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Abstract

This paper deals with numerical solutions of maximizing expected utility from ter-
minal wealth under a non-bankruptcy constraint. The wealth process is subject to
shocks produced by a general marked point process. The problem of the agent is to
derive the optimal insurance strategy which allows ”lowering” the level of the shocks.
This optimization problem is related to a suitable dual stochastic control problem in
which the delicate boundary constraints disappear. In Mnif [14], the dual value function
is characterized as the unique viscosity solution of the corresponding Hamilton Jacobi
Bellman Variational Inequality (HJBVI in short). We characterize the optimal insur-
ance strategy by the solution of the variational inequality which we solve numerically
by using an algorithm based on policy iterations.
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1 Introduction

We study the optimal insurance demand problem of an agent whose wealth is subject to
shocks produced by some marked point process. Such a problem was formulated by Bryis
[3] in continuous-time with Poisson shocks. Gollier [10] studied a similar problem where
shocks are not proportional to wealth. An explicit solution to the problem is provided
by Bryis by writing the associated Hamilton-Jacobi-Bellman (HJB in short) equation. In
Bryis [3] and Gollier [10], they modeled the insurance premium by an affine function of the
insurance strategy € = (6¢)ic[o,r] which is the rate of insurance decided to be covered by
the agent. If the agent is subject to some accident at time ¢ which costs an amount Z, then
he will pay 6;Z and the insurance company reimburses the amount (1 — 6;)Z. They didn’t
assume any constraint on the insurance strategy which is not realistic.

In risk theory, Hipp and Plum [5] analysed the trading strategy, in risky assets, which
is optimal with respect to the criterion of minimizing the ruin probability. They derived
the HJB equation related to this problem and proved the existence of a solution and a
verification theorem. When the claims are exponentially distributed, the ruin probability
decreases exponentially and the optimal amount invested in risky assets converges to a con-
stant independent of the reserve level. Hipp and Schmidli [6] have obtained the asymptotic
behaviour of the ruin probability under the optimal investment strategy in the small claim
case. Schmidli [16] studied the optimal proportional reinsurance policy which minimizes
the ruin probability in infinite horizon. He derived the associated HJB equation, proved
the existence of a solution and a verification theorem in the diffusion case. He proved that
the ruin probability decreases exponentially whereas the optimal proportion to insure is
constant. Moreover, he gave some conjecture in the Cramér-Lundberg case. Hgjgaard and
Taksar [7] studied another problem of proportional reinsurance. They considered the issue
of reinsurance optimal fraction, that maximizes the return function. They modelled the
reserve process as a diffusion process.

In this paper, we model the claims by using a compound Poisson process. The insur-
ance trading strategy is constrained to remain in [0,1]. We impose a constraint of non-
bankruptcy on the wealth process X; of the agent for all £. The objective of the agent is to
maximize the expected utility of the terminal wealth over all admissible strategies and to
determine the optimal policy of insurance.

In Mnif [14], we studied the latter stochastic control problem with state constraint by du-
ality methods. Duality method was introduced by Karatzas et al. [I12] and Cox and Huang
[4]. We characterized the dual value function by a PDE approach as the unique solution
of the associated HJBVI. In this paper, we determine numerically the optimal strategy of
investment and the optimal reserve process. Usually, the optimal strategy is determined in
a feedback form by using the primal approach and solving the associated HJB equation.
The originality of this work and thanks to a verification theorem, the optimal reserve pro-

cess is related to the derivative of the dual value function with respect to the dual state



variable. When the shocks are modeled by a Poisson process, we can obtain an explicit
expression of the optimal strategy of insurance in terms of the dual value function . The
paper is organized as follows. Section 2 describes the model. In Section 3, we formulate
the dual optimization problem and we derive the associated HJBVI for the value function.
In Section 4, we prove a verification theorem. We show that if there exists a solution to
the HJBVI, then subject to some regularity conditions, it is the value function of the dual
problem. The optimal insurance strategy could be characterized completely by the value
function of the dual problem. Section 5 is devoted to a numerical analysis of the HJBVI:
The HIJBVI is discretized by using finite difference schemes and solved by using an algo-
rithm based on the “Howard algorithm” ( policy iteration). Numerical results are presented.

They provide the optimal insurance strategy and the optimal wealth process of the agent.

2 Problem formulation

Let (2, F, P) be a complete probability space. We assume that the claims are generated by
a compound Poisson process. More precisely, we consider an integer-valued random measure
p(dt, dz) with compensator m(dz)dt. We assume that m(dz) = pG(dz) where G(dz) is a
probability distribution on the bounded set C' C IR, and p is a positive constant. In this
case, the integral, with respect to the random measure pu(dt,dz), is simply a compound
Poisson process: we have fg Jo zu(du, dz) = SV Zi, where N = {N;,t > 0} is a Poisson
process with intensity o and {Z;,i € IN} is a sequence of random variables with common
distribution G which represent the claim sizes.

