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Abstract

A new class of non-Hermitian Hamiltonians with real spectrum, which are writ-
ten as a real linear combination of su(2) generators in the form H = wJs+aJ_+5J4,
«a # (3, is analyzed. The metric which allows the transition to the equivalent Hermi-
tian Hamiltonian is established. A pseudo-Hermitian supersymmetic extension of
such Hamiltonians is performed, which correspond to the pseudo-Hermitian super-
symmetric system of the boson-phermion oscillator. We extend the supercoherent
states formalism to such supersymmetic systems via the pseudo-unitary supersym-
metric displacement operator method. The constructed family of these supercoher-
ent states consists of two dual subfamilies that form a bi-overcomplete and bi-normal
system in the boson-phermion Fock space. The states of each subfamily are eigen-
vectors of the boson annihilation operator and of one of the two phermion lowering
operators.
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1 Introduction

The study of non-Hermitian Hamiltonians with real spectrum has received a great
deal of interest during the last decade [I], 2]. One celebrated model of such non-Hermitian
PT-symmetric Hamiltonian is proposed by Swanson [3], which is expressed in terms of
the usual harmonic oscillator creation and annihilation operators a' and a, namely H =
w(a'a + %) + aa® + Ba'? with w, «a, and 3 real parameters, such that o # 3 and
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w? —4af > 0. This Hamiltonian has been studied extensively in the literature by several
authors [3 4, Bl [6 [7]. The metric operator p, mapping H to its Hermitian counterpart
h via the relation h = pHp~!, has been constructed by using several approaches. This
Hamiltonian has been extended later on by Quesne [8, [9] in the framework of the su(1,1)
approach by writing it as a linear combination of su(1,1) generators.

In this context of the extension, we introduce another kind of non-Hermitian Hamil-
tonian with real spectrum in the Lie-algebric framework [12, [13], which is presented as
a linear combination of the generators J_, J. and J; of the su(2) Lie algebra. Then
we introduce the pseudo-Hermitian supersymmetric extension of such Hamiltonians, and
naturally extend the supercoherent states approach to such pseudo-Hermitian supersym-
metric systems. The Hermitian version of such Hamiltonians has been widely used in the
fields of atomic physics and quantum optics, in particular in the study of the interaction
of two-level atom systems with a coherent radiation field [16], 17, 18 [19].

The organization of the paper is as follows. In Sec. 2 we study our pseudo-Hermitian
Hamiltonian and we establish the metric which allows the transition to the corresponding
Hermitian one. In Sec. 3 we consider a pseudo-Hermitian supersymmetric system in the
form of boson-phermion oscillator. In Sec. 4 we construct the supercoherent states (SCS)
from the lowest (ground) eigenstates of the supersymmetric Hamiltonians H, and H], by
acting with a pair of the pseudo-unitary displacement operators. We show that these SCS
are eigenstates of the boson annihilation operator and the pair of phermion annihilation
operators. The set of such SCS form a bi-normalized and bi-overcomplete system. The
paper ends with concluding remarks.

2 Non-Hermitian su(2) Hamiltonian
We consider the following non-Hermitian Hamiltonian:
H=wlY'Y - 1) +aY +8YT, (1)

where w, , and 3 are real parameters such that o # § and w? + 43 > 0, Y and YT are
fermion annihilation and creation operators respectively, which obey the usual fermion
algebra:

v, Y} =yYl+vly =1, Y?=Y"=0. (2)

The Hamiltonian (1) is the non-Hermitian extension of the Hermitian fermionic Hamil-
tonian studied in greater detail in our recent work [14]. The three operators Y, YT and
(YTY — 1) close under commutation the su(2) Lie algebra:

[T, J ] =2Js, [Js,Ju] = £J4, (3)

where

Jy=Y', J =Y, J=YY-1 (4)
and Jg = Js, Ji = J. Thus the Hamiltonian () is expressed as:

H=wls+aJ_+BJ,. (5)



It would be useful to mention that the Hermitian version of the su(2) Hamiltonian (5),
has been widely used in the fields of atomic and optical physics, and quantum optics,
in the study of a two-level many atomic-system interacting resonantly with a coherent
radiation field [16, 17, 18, [19]. For this reason we are interesting in the present paper to
investigate in the Sec. 4 the supercoherent states formalism.

