp(−l/2la) where la
denotes the absorption length for the lossy fiber. The

transmittivity for a state which is directly transmitted
over the whole distance l, on the other hand, is given
by exp(−l/la) = τ2

aτ
2
b . Therefore, the swapping scheme

is going to lead to an improvement with regards to the
transmittivity exactly if the total transmittivity for the
effective state τa,effτb,eff is bigger than the total transmit-
tivity τ2

aτ
2
b for direct transmission. Using Eqs. (32), we
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obtain

τa,eff τb,eff = (33)

4τaτb(τa + τb − 1)2 sinh4(r)

((2 cosh r − 1)τa + 2− 2τb)((2 cosh r − 1)τb + 2− 2τa)
.

One can now show that — under the assumption that the
output state is entangled, hence that it violates (29) —
the total effective transmittivity τa,effτb,eff for the optimal
swapping (34) is never bigger than τ2

aτ
2
b . For the limiting

case of perfect transmission (τa = τb = 1), also the to-
tal effective transmission τa,effτb,eff in the swapping-based
scheme is 1. This means that, for swapping with pure
two-mode squeezed states, the output state is a pure two-
mode squeezed state again, as shown before in Ref. [12].
In general, the total effective transmittivity achieved by
swapping is strictly smaller than the total transmittivity
for direct transmission.

Hence direct transmission is always at least as good
as swapping in the following sense: any entangled out-
put state that can be distributed over a given length l
using an intermediate entanglement swapping step can
be obtained identically by direct transmission over the
same or an even longer distance. Consequently, if the
distance is fixed, the same or even better states are ob-
tained by direct transmission. Since direct transmission
can yield the very same states as swapping, it can out-
perform swapping no matter what the intended applica-
tion of the distributed entanglement is. In particular,
the swapping-based scheme cannot lead to an enhanced
performance of continuous variable entanglement distil-
lation. Therefore, the first step in a continuous variable
repeater must be an entanglement distillation step. Fur-
thermore, contrary to the qubit case where the use of
swapping in a quantum relay scheme has been shown
to be beneficial [5], continuous variable swapping can-
not lead to improved performance in continuous variable
quantum key distribution.

There remains a small puzzle with regards to the ben-
efits of swapping for high squeezing r, as demonstrated
in Fig. 1. The solution to this puzzle is given by the
observation that the swapped states are not only char-
acterized by effective transmittivities which are different
from the transmittivities of the input states, but also by a
different effective squeezing. The fact that, even though
the transmittivity does not improve, the entanglement
of formation as well as the EPR correlations are bet-
ter for the swapping-based scheme than for direct trans-
mission in the high-squeezing regime is due to the fact
that the swapping leads to a lower effective squeezing.
In the high-squeezing regime, more squeezing does not
lead to a further improvement of the output entangle-
ment of formation and output EPR correlations since in-
creasing squeezing means increasing sensitivity to losses
and, correspondingly, increasing mixedness of the out-
put state. This reasoning implies that direct transmis-
sion should allow the distribution of the same amount
of entanglement of formation and the same EPR corre-
lations by using input states with lower squeezing. This

can in fact be observed in Fig. 1. The plots also show
that, for a fixed total transmission length, if the opti-
mal amount of input squeezing is used, the amount of
entanglement of formation that can be distributed using
the optimal amount of input squeezing is even higher for
direct transmission than for the swapping-based scheme.
Similarly, if the optimal amount of input squeezing is
used, direct transmission yields better EPR correlations
than the swapping-based scheme. This is to be expected,
since, as shown above, the transmittivity is lower for the
swapping-based scheme.

VII. DISCUSSION

In this paper, we discussed entanglement swapping
with mixed Gaussian states. We calculated the optimal
gains for a large class of mixed Gaussian states which
contain the most practically relevant states, namely lossy
and noisy two-mode squeezed states. These optimal gains
yield in fact strictly better output states than the gains
that have been used for entanglement swapping with
mixed Gaussian states in [9–11]. In these references,
only one-sided displacements have been taken into ac-
count which leads to suboptimal output states and po-
tentially to premature negative conclusions. For exam-
ple, in Ref. [9], it is claimed that “there is more [EPR]
noise resulting from the entanglement swapping than [...]
from direct transmission, regardless of the values of the
displacement gain.” This is only true if only one-sided
displacements are taken into account. In fact, as demon-
strated by Fig. 1(b), there are values of the input squeez-
ing r for which swapping does yield better EPR correla-
tions than direct transmission.

Therefore a direct comparison of the output states of
swapping-based schemes with the output states of direct
transmission for fixed input squeezing r suggests that
swapping can in fact be beneficial; in any case, it does
not yet warrant the negative conclusions that have pre-
viously been drawn. To assess the benefits of swapping
in quantum communication in greater generality, we per-
formed an effective loss analysis of the swapping-based
scheme in the second part of the paper. We showed that
the output states of the optimal entanglement swapping
— as long as they are entangled — are always equal to
lossy two-mode squeezed states characterized by an effec-
tive squeezing reff and effective transmittivities τa,eff and
τb,eff. This implies also that direct transmission over a
lossy fiber can be mimicked by entanglement swapping.
Then, we calculated the effective squeezing reff and ef-
fective transmittivities τa,eff and τb,eff for the swapped
states as a function of the input squeezing and the in-
put transmittivities and showed that the total effective
transmittivity for the swapped state is never bigger than
the total transmittivity for direct transmission. This im-
plies that direct transmission yields the same or better
output states than swapping-based schemes. In cases
where swapping seems to achieve better results than di-
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rect transmission, such as in Fig. 1, the advantage of
swapping results from an effective squeezing which is dif-
ferent from the input squeezing. Therefore, the same or
better results can be achieved by using direct transmis-
sion and a different value of the input squeezing.

A caveat remains since we only analyzed the case in
which the swapping is performed in the middle of the
section to be bridged. There still remains the possibility
that an asymmetric position of the swapping station, say
after 1/3 of the total distance yields better results. Intu-
itively, there is good reason not to expect it. The extreme
case of such an asymmetric scenario would be given by a
scenario in which state 1 remains at the same place and
state 2 travels over the whole distance l. Hence, state
2 would evolve into a lossy two-mode squeezed state ρl
which is then swapped via the pure, finitely squeezed two-
mode squeezed state 1. In this case, the known results for
teleportation via pure finitely squeezed states imply that

the Wigner function of the output state is the convolution
of the Wigner function of the state ρl with a Gaussian
distribution whose width is inverse to the squeezing of
state 1 [14]. Hence, the only effect of the final swapping
step is a further broadening of the variances of the state
ρl. In the case of direct transmission, on the other hand,
we would also obtain the state ρl, and it would obviously
be better to use that state directly.
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