Let T' > 0 be a finite time horizon. We denote by IF' = (F;)o<t<7 the filtration generated
by the random measure p(dt, dz).

By definition of the intensity m(dz)dt, the compensated jump process:

a(dt,dz) := p(dt,dz) — w(dz)dt

is such that {f([0,t] x B),0 <t < T} is a (P, IF') martingale for all B € C, where C is the
Borel o-field on C.

An insurance strategy is a predictable process 6 = (6;)o<t<7 which represents the rate
of insurance covered by the agent. We assume that the insurance premium is an affine
function of the insurance strategy. Given an initial wealth x > 0 at time t and an insurance

strategy 6, the wealth process of the agent at time s € [t, T is then given by :

xbel = :n+/ts (oz—ﬁ(l—9u))du—/ts/ct9uzu(du,dz). (2.1)

We assume that o > § > 0 which means that the premium rate received by the agent is
lower then the premium rate paid to the insurer. In the literature, this problem is known
as a proportional reinsurance one. The agent is an insurer who has to pay a premium to

the reinsurer. We impose that the insurance strategy satisfies:

0s €10,1] as. forallt <s<T. (2.2)



We also impose the following non-bankruptcy constraint on the wealth process:
Xg’x’g >0 as forallt <s<T. (2.3)

Given an initial wealth z > 0 at time ¢, an admissible policy 6 is a predictable stochastic
process (0s)i<s<1 , such that conditions (2.2]) and ([2.3)) are satisfied. We denote by A(t, z)
the set of all admissible policies and S(t,z) := {X*®? such that 0 € A(t,z)}.

Our agent has preferences modeled by a utility function U.

Assumption 2.1 We assume that the agent’s utility is described by a CRRA wutility func-

tion i.e. U(x) = %", where n € (0,1).

We denote by I the inverse of U’ and we introduce the conjugate function of U defined by

Uly) := sg%{U(a:) —zy}, y>0
= U(y)) —yl(y). (2.4)
N - -
A straightforward calculus shows that U(y) = yT where v = 17"77 and U'(y) = —I(y) for
all y > 0.
The objective of the agent is to find the value function which is defined as
o(t,z) == sup BE(U(XLE"). (2.5)
feA(t,x)

3 Dual optimization problem

First we introduce some notations. Let x > 0 and ¢t € [0,7]. We denote by P(S(t,z)) the
set of all probability measures Q ~ P with the following property: there exists A € 7,,, set

of non-decreasing predictable processes with Ay = 0, such that :
X — Ais a @ — local super-martingale for any X € S(¢, ). (3.1)

The upper variation process of S(t,z) under Q € P(S(t,z)) is the element AS:*)(Q) in Z,,
satisfying (3I) and such that A — AS&2)(Q) e T, for any A € T, satisfying (B.1).

From Lemma 2.1 of Féllmer and Kramkov [9], we can derive P(S(t,z)) and AS®%)(Q). This
result states that @ € P(S(t,x)) iff there is an upper bound for all the predictable processes
arising in the Doob-Meyer decomposition of the special semi-martingale V' € S(¢,x) under
Q. In this case, the upper variation process is equal to this upper bound.

It is well-known from the martingale representation theorem for random measures (see e.g.

Brémaud [2]) that all probability measures () ~ P have a density process in the form :

zZr = £ </ts/c(pu(z) — 1)i(du, dz)> , s € [t,T], (3.2)

where p € Uy = {(ps(2))i<s<r predictable process : ps(z) > 0, as., t < s < T,z € C,
ftT I <| log ps(2)| + ps(z)w(dz)>d8 < oo and E[Zf] =1}



By Girsanov’s theorem, the predictable compensator of an element X% € S (t,z) under P?
=Zh.Pis:

" = [a-maut [0, [ p)enidan

We deduce from Lemma 2.1 of Follmer and Kramkov [9] that P(S(t,z)) = {P? :p € Us}

and the upper variation process of P” is :

ASt2)(pry = / (v — B)du + / (B - / pu(z) zm(dz))+du.
t t c
From the non-decreasing property of U, we have
v(t,z) = sup E[U(H)],
HeCq (t,x)
where C;(t,z) = {H € LY. (Fr) : X;:x’e > Ha.s. for § € A(t,z)}. Mnif and Pham [15] gave
the following dual characterization of the set C (¢, )

H e Cy(t,x) (3.3)

— J(H):= sup E [ZTHlT:T - / Zy(a—B+ (B — / pu(z) zw(dz))+)du] <z,
ZePO(tx),TeT: t C

where PO(t, x) is the subset of elements P? € P(S(t,x)) such that flg(t’m) (P?) is bounded

and T; is the set of all stopping times valued in [0, 7.

