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Abstract

We evaluate the one-shot entanglement of assistance for an arbi-
trary bipartite state. This yields another interesting result, namely a
characterization of the one-shot distillable entanglement of a bipartite
pure state. This result is shown to be stronger than that obtained
by specializing the one-shot hashing bound to pure states. Finally,
we show how the one-shot result yields the operational interpretation
of the asymptotic entanglement of assistance proved in [Smolin et al.
Phys. Rev. A 72, 052317 (2005)].

1 Introduction

One of the most basic and widely studied entanglement measures for bipar-
tite quantum states is the entanglement of formation (EoF) [1], a quantity
so named because it was intended to quantify the resources needed to create
(or form) a given bipartite entangled state. The EoF of any bipartite pure
state is quantified by the entropy of entanglement, which is equal to the
von Neumann entropy of the reduced state of a subsystem. The EoF of a
bipartite mixed state pap, is then defined via the convex roof extension,
that is, as the minimum average entanglement of an ensemble of pure states
that represents pap:

Er(pap) = méaniS(Pix)a (1)

where € = {p;, [t)%5)} is an ensemble of pure biparite states such that
> pil ) (W = pap, and S(pY) is the von Neumann entropy of the reduced
state py = Trp ") (¢)'|ap. The popularity of the EoF is partly due to
its formal elegance and the many nice properties it enjoys [29, 30], and
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perhaps also due to its connections with the additivity problem in quantum
information theory [31].

From the operational point of view, the EoF is associated with the en-
tanglement manipulation protocol by which two distant parties, say Alice
and Bob, prepare a given bipartite quantum state, starting from an initial
entangled state which they share, by using only local operations and classi-
cal communication (LOCC). It turns out that the optimal (i.e., minimum)
rate, at which entanglement has to be consumed in order for Alice and Bob
to create multiple copies of the state with asymptotically vanishing error, is
given by the regularized EoF of the state [4].

Soon after the introduction of the EoF, another quantity, namely the
entanglement of assistance (EoA) [3], was introduced as its “dual”. It is de-
fined analogously to EoF but with the minimisation over ensembles replaced
by a maximisation, i.e.,

Ea(pap) = max ZPiS(PiA)- (2)

Unlike the EoF, the EoA is not an entanglement monotone and hence
it can in general increase under local operations and classical communica-
tion [2]. However, like the EoF, the EoA too can be associated with an
entanglement manipulation protocol, namely the one by which Alice and
Bob distill entanglement from an initial mixed bipartite state which they
share, when a third party (say Charlie), who holds the purification of the
state, assists them. Charlie is allowed to do local operations on his share of
the tripartite pure state, and his assistance is in the form of one-way clas-
sical communication to Alice and Bob. This is the sort of scenario which
occurs, for example, in the case of environment-assisted quantum error cor-
rection [5] 6] [7, 8, @, 10], in which errors, incurred from sending quantum
information through a noisy environment, are corrected by using classical in-
formation obtained from a measurement on the environment. In this case the
tripartite structure Alice-Bob-Charlie is mirrored by the structure sender-
receiver-environment, and the assistance from Charlie is replaced by the
ability to perform measurements on the environment and to exploit the re-
sulting information for error correction.

Another area in which the EoA arises naturally, is in the study of local-
izable entanglement in spin systems [11], 12} 13| [14]. The scenario here is as
follows: a pure state of a system of n >> 1 interacting spins is given, and the
goal is to localize (or “focus”) as much entanglement as possible between
two arbitrarily chosen spins, by performing a suitable measurement on the
remaining n — 2 spins. In this case, the assisting party is actually divided
into many subsystems (which are the n — 2 spins) and so it is natural to ask
what happens when the assisting measurements are restricted to be local in
each subsystem. The amount of entanglement that can be focussed in this
case is referred to as the localizable entanglement, and it is always at most



as much as the EoA. In fact, it is equal to the EoA when the assisting party
is allowed to act globally on all the constituent subsystems.

In the literature, one encounters cases in which the EoA is used to char-
acterize operational tasks of assisted distillation studied in the generic sce-
nario, where no assumptions are made on the state to be distilled. This
is often referred to as the “one-shot” scenario. However, the definition of
the EoA given in eq. (2]) has been shown to have an operational relevance
only in the asymptotic regime, i.e., when asymptotically many copies of
the same state are available for assisted distillation [7]. This points to an
apparent mismatch between the operational task and the quantity used to
characterize it. In order to remedy this problem, one should start from the
operational task itself, and from it, evaluate an expression quantifying the
amount of entanglement that can be distilled under assistance. This leads
to a one-shot EoA, which, by its very construction, has a direct operational
interpretation.