Following the procedure as in [8,[9], the non-Hermitian operator H can be transformed
into the corresponding Hermitian Hamiltonian A by means of the similarity transformation

h=pHp . (6)

This means that H admits positive-definite metric operator n, = p?>. We look for the
mapping function p in the form

p — 65[2J3+Z(J7+J+)]’ (7)

where € and z are real parameters. By using 2x2 matrix representation of J,, J_, and
Js, which is very useful when we deal with noncommuting exponential operators, namely

() () G )

e2st2(J_+71)] _ [ cosh@ + e(sinh6)/0 ez(sinh 0) /0 ()
n ez(sinh 6) /6 coshd — e(sinh 0)/0 )’

ONI=

we find
p=e

where 6 = ey/1 + 22, and € and z are related through formula

(a— B)V1+ 22
¢ = ———— arctanh
2v/1 + 22 a+f—wz

The mapping p can also be written in the form

, z€R. (10)

1
(a+B—wz (a—P)V1+ 22 4y/1 + 22
a a+f—wz—(a—P)V1+ 22

Introducing (@) into (@) we obtain the Hermitian h in the form,

[2J3+2(J—+J4)]

(11)

h=6J5+ NJ_+ J3), (12)

where 0 and A are given explicitly by

B2 (1422
w+(a+ﬁ)z—z(a+ﬁ—wz)\/1—%

o = 13
14 22 ’ (13)
wet (a+ B)2 + (ot B —wa)y /1 - CPAED
A = . (14)
2(1 + 22?)



It is worth noting that in terms of parameters €, z and group generators J; the above
formulas are quite similar to the corresponding ones for the case of su(1,1) [8, 0]. We
would like however to emphasize that our # = ey/1 + z? is manifestly real and positive,
which means that in the su(2) approach, the positivity of the Hermitian operator p is
ensured for any z € R, unlike the su(1,1) approach case [8, 9], where z is restricted to the
interval [—1, 1]. This is the principal difference between the metrics of the two approaches.

We note that formulas (), (II) for p and (@), (@), (I2)) for H and h are valid in any
Hermitian representation of J;. In the case of half integer spin we can further express h
in terms of fermionic number operator, and H - in terms of pseudo-Hermitian fermionic
(phermionic) number operator. In this aim we introduce the creation and annihilation
operators b’ and b associated to the corresponding Hermitian Hamiltonian A given in

eq.(12) as,

S4+Q) . (6-0) . 2

)

50 J_ + ) J+—5J3 (15)
T:(5—9) (04 Q) _ 22
b “5q J_+ ECTON Jy q J3 (16)
where
Q= /(1 + 22)(w? + 4ap). (17)

The operators b' and b satisfies the standard fermion algebra:
{(b,by =bb" +bTb=1, b*=b%=0. (18)

In terms of b and bf, the Hamiltonian A is factorized to the form of the fermionic oscilla-

tor,
1
h = (b*b - 5) , (19)

The number operators N = b'b satisfies
[b,N] =b, [b',N] =—-b", [b,b]] =1—2N, (20)

The Hilbert space of the single-fermion system is spanned by the two eigenstates {|0), [1)}
of N:
bib|n) =nin), n=0,1. (21)

The operators b and b allow transitions between the states as
b[0) =0, b|1) = 10) , b'[1) =0, 0'|0) = |1). (22)

Now we can apply to b ad b' a similarity transformation, that is inverse to (6] to get anni-
hilation and creation operators B and B¥ associated to the quasi-Hermitian Hamiltonian

@) ,
B=plbp, B¥ =plbip. (23)



The operators B and B¥ are related via the pseudo-Hermitian conjugation, B# = p=2BTp?
and satisfies the phermion algebra [21]

B*=B*=0, {B,B*}=BB*+B*B=1. (24)

Using then the equations (@), (I9) and (23]) we get the pseudo-Hermitian Hamiltonian ()
in a factorized form

H=0Q <B#B - %) : (25)

The phermionic ladder operators B and B# can be represented in the form of (non-
Hermitian) linear combination of the generators J3, Jx,

B = pyJ- 4 po s + 2133, (26)

B* = v J_ + vyd, + 2u3Js, (27)

where pi1, fty, fts, V1, Vo and v3 are expressed in terms of the H- and p-parameters w, a, 3
and €, z as follows

py = %Jr {(1+7‘+22) Esinhﬁ +(1+7) COSh0:| Esinehﬁ’ (28)
oy = % — {(1 — 7+ 2% Esinhe —(1-7) COSh0:| Esir;hﬁ’ (29)
py = —% — |:T€Sin€h9 + cosh 9] zesin@h@j (30)
vy = 52_—99 — [(1 — 74 2%) Esinehﬁ + (1 — 7) cosh 9] Esin9h07 (31)
vy = 5;—99 + [(1 + 7+ 2°%) Esinehﬁ —(1+71) cosh@} esinehﬁ’ (32)
vy = —% — [T&Sinhe — cosh 0] zeSinehe, (33)

where 7 = (w + (a + §)z) /.