Following Mnif [14], the dual problem of (Z7]) is written as:

Sty) = int E[m Y”’D>+/T VeP(a =5+~ [ pule)2(d2) )d} (3.4)
o(t,y =yt yYy tyu o Cpuzzwz+ wl, (3.

where
W(t):={yrP = 2D, 7° ¢ P°(t,z), D € D;},

and D; the set of nonnegative, nonincreasing predictable and cadlag processes D = (Dg)i<s<T
with D; = 1. We shall adopt a dynamic programming principle approach to study the dual
value function ([B4]). We recall the dynamic programming principle for our stochastic con-
trol problem: for any stopping time 0 <7 <T,0<t<T and 0 < h <T —1t,

- . N D
(t,y) = Yp’[}g}o(t) E {fu ((t +h) AT, Y(erh)AT) (3.5)

N /t(t+h)m yoD <a — B+ <ﬂ - /Cpu(z)zﬂ'(dz)> +> dUI )

where a A b = min(a, b) ( see e.g. Fleming and Soner [§]).
We denote by L; the set of adapted processes (Lg)i<s<7 with possible jump at time s = ¢
and satisfying the equation

dDy
ALy = =52 1p,sop t <5 T, L =0. (36)
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The Hamilton Jacobi Bellman Variational Inequality arising from the dynamic program-

ming principle (3.5 is written as

. [0v _ 0v ov
mm{a(t,y) +H <t,y,v, 8_y> ,—a—y(t,y)} =0, (t,y) € [0,T) x (0,00), (3.7)
with terminal condition
3(T,y) =Uly),y € (0,00), (3.8)

where
o0v 0v
H <tuy71~)7 a_;)> = pllelé {AP <tuy71~)7 a_;> + Yy <Oé - B + (5 - /C,O(Z)Zﬂ(dZ))+> } ’

20 (6850 ) = [ (00000 = 8600) = (02) = Dy 2.0) ) mla),

and ¥ := {p positive Borel function defined on C s.t. [, (] log p(2)| + p(z))ﬂ(dz) < oo}.
This divides the time-space solvency region [0,7") x (0,00) into a no-jump region

il ; 00
Rl — {(t,y) c [O’T] X (0700)7 s.t. E(t,y) +H (tayv’ua a_y> == 0}

and a jump region

Ry = {(t,y) €[0,7] x (0,00), s.t. g—Z(t,y) = O}.

In Mnif [I4], The dual value function is characterized as the unique viscosity solution of the
associated HJIBVI [B.1)- (8.8)) in the set of functions D, ([0, 7] x (0,00)) defined as follows:

D, ([0,T] x (0,00)) := {f :[0,T] % x(0,00) — IR such that ,
£(t.v) s el )

sup ———=— < oo and sup
y>0Y Ty 25050 |7 — y|(1 + 2= 4 y=(r+1))

4 Verification Theorem

The main result of this section is the following verification theorem. It characterizes the
optimal wealth process. When we model the jump by a Poisson process, the optimal
insurance strategy is expressed in terms of the HJBVI solution. Our stochastic control
problem is unusual, in the sense that, the control p is unbounded predictable process and
L, given by (3.4)), is also unbounded. For technical reason, we need to add the following

integrability conditions that we will check later in the case of Poisson process.

Assumption 4.1 we fixt € [0,T] and (p, D) € Uy x D;. We assume that :
(i) for all ' > 27, we have Elexp(y Lt)] < oo,
(1) there exist two Borel functions Ci,, Ca, such that

Cip(2) < ps(2) < Cop(2) ds @ m(dz) a.e., (s,2) € [t,T] x C,

Jo C’lp(z)_“/lw(dz) <00 and [, Cop(z)m(dz) < oc.
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The following lemma states the growth condition of the dual value function 2.

Lemma 4.1 The dual value function v is locally bounded and satisfies

bt
sup [o(t,y)|

) < 0. (4.1)

Proof. See Appendix. O

Theorem 4.1 Suppose that there exists a solution to the HIBVI ({37), denoted by v with

terminal condition

o(T,y) =Uly) for ally € (0,00),

0
— 18 continuously differentiable

dy
w.r.t t and y in the no jump region Ry and ¥ satisfies the growth condition (ZLT]).

such that v is continuously differentiable w.r.t t and vy,

Suppose that Assumption[{.1 holds. Suppose further that there exist a Borel function p € Uy,
a process De Dy, t € [0,T] and a positive real § such that with probability 1 we have

(s,9Ys) € Ry ds®dP a.s. se[t,T], (4.2)
T ~
00, v e
—(5,9Y,=)Y,—dL, =0, 4.3
t ay(s,y )Y, (4.3)
o6,
—(t,9Y; =0 4.4
ay(,yt)m ; (4.4)

where Y := ZPD = ZD. Then ¥ is the value function of the dual problem, (lj,ﬁ) is the

solution of the dual problem. The optimal wealth process is given by:

X:= —?(s,yﬁ)ds ®dP a.s. s€t,T]. (4.5)
Y

Proof. See Appendix O
Remark 4.1 Hypothesis (4.2]) means that ((S,Z?Y/s))se[t;r} stays in the no jump region

almost surely. The process might have jumps in the region Ry but reaches immediately the

region RR;.