In Section 2 we introduce the necessary notation and definitions. In Sec-
tion 3 we evaluate the one-shot distillable entanglement of a pure bipartite
state. The one-shot entanglement of assistance is introduced in Section 4
and evaluated in Section 5. Section 6 deals with the asymptotic scenario,
where some previous results are recovered. Finally, Section 7 concludes the
paper with a summary and an open question.

2 Notation and definitions

2.1 Mathematical preliminaries

Let B(4) denote the algebra of linear operators acting on a finite-dimensional
Hilbert space . and let &(.%°) C B(.#) denote the subset of positive op-
erators of unit trace (states). Further, let 1 € B(J#) denote the identity
operator. Throughout this paper we restrict our considerations to finite-
dimensional Hilbert spaces, and we take the logarithm to base 2. For any
given pure state |¢), we denote the projector |¢)(¢| simply as ¢. Moreover,
for any state p, we define II, to be the projector onto the support of p.

For a state p € &(.), the von Neumann entropy is defined as S(p) :=
—Trplogp. Further, for a state p and a positive operator ¢ such that
suppp C suppo, the quantum relative entropy is defined as S(p||lo) =
Tr plog p — plog o, whereas the relative Rényi entropy of order o € (0,1
is defined as

Salpllo) = —— log[Tr(s"0"~)]. 3)

For given orthonormal bases {|i)}% ; and {|ig)}L, in isomorphic Hilbert
spaces 4 ~ HAp of dimension d, we define a maximally entangled state



(MES) of rank M < d to be

M
1
[Uhp) = —= > lia) @ ip). (4)
UL
In order to measure how close two states are, we will use the fidelity,
defined as
F(p,0) := Try/\/ﬁa\/ﬁzu\/ﬁ\/al, (5)
and the trace distance
lo - ol == Tr[p - ol. (6)

The trace distance between two states p and o is related to the fidelity
F(p,o0) as follows (see e. g. [18]):

1
1=F(p,0) < 5lp =0l < V1= F%(p,0), (7)
where we use the notation F2(p, o) = (F(p, a))2

The following lemmas will prove useful.

Lemma 1 (Gentle measurement lemma [26], 27]). For a state p € &()
and operator 0 < A <1, if Tr(p A) > 1— 0, then

Hp - \/Kp\/Kul < 2V,

The same holds if p is a subnormalized density operator.

Lemma 2. For any pure state |¢) and any given e >0, if 0 < P <1 is an
operator such that Tr(P¢) > 1 — ¢, then

F(VP|o),|¢) > 1 - e (8)
Proof. Since, Tr(P¢) > 1 — ¢, by Lemma [l we have that
IVPoVP — ¢|l1 < 2.
The lower bound on the trace distance in (7) then yields
F(VP|),|¢) = F(VPOVP,¢) > 1 — . (9)
i

Lemma 3. For any normalized state p and any 0 < P <1, if Tr[Pp] > 1—¢,
then

VPp\VP
Te[Pp] -

where w :=



Proof. The condition Tr[Pp| > 1—¢ implies that H\/ﬁp\/ﬁ —r|, < 24/e, [26],
27]. Let us define & := v Ppyv/P. Due to Lemma 11 in [28], we have that

Tr[Pp]+1 1 15 — gl
= g 197 Ph (11)
>1-2 -z
>1— 2.
Let w be a normalized state defined as w := % Since F(w, p) > F(@, p),
we obtain the statement of the lemma. |

In this paper we consider entanglement distillation under LOCC trans-
formations. In this context, a result by Lo and Popescu [17] on entanglement
manipulation of bipartite pure states plays a crucial role. They proved that
any LOCC transformation (AB +— A’B’) on a bipartite pure state |¢ap),
shared between two distant parties Alice and Bob, is equivalent to a LOCC
transformation with only one-way classical communication, which can be
represented as follows:

AMoap) =Y _(Ux @ Ex)pan(Ux @ Ep), (12)
k

where the operators Uy are unitary and the operators Ej satisfy the relation
>k Elek = 1 5. Henceforth, we say that an LOCC transformation is of the
Lo-Popescu form if it can be expressed as in (I2]). Consequently, for a map
A of the Lo-Popescu form, we have

ANly®op) = ZUkU];r@EkUBEZ,
k
= ]1A1®TB/, (13)

where 75/ 1= ), EkUBEI];. .