Having analyzed the quasi-Hermitian Hamiltonian H given in Eq. (), (&), we turn
toward its pseudo-Hermitian supersymmetric extension and to the construction of super-
coherent states for pseudo-Hermitian (supersymmetric) systems.

3 Quasi-Hermitian supersymmetric extension

Quantum-mechanical SUSY is extended to the case of general pseudo-Hermitian Hamilto-
nians [2, 20, 211, 22] by replacing the superalgebra of standard SUSY quantum mechanics
[10, T1] by the pseudo-superalgebra

Q*=Q" =0, {Q,Q"} =2H, (34)



where all operators remain Zsy-graded as usual, the Hamiltonian H, is pseudo-Hermitian
with respect to some Zy-graded operator n : HI = nHm™t, @ is the PH-SUSY gen-
erator (supercharge) and Q% = n~!'Q'n is the pseudo-adjoint of @ with the same 7.
Mostafazadeh has explored in [21] the statistical origin of PH-SUSY quantum mechanics,
showing that there exist two types of PH-SUSY realizations. The first one corresponds
to exchange symmetry between a boson and phermion; in this case the metric operator
is definite and the phermions are physically equivalent to the ordinary fermions. The
second type, which is fundamentally different from the standard boson-fermion system,
corresponds to the exchange symmetry between a boson and abnormal phermion; in this
case the metric operator is indefinite.

Since our Hamiltonian H given in eq. (fl) is quasi-Hermitian, the supersymmetric
extension corresponding to H is characterized by the boson-phermion system described
by the following Hamiltonian [21]:

H, = H,+H, (35)
Q(a'a + B*B), (36)

where Hy, = Q(a’a + %) is the bosonic contribution and H is the phermionic one, given in
eq. (258); Q is real and positive given in eq. (7)), a" and a are the standard bosonic creation
and annihilation operators ([a, aq = 1), and B* and B are the phermionic creation and
annihilation operators defined by the algebra given in eq. (24]). The bosonic operators a
and a' are supposed [21] to commute with any phermionic operator constructed out of
B, B* and n:

[a, B] = [a, B¥] = [a,n] =0, (37)

[aT,B] = [aT,B#] = [aT,n} = 0. (38)
From the third relation in (B8) in which a' commute with 7, we have:
a® =nta'n =n"'na' =d'. (39)

Hence, for the bosonic operators a' and a the pseudo-Hermitian conjugation operation
(#) coincide with the conjugation operation ().
The equivalent Hermitian supersymmetric Hamiltonian is given by

hy = pHyp™'. (40)
= Q(a'a + b'b) (41)
The operator h, is in the form of boson-fermion oscillator Hamiltonian. The supercharges

Q and Q# associated to H, given in eq. (B6) and satisfying the equation (34) are given
by

Q=V2Qd' B, Q% =v20aB*. (42)
These @ and Q% commute with the Hamiltonian (38]),
[Q, H|=0=[Q", H,] . (43)



Since H, is quasi-Hermitian with discrete spectrum, we can introduce the complete bi-
orthonormal eigenbasis {[¥(, o)), (@)}, 7 = 0,1,2,3...; and € = 0, 1, associated to H,
which satisfy

<¢(n,e) }¢(m,u)> = 5nm56m (44)
1 1
Z;O 1Dn.e)) Wn. ol = Z;o V. 0)) (D o] = 1. (45)

Using hy = pHp~! we can easily establish the relations of the states ¢, ), [¢(n.q) tO
the eigenstates |n, €) of hs,

hs|n, €) = E,|n, €), (46)
as follows:
W) =P In, €) (47)
and
G, e)) =PI, €) - (48)

Let us note that the structure of the Hilbert space of PH-SUSY systems remain Zy-graded
as in the usual SUSY, the boson-phermion Fock space being H = Hp @ Hp (9, 22] 21].

4 Supercoherent states

We embark now on the construction of the supercoherent states (SCS) for our quasi-
Hermitian SUSY Hamiltonian H; given in eq. (B€). We shall follow as close as possible
the scheme of SCS for SUSY Hamiltonians developed in papers [23, 24, 25] and the
scheme of CS for the pseudo-Hermitian Hamiltonians in [26], 27], generalizing both of
them it to the PH-SUSY case.