Remark 4.2 Hypothesis(d3]) means that the process D regulates the process Y and de-

creases only when the wealth process hits zero.



Remark 4.3 If all the shocks have the same size denoted by J, then the optimal insurance

strategy is given by

ov A AV ov ~Y)
ENAGE Sths* — Oy Sva:s*
0% = 0, (%, )5 7 ) a.e. in s € [t,T. (4.6)
From definition of L (see assumption &3), L decreases only on the set {g—z(s,@ffs) = 0}
2 A
or on this set, we have %(S,QYS) = 0 and so 8—;2)(3,Q}/;)D5dL5 = 0. By Ito’s lemma we
obtain
. 0%, o n . 5 0% o
X3 = (e IYa)YedLs + 0(ps — 1)iYs 55 (5, 9Ys)ds (4.7)
9?0 , 9o . 9o .
- JYs)ds — (5-(s, psyYs-) — 5-(s7,4Y,s-))dN;
Doy & IYe)ds = (G (5 psgen) = 5o (s7, 9Yen)
L 0%, 0% -
= 0s — 1)Y= (s, Ys)ds — ———(s,9Ys)d
olps = D)i¥sg 5 (5, Ys)ds = 55 (s, §¥s)ds
—  0:0dNs.

Using Hypothesis ([4.2)), the regularity on the function v and It6’s lemma, we have

0% - o0 . o .

~ AY* As_ 9 As A}/s* Y 9 AYVS* 4

ayas(s,y )+ o(p ay(s PsYYs-) ay(s yYs-)) (4.8)
90 . P

— 0(ps = )= (5,8Ys-) — 0(ps — DGVy 55 (5,5Ys-
0(ps = Vg (5:9Ye-) = 0(ps = DI¥e- 55 (5, 9Y:-)
+ (a=B+(B—00ps)+)=0.
Plugging (4.8)) into (47) and using (4.4)), we obtain
X; = at [ a=6+ (3 obp))du— [ 00N,
t t

S
+ [ osputiau
t
and so 6* is the optimal insurance strategy.

Remark 4.4 If all the shocks have the same size denoted by d, then the set U; is given by
Us = {(ps)i<s<r predictable process : ps > 0, a.s., t < s < T and E[Z]] = 1}. In this case
Assumption [A.I](ii) is automatically checked.

Remark 4.5 Theorem 5.1 of Mnif and Pham [I5] could be viewed as a dual verification
theorem which caracterizes the solution of the primal approach. The theorem [4.1] brings
a new information by using PDE arguments which concerns the wealth process and the

optimal strategy in the case of Poisson process.

Example 4.1 If all the shocks have the same size denoted by § and if « = § = 7 (cheap

reinsurance), then the Hamiltonian H has the following expression

H (t,y,ﬁ, g—y) ~in {w (@(t,pw () — (p— 1>y§—§<t,y>) LBl - p>+}

p>0
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As it is seen in Lemma 4.1 in Mnif [14], the dual value function is convex in y and so

™ <17(t,py) —0(t,y) — (p— 1)yg—2(uy)> +yB(l—p)+ >0

81}) = 0. The solution of

and the equality is obtained when p = 1. In this case H <t, Y, U, En
Yy

the HIBVI (3.7) with terminal condition (B.8) is given by

(t,y) = Uly),

and the solution of the dual problem is given by p = 1 and D = 1. From the Verification
Theorem the optimal wealth process is given by X* = x, the insurance strategy 6* = 0 and

so Assumption [£.1] is checked.

5 Numerical study

Here we restrict ourselves to the case where the integer valued random measure p(dt,dz)
is a Poisson process with constant intensity w. All the claims have the same size denoted

by §. Our purpose is to solve the following variational inequality:

min{%(t,w +;gg{Ap<t,y,a,g—§> fy(a—B+(3 —p6w>+>},—§—§<t,y>} —0, (5.1)

for all (t,y) € [0,T) x (0,00), with terminal condition &(T,y) = U(y), where

A(t,9.0,5) = (@(t,pw C(ty) — (- 1>yg—§<t,y>) |

It is more appropriate to study numerically the function
J(t,y) = e "0(t,y), (5.2)

where 7 is a positive constant. We will explain in Remark the advantage of the intro-
duction of the function J. We proceed with another technical change of variable which
brings [0, 7] x (0,00) into [0,7] x (0, 1), namely

u(t,g) = J(t,y).