As in the case CS of phermion oscillator [26] our SCS are expected to take the form
of two bi-overcomplete and bi-normalized families, this time in the boson-phermion Fock
space Hp ® Hp. In this scheme we need to clarify first the action of boson and phermion
ladder operators on the eigenstates of the Hamiltonian H, and its conjugate H]. For
the eigenstates ¢, ) of Hy, the bosonic states [, ) correspond to € = 0, while the
phermionic ones |@Z)(n,1)> correspond to € = 1. The boson operators a, a' and the phermion

n? e)

operators B, B¥ act on the states [V n,e) as follows (to be compared with the corre-
sponding action of boson and fermion ladder operators in the case of ordinary SUSY
[24])

a|,¢)(n, 5)> = \/E|77Z)(n—1,e)>7 aJr|77Z)(n,e)> =Vvn-+ 1|w(n+1,5)> ) (49)
B|w(n,0)> = 07 B‘w(n,1)> = |w(n,0)> ) (50)
B#‘w(n,1)> = 07 B#‘w(n,0)> = ‘w(n,1)> : (51)

The operator B annihilates the bosonic states |1, q)), and B# brings this state onto the
phermionic states |¢)(, ;)). The boson-phermion ground state is [t} ) Which satisfies the
equations

alY ) = Bl =0, (52)
Q|¢(0,0)> = Q#|¢(0,0)>:0- (53)



The operators @ and Q* act on the states [, )) and [, () as raising and lowering
operators:

Q‘w(n,1)> =V Q (77, + 1)‘w(n+1,0)>7 (54)
Q#W(MO)) = \/Q—”W}(n—m))- (55)

The operator @) maps phermionic states into bosonic ones, and Q# maps bosonic states
into phermionic ones.

After having introduced all the ingredients, we construct the SCS |«, §) associated to
the Hamiltonian (36]) as the orbit of the ground state (52)) under the action of a pseudo-
unitary displacement operators D(a,§) which realize a pseudo-Hermitian generalization
of the representation of the Heisenberg-Weyl super algebra, generated by the boson and
phermion operators a, a', B, B* and the identity 1:

|, &) = D(a, §)|vo0)) (56)

D(a,g) = eloe-erariprenteen), (57)

where « is c-number, f3 is real number, and ¢ is complex Grassmann number [28] 29, [30,
31]. Let us recall that £ is nilpotent and anticommute with its conjugate,

€=0,"=0, & +€¢=0. (58)

The integrations over £ and " are performed according to the Berezin rules,

[agacee =1, [agace = [agace = [agac1—o. (59)

As in the fermion case [30] ’s commute with ordinary complex numbers and boson oper-
ators, and anticommute with phermion operators B and B7,

{¢,B}=0, {¢,B}=0, {,B*}=0, {¢ B*}=0. (60)

The pseudo-Hermitian conjugation reverses the order of all fermionic quantities, both the
operators and the Grassmann numbers:

(B¥¢ 4 ¢*B)* = ¢ B + B¥¢. (61)

By using the Baker-Campbell-Hausdorff formulas [32], the displacement operators D(a, £)
is written in the form:

(-1 *&ﬂ) aal —€6B# _—a*a_—£¢*B
D(a,§) = ez 2 e e e et 7. (62)
The pseudo-Hermitian adjoint D#(a, €) is given by

D#(a, €) = ¢~ (ael-atatis1iBF ¢ B) (63)



In the last expression of D#(a,§), we have taken into account that for all the bosonic
operators, the pseudo-Hermitian conjugation operation (#) coincides with the conjugation
operation (7), which is expressed in the eq. (B8] as consequence of the fact that the bosonic
operators a' and a commutes with 7 [21].

The displacement operator D is pseudo-unitary: D¥* D =1 = DD#. The substitution
of the expression ([62) of D(«, &) in the eq. (B6) yields the following expression of SCS
o, €),

0, 6) = €75 (|, 0) — £, 1)).. (64)

Here |a, 0) are the standard boson CS (Glauber CS [33]) given explicitly by

a2 2° a”
a,0) =e" 2 ) ——|Yn0) 65
P (65)
[¥(n0)) = |n) representing the Fock space for the standard bosonic harmonic oscillator.
The states |a, 1) are the phermionic states given explicitly by

“200

a o™
o, 1) = e 2 ;ﬁW)(n,n)- (66)
In the expression (64) of |a, &), we have not taken in consideration the phase factor e,
because this term has no effect on these SCS. In the limit £ = 0, the expression ([64]) of
la, €) recovers the standard boson CS (63), i.e. the PH-SUSY superalgebra is reduced to
the standard boson algebra.

The Hermitian adjoint of |o, &) is

(0,6l = e 2 ({a, 0] + € (e 1)), (67)

and the inner product (o, £|a, &) # 1, which is due to the nonorthogonality of the states
|@Z)(n7e)), the latter property being a consequence of the fact that B* # BT.

Now we have to examine for (over)completeness the set of |a, £). One can check (using
the rules (BX)) - (61))) that the resolution of identity is not satisfied, because the states
w(n,e)) do not form a complete basis, which is a consequence of the non-Hermiticity of
the Hamiltonian (30:

[0 dldutoyig i #1. dp(a) = dadar. (68)

The useful way to solve this problem of the (over)completeness, is to use the main idea
introduced previously for the case of pseudo-Hermitian CS in [26, 27], which consists of
introduction of a complementary pair of lader operators, such that the system of two
complementary sets of CS forms the so-called bi-orthonormal and bi-overcomplete system.
In this aim we introduce the second dual ladder operator B which is associated to HT.
The B and B form a complementary pair of lader lowering operators. B is related to the
annihilation operator b of h via the similarity transformation:

B = pbpt. (69)



Its action on the eigenstates of H' is

The operator B is nilpotent. The operator Bf = pbTp~1 is the creation operator for H f,
In this way one obtains a second pair of phermionic lowering and raising operators B and
Bt

Y

BB'+B'B=1, B*=DB"=0, (71)

In view of the phermionic algebra (71]) we introduce new displacement super operators

D(a,€),

D(a, g) _ e(aaffa*aJriﬁlJrBTﬁ*ﬁ*B’)' (73)

We build up now the second family of SCS |E',\0z/) according to the above described scheme

(see Egs. (BA), (64)),

0,8) = D(0,€) | #n)) (74)
= ¢3¢ (a,0) — €aT)) (75)

where }¢(n,0)> is the ground state of H, |E,\6> and |E,\T> being given explicitly by,

—_~— \a\Q [ee] O[

0.0) = % & T l6a) (76)
1) = e o). (77)

=V

—~—

Since the eigenstates |¢y, ) of H] are not orthogonal, the scalar product (a, & |£§>, like
the previous one (o, &|a, §), is different from 1. The two subsets of states {|«o, &)} and

{la, §)} are bi-normalized instead:

(@, e, €) = (o, €], €) = 1. (78)

By means of the two type of states |a, &) and |E,\E) the resolution of the identity is realized
in the following way,

/ 0, €) (o €| dp( ) de*dé = / o 8) (0, Eldpu(o)de™de = 1. (79)

The equations ([[9) can be easily verified using the formulas of |«, §) and |a §> (egs. ([64)

and (75))) and the rules of integration (59). Thus the system of states {|a, &), |a &)} is bi-
overcomplete in boson-phermion Fock space. It is this system that we call boson-phermion
SCS, or more shortly pseudo-Hermitian SCS.
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We would like to emphasize that these SCS satisfy also the first definition of usual co-
herent states (CS) given by Glauber [33] as eigenstates of boson and phermion annihilation
operators:

ale,§) = ala,§),  Bla,§) = ¢la, ),

ala,€) = ol €),  Bla,€) = gla,€).
Finally, in the limit of n = 1 (that is B¥ = BT), our SCS recover the standard SCS for
SUSY boson-fermion oscillator [24, 25]. In the double limits of n = 1 and & = 0, these
SCS coincide with of the standard Glauber’s CS [33].

(80)

5 Concluding Remarks

In this paper, we have achieved some extensions in the framework of the pseudo-
Hermitian quantum mechanics. We have extended the study of the Hermitian su(2)
Hamiltonians to the case of non-Hermitian su(2) Hamiltonians with real spectrum. For
such pseudo-Hermitian Hamiltonian system we established the metric which allows the
transition to the corresponding Hermitian Hamiltonian. The constructed metric operator
depends on one real parameter as in the case of the su(1,1) approach, this time however
the real parameter being not restricted by any inequality.

We have also extended the supercoherent states (SCS) approach to pseudo-Hermitian
supersymmetric (PH-SUSY) system characterized by the boson-phermion oscillator [21],
22]. The supersymmetric displacement operator method and the ladder operator method
for construction of ordinary SCS [24] 25] are both extended to the case PH-SUSY systems.
For the boson-phermion systems there are two complimentary ladder operator pairs which
have to be used for construction of bi-orthonormal Fock states and coherent states. As
a result the set of constructed SCS for the boson-phermion system consists of dual pair
of two subsets of states which are bi-normal and form a bi-overcomplete system in the
corresponding Hilbert space. The states of each subset are eigenvectors of the boson
annihilation operator and of the corresponding phermionic lowering operator. In the
limit of Hermitian SUSY system our states recover the known SCS [24] 25].
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