The function v satisfies

min {%(tvzj) —1—52% {Ap(t7g7@7D@) + (1yfg)(a - 5 + (5 - p57T)+)} )
—(1-9)*Do(t,5)} =0 (5.3)
for all (¢,9) € [0,T) x (0,1), where

Wit50.00) = 7 (ot ) = 0(t) — (o= DL - DIDEED)) ot )
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and Do is the derivative of v with respect to the state variable. The terminal condition is
given by

- e~ T~

o(T,9) = FA—g— (5.4)
for all g € (0,1).
In Mnif [I4], we have proved that the dual value function (B8.4]), within a change of vari-
ables, is the unique viscosity solution of variational inequality (5.3]). This solution can be
approximated by the following numerical method:
(i) approximate variational inequality (5.3]) by using a consistent finite difference approx-
imation which satisfies the discrete maximum principle (DMP) ( see Lapeyre, Sulem and
Talay [13] ),
(ii) solve the discrete equation by means of the Howard algorithm (policy iteration) (see
Howard [11]). Finally a reverse change of variables is performed in order to display results

of variational inequality (5.1I).

5.1 Finite difference approximation

Let h := (h, hy) be the finite difference step in the time coordinate and the finite difference
step in the state coordinate. The step h; is defined by h; := % ,(N € IN*). Let M € IN*
be the number of discretization steps in the state coordinate ( hy is not uniform for all
elements of the grid). Let (¢;,9;),0 < i < N, 1 < j < M — 1 be the points of the grid
Qn,ar-We choose a fully implicit #-scheme. We consider an approximation scheme of (5.3))

of the following form:

S(h,t,5,0"(t,9),7") =0, (t,9) € U, (5.5)
where
ol 7)) — oMt g o
S(h,t,5,0"(t, ), 7") := min{ (t+h }ylz t9) ro’(t, )
+ it (", pr(ﬁi_w - @hft, 9) + (1= p)(1 = §)§)+ D+ 0" (£, )
+ (=)= PD-DT09)) + oo = F+ (5 - pim)) |
, —(1—9)*Dv"(t,9) {;
D+Z_}h(7f,g) — 2_}h(tvy + hg? - @h(tvy)’ D_Z_}h(t, ~) — @h(tvg) - Z}i(tg - hg),
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and (t,Pr(Wg_l))) is the projection of (t, %) on the grid. We take 0" (t;, i) =

@h(ti, Jnm—2) for all 0 <4 < N — 1. For terminal condition, we set

e—rng—’Y
Y1 —g;)7
The approximation (5.5 leads to a system of N x (M — 1) equations with N x (M — 1)
unknowns {o"(t;,7;) ,0<i< N—-1,1<j< M —1}:

oM, ;) = forall 1 <j <M —1.

min {vh(tiﬂ, i) — 0" (ti, ) + Jmin, {htflp’“@h(ti, ) + htzp(gj)} , Bo"(t;, gj)} =0,(5.6)

foral 0 <:< N —-1,1<j <M —1, with terminal condition:

(& yj

A =5) forall 1 <j < M-—-1,
—J

,L_)h(T7 gj) =
where M? = {(pij)o<i<n—1,1<j<m—1,pij > 0}, APti is the (M — 1) x (M — 1) matrix

associated to the approximation of the operator A” at time t;, I” is (M — 1) vector such
that

1°(g5) Yi (- B+ (8- pon)s), foralll <j<M—1

_1—yj

and B is a (M — 1) x (M — 1) matrix associated to the second term of our variational

inequality, which verifies

waf]

Yj—1
(4, —1) gj_%jil forall2<j<M-—1

B(i,7) = 0 if not .

(j7j)=—gj_l~ forall2<j<M-1

we]]

Let A, denote the set of control functions p : Qn — MP. The system of equations

(56]) can be written as a system of N stationary inequalities:

min {vhvtiﬂ —ghti 4 min {htﬁpvti@hvti + htzp} ,thvti} =0, (5.7)
PEAD

for all ¢ = 0...N — 1, with terminal condition:

—rT ~—
e yj

—h,T
ot = (————
(1 —g;)7

)j=1.M—1,

where ™% a vector which approximates (0(ti,5)) j=1..M—1-

The convergence of the numerical scheme in not proved in our situation as in the case of
Tourin and Zariphopoulou [17] ( They studied numerical schemes for investment consump-
tion models with transaction costs). The system of N stationary inequalities (5.7]) can be

solved by Howard algorithms. We describe below this algorithm.
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Remark 5.1 Barles and Souganidis [I] proved that a numerical scheme consistent mono-
tone and stable converges to the unique viscosity solution of the HJB since a comparison
theorem holds for the limiting equation in class of bounded functions. In our case, the
dual value function is not bounded and it is not obvious that the semi-relaxed limits of our

sequence is in the space D~ ([0,7] x (0, 00))

Remark 5.2 The introduction of the function J (see equality (5.2))), insures that the
matrix AP j=0..N — 1 is diagonally dominant.
5.2 The Howard algorithm

To solve Equation (5.7)), we use the Howard algorithm (see Lapeyre Sulem and Talay [13]),
also named policy iteration.
It consists on computing two sequences (p'™), e and (%"),epv,i = 0...N — 1, (starting
from oMti-l § = 0...N — 1) defined by:

e Step 2n — 1. To oM™ is associated another strategy p'™
tiv

"™ € arg min {flp’tif}h’t“" + lp’"} ,1=0.N—1.

P pEAp

e Step 2n. To the strategy p'™, we compute a partition (D} U D¥) such that

. - tin 4. _ . ti,n = . .
plotitin p (h AP Dghtin g Ptt < Bttt i =0..N — 1, on DY,

ihg,n

. <ptism 4 _ . = — . .
gttt g (h AP Dyghitin e > Bii", i =0..N — 1, on Dj.

@h,ti,n+1

The solution is obtained by solving two linear systems:

. Totiom . _ . ti,mn .
phtivintl (g APt nghtintt g™ =0, i =0..N — 1, on DT,
and

B®h7ti,n+1 =0,i=0.N-1, on Dg

o If [pMtintl _ghtin| < e j=0..N — 1, stop, otherwise, go to step 2n -+ 1.

The convergence the Howard algorithm is obtained heuristically. We have no theoretical
result for the convergence. The matrix arising after the discretization of the HJBVI does not
satisfy the discrete maximum principle which is a sufficient condition for the convergence

of such algorithm.

12



5.3 Algorithm for the optimal strategy

After the numerical resolution of Variational Inequality (5.3]), we compute the optimal
strategy of insurance and the wealth process. From the Verification Theorem, we need to
evaluate § and to construct the process (fﬁi)ogig N—1-

The optimal insurance strategy and the wealth process are given by formulas (4.0]) and
(45]). We describe below the algorithm.

First step: Given an initial wealth zx,

e we compute g, 8.t (0,75,) € Qv and X (0,75,) =

5 ~ ~ V(ti,g5)—0(t;,g,— . .
where X (t;,7;) = —(1 — ;)? (%), 0<i<N—-land1<j<M

e we compute §y = =5
J0

Second step: Let Zy=Dy=1. Fori=1toN— 1, we construct the process Ytl = @Ztiﬁti

as follows:

Vi, . . Y .
FE o and we select the nearest point of the grid to (¢;, S o ). This

point will be denoted by (;, 75, ).

e We compute

e We determine the optimal control p which is obtained by Howard Algorithm at point
(ti,7;,)- We denote this control by p;,.

o We evaluate Z;, = Z;,_, exp (—wh(p;, — 1))(1 + (p;, — D1aput)=1}y)- We take Dy, =

Dy, ..
e We compute % (resp 1?{/ ) and we select the point of the grid which is the
Jitti—1 127
' f)titi,1 g]f’tl . . . s
nearest to (t; 7”%37%71) (resp v ) . This point will be denoted by (t“yj;) (resp

(t:.7,).

e We make the following instruction: while X (ti,gjj{/) < 0, we decrease the process

D;,. We denote by (t;, gjj{/) the new point of the grid.
e The optimal insurance strategy and the optimal wealth process are given by

;= o =, (5.8)

X; = X(ti,5;)- (5.9)

5.4 Numerical results

Equation (5.1J) is solved by using the Howard algorithm. Numerical tests are performed

with the parameters given in Table[Il We suppose that there are two claims at times ¢; = %

13



Table 1: Values for the model’s parameters
n a I3 r |7 | T
05(121(215|005|1]2]|1

and to = %. We first choose a uniform discretization step in the state coordinate. It is equal
to hy =p = ﬁ. For the discretization step in time, we take h; = %. We compute the
value of §j and the corresponding index jg. Then we choose two discretization steps in the
state coordinate. If § € (0, (jo — 2)p] U [(Jo + 2)p, 1), we keep the same discretization step.
If g € [(Jo — 2)p, (Jo + 2)p], the discretization step is equal to hy = ﬁ. We mention that
the operation of choosing the point nearest to the grid is delicate which oblige us to reduce
the discretization step in the zone [(jo — 2)p, (jo + 2)p]. The optimal insurance strategy
and the optimal wealth process are displayed in Figures 1 and 2. At the claim, the optimal
wealth process decreases only by the amount of the shock covered by the agent. We observe
in Figure 1, that after the first claim (¢ = 0.4), the optimal insurance strategy falls, then
it increases until a certain level reached at time ¢ = 0.6. The agent who expects a new
claim (the intensity is equal to 2), decides to reduce the fraction of the insurance strategy
until a lower level then it increases. This explains the lack of monotony of the optimal
insurance strategy. After the second claim (¢ = 0.8), the fraction of risk covered by the
agent decreases again, then when we approach the horizon T, it increases. When we replace
formulas (5.9) and (5.8]) in the expression of the wealth process ([2.I]), we obtain

sup |X{ — X{ | — (a—B(1 —07))At; + 0f Ap(t;)| = 0.0107
1<i<N
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6 Appendix

6.1 Proof of Lemma 4.1]

Since the controls ps =1 and Ds =1, s € [t,T] lie in U; x Dy, we have
(t,y) < U(y) + Ky, (6.1)

where K is a constant.
Let (Z" := Z°",D") be a minimizing sequence of #(t,y). From the definition of these
minimizing sequences, there exist €, and ng € IN such that ¢, — 0 when n — oo and

for all n > ng, we have
ity) = E[0(yziDp)]
T
L oyE [ | zivita-5+ G- [ @) sr@) i~ (62

Since €, — 0 when n — oo, there exists ny € IN such that for all n > n;, we have
en < U(y) +y. We recall That U(y) > U(0%) > 0 and so U(y) +y > 0 since y > 0. Using

the boundedness of D™, Jensen’s inequality and the martingale property of Z", we have:

E [ﬁ(yzgapgﬁ)} > U(yE[Z}))
> Uy). (6.3)

For the second term of the r.h.s of inequality (6.2]), since DY < 1 for all s € [t,T], using

Fubini’s theorem and the martingale property of Z™, we have

3y yzi D B+ (5 [orzn@non] = wa-ne| [ ' z D}

v

T
y(a— B) / B (27 du
> Ky, (6.4)

where K’ is a constant independent of y. Inequalities (6:3)) and (6:4) imply that
o(t,y) > Uy) + K'y. (6.5)

From inequalities (6.1]) and (6.5]), we deduce that
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6.2 Proof of Theorem [4.1]

The proof of the theorem is broken in three steps. Let t € [0,7] and y € (0, c0).
First step: We show that

T
o(t,y) < inf EUYP’D—F/ YP (o — B+ —/ w(2) zm(dz du].G.?
<t B0+ [ avePla 54 [ gt 0)
Let YPP € )0(t). Let
Tn, = inf{u > ¢ such that ‘ / @(u,pu(z)yYJﬁD) - ﬁ(u,yYf;D)ﬂ(dz)‘ >n}AT.
C
Applying the generalized 1t6’s formula, we have
TNATn
o ATy ¥ED) + [ e a5 (3= [ pule)em(d)))du
t C

= o(t,y) + / o @(u yY PPy dy — / o @(u yY PPy Par
) t au b u t ay ) u- u_ u

TNATn ~
- [ [ Gy o) et Y (s ¥ = iy )

t<u<TATh
T AR
D¢ _
+ / YV — B+ (8 /C pul2) 2 7(d2))4 )

and so we have

TNATn
O(T A Tp, YQC”AT) / yYup’D(a—ﬂ—F(ﬂ—/pu(z)zﬂ(dz))+)du
t C
. TNATh O ) ) oD 5 O
= i+ [ <%<u,m )+ Ay, 50 ) ds (6:5)
TNATh TNATn oo D
+ / yYPP (o — B+ (B — /pu ) zm(dz))+ )du—/ ay(u pr’ )WY dL,
t

TNy,
; / / 8, pu(2)5Y D) — (VP )i(du, d).

Since © is a classical solution of the variational inequality (3.7)), we have

B YD) 4 AV I8, 50 + Y Pa— 4 (0~ [ pue) () 2 0
c
and — @(u yY )Yp’DdL >0ae. inueltT].

Oy

Taking expectation in (6.8]), we have
TNATh
Blty) < E {w N VD) + [ VPB4 (8- [ pulo)z w(dzm)du} ,
t C
for all Y?P € YO(t). It remains to show that

the family (@(T A Tn, erﬁ}\ .

)) is uniformly integrable under P. (6.9)
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We consider the function g(z) = 2P, p > 1 will be chosen later, z > 0. By using Itd’s

formula and since the function U is a power utility function, we have
3 D 3 g 3 D
g (O077) = 90w+ [ g (Tve)) dL, (6.10)
t
+ / / yY”D (pu(Z)_"’p — 1) a(du, dz)
¥ / Lo (F@vem) (puar7 = 14 3p(pu(2) = 1) ()
The solution of (6.10]) is given by the Doléans-Dade exponential formula
g (Uwye"))
T
= @ 2o (et [ [ (a7 = Uk aplons) - D) n(aia).
t
L 5 P \2 ’ —p
< 59U ) ((2£0)? + exp (29pLr +2 (@) = 1 9p(pu(z) — 1)) w(d2)du )
t

where (qu)ue[tﬂ is a local martingale defined by

zto=¢ ([ [ (ot - atan.a).

We choose p = 3= where 7' is defined in Assumption EI(i). From Assumption EILii) and

by Jensen mequahty, we have

/()T/Cps(z)_wﬂ(dz)ds < /OT (/(jps(z)_%pﬂ(dz))%ds

and so by Assumption [£.I] there exists a positive constant C such that :

E[exp <2’prT + 2/0T/C (ps(2)™" =1+ yp(ps(z) — 1)) 7r(dz)ds>] <Cy.  (6.11)

From the definition of (Z{,)sep, 1], we have

zr. =1 +/ / Z8 _(pu(2)7" = 1) i(du, dz)
t JC

Taking expectation under P and using Assumption [L.I(ii), we obtain

plzt?] < 21+ [ [1Z0P (o7 = 1) mide)an)

1—|—E/ |zt |du

IN

By Fubini’s theorem and Gronwall’s lemma , we have

Bl(Z,7] <& (6.12)
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From inequalities (6.11]) and (6.12]), we obtain that

Elg (OwYED))] < CugU)).

and so

:&RE [g (ﬁ(ij’f}\DTn))] < 0. (6.13)

x
Similarly, one can prove that sup F [g (erﬁ}g ﬂ < 00. Since M — oo when x goes to
nelN " T

infinity and from the growth condition (4.1]) , the property (6.9) holds. Sending n — oo,
we have 7,, — 0o P a.s. By dominated convergence theorem, we have (6.7)).

Second step: We show that v is the dual value function and (p, D) is the solution of the

dual problem i.e:

~ ~ T ~ ~
t9) = B|OGH+ [ o¥tla =54 (- [ pue)zn(as) ¥ =] 610

where Y} := Lose [t,T]. We consider the processes p and D and the positive number §

Ytu
such that (42]) and (£3]) hold. Then, we have
o, -~ pr ar o 00 o
_(u7yYu) + A (uayYuava _) + yYu(a - /8 + (5 - Pu(z) Z’]T(dZ))+) =0
ou dy c
and — g—Z(u,gYu)ffudLu =0ae. inueltT]
Let

7n, = inf{u > ¢t such that ‘ / (s, §ps(2)Ys) — @(s,gjf@)w(dz)‘ > n}.
C

Taking expectation in (6.8]), we have
. TA#n .
o(ty) = E [@(T Adn g Vi) + / GV — B+ (8 — /C pu(2) 2 m(d2)) 4 )ds| s = 4(&15)
t

Since the family <{)(T A%n,yYfﬂA%n» is uniformly integrable under P, equation (6.15])
n

implies (6.14) and so (p, D) is the solution of the dual problem.

0 N
Third step: We show that X* defined by X := —O—Z(S,QYS), s € [t,T] is the solution of

the primal problem.

Following same arguments as in Lemma 6.6 of Mnif and Pham [I5], we have from (6.14)):

v . 5 . .

S = B[ 11T - [ a6+ 6- [ pe)ent@) i) 610

o t a'ﬁ . . At a'ﬁ . .
JI(yY})) = —a—y(t,y) and in particular I(yY}) € Ci(t, —a—y(t,y)) (see characterization

B.3). Moreover, from definition of U and (Z4)), we have for all H € C, (t,z) :

= U(I(yY})) — yYHI(yYE) +yYViH.

UH) < UyY{) +yYiH
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Hence, by taking expectation, we obtain :

EU()] < E[U(I(yYTt»Hy<J<H>+§—Z<t,y>>

< EUUIY)),

v
where we used expression of — 3 (t,y) given in equation (6.16]), expression of J(H ) in Lemma
Y

9
3.2 in Mnif [I4], and the fact that J(H) < z = —a—v(t,y) (see equality (44)). From

Y

characterization 3.3] there exists 6* € A(t,x) such that :
IyYd) < X2 as. (6.17)

Since Y X107 — I Yo(a—B+(8— Jo pu(z) 2m(dz)) 4 )du is a supermartingale under P (see
Lemma 3.1 in Mnif [14]), we have :

E [Y%Xélx’e* - /tT Yo(a— B+ (8- /Cﬁu(z) zm(dz))y)du| < . (6.18)
From equation (6.I6]), and by (617, we actually have
Y%Xfp’x’e* = YEI(yYE) as
and equality in (6I8]). Therefore Y. X5%0" — ft (= B+ (B— Jopulz) zm(d2))4)du is a
martingale under P, and so relation X} = ——(s §Ys) = X5®9" holds for all s € [t,T]. O

0y
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