2.2 Entropies and coherent information

Optimal rates of the entanglement distillation protocols considered in this
paper are expressible in terms of the following entropic quantities:

For any p,0 > 0, any 0 < P <1, and any « € (0,00)\{1}, we define the
following entropic function (introduced in [22])

1

P ,:
ST (pllo) == ——

log Tr[v/ Pp*V/Po'~?]. (14)




Notice that, for P = 1, the function defined above reduces to relative Rényi
entropy of order « given by (3.
In this paper, we are in particular interested in the quantity,

S (pllo) = lim S5/ (pllo) = —log TV PIL,V'P o], (15)

where 1I, denotes the projector onto the support of p.
Note that
S (pllo) = So(pllo) = —log(Tr IL,0), (16)

which is the relative Rényi entropy of order zero. This quantity acts as a
parent quantity for the zero-coherent information, defined as follows:
I35 (pap) == min_ So(pap|[la©op), (17)
ocBES(HEB)
the nomenclature arising from its analogy with the ordinary coherent in-
formation 71475 (p4p), which is expressible in a similar manner, when the
zero-relative Rényi entropy is replaced by the ordinary relative entropy:

I*7B(pap) = S(p)— S(pap) (18)
= i S 1 . 19
ol (paBllla®op) (19)

If ¥¥, 51 is a purification of the state pap, then

7 (pap) = =17 (pan), (20)
where pap = Trp \I’ZlBE'
Note in particular that for a MES of rank M, as defined by (@),

I8P (W) = 1A= P (W) = log M. (21)

Another entropic quantity of relevance in this paper is the min-entropy
of a state, which is defined for any state p as follows:

Smin(p) = —log [)‘maX(p)], (22)

where Apax(p) denotes the maximum eigenvalue of the state p.

For one-shot entanglement distillation protocols it is natural to allow
for a finite accuracy, i.e., a non-zero error (say £ > 0), in the extraction of
singlets from a given state. In this case the optimal rates of the protocols are
given by “smoothed versions” of the entropic quantities introduced above.
In order to define them we consider the following sets of positive operators
for any normalized state p, and any £ > O:

b(p;e) :={o:0>0, Trlo] =1, F%(p,0)>1— 62}, (23)



p(p;e) ={P:0< P<1, Tr[Pp]| >1—¢}. (24)

Henceforth we shall refer to b(p;e) as the e—ball around the state p.
Further, by restricting the states o in (23] to be pure states, we obtain
the subset

b.(pie) == {lp) : p € b(pie)}- (25)
It was proved in [25] that for a bipartite pure state |pap), for any € > 0,
{Traleas] : pap € bu(dapie)} = b(pfe), (26)

where pg =Trq dap.
The relevant smoothed entropic quantities are then defined as follows:

Definition 1. For any given € > 0 the smoothed min-entropy of a state p is
defined as

Shain(p) 1= _nax Stin(P)- (27)
peEb(pie)

We consider two different smoothed versions of the zero-coherent infor-
mation, defined as follows:
Definition 2. The state-smoothed zero-coherent information is given by

I8 B(pap) = max min  So(pagp||la ® oB), 28
0. (paB) x| in, o(pagll ) (28)

and the operator-smoothed zero-coherent information is given by
IA7B PAB) =  max min ~ SE(pap||la®op). 29
S (pap) = max min S¥(palla@os).  (20)
The following technical lemmas involving the operator-smoothed coher-
ent information are used in proving some of our main results.

Lemma 4. If for a bipartite state pap and a pure state |1pap), for any given
e>0,
F*(pap,vap) = Trlpaptap] > 1 —¢, (30)
then
I (pap) = 157" (Wan). (31)

Proof. From (B0)) it follows that ¥ ap € p(pap;e). Using this fact, ([29) and
(I4]), we obtain

I87P(pap) >  min [— log Tr (v 94Ty, 5 VaB(14 & UB))}

oBES(HB)
> min [— log Tr Iy®0c }
L (Yap(la®op))
= I8P (Yap). (32)
where the second inequality follows from the fact that /1 4gll,,,v/¥ap <
YAB. |



Lemma 5. For any bipartite pure state |¢pap), any LOCC map A : AB —
A'B’, and any ¢ > 0,

5B (0aB) > I8 (Mo ap)). (33)

Proof. Since the LOCC map A acts on a pure state, without loss of generality
we can assume it to be of the Lo-Popescu form (I2)). Defining warp :=
A(pap), we have, starting from (29]),

UJA/BI

’fA’aB’ A = I {_1 T [\/EH
0,e ( ((bAB)) Pepgi/;s)og/gg(%y) e

\/ﬁ (]IA/ ®O’B/)}}

= . _1T[PH//P]1, ”
UBIEHél(II%”B,){ 08 LI 0 WABﬁ(A®UB)

< —log Tr [ POHwA/B/VPO 1y ® &B/)}
= —logTr [ VAT, v/Fo ALa @ 0p)|

—log Tr {A* ( Polly,,, \/Fo) (14 ®UB)] ;

(34)

for any state op € &(#%). In the above, Py is the operator in p(wa/p/;¢)
for which the maximum in the first line is achieved; 5 is a state in &(#5)
such that 6 = A(1l4 ® op), and A* denotes the dual map of A, defined,
for any operator X and state p, as Tr[XA(p)] = Tr[A*(X)p].

Let us now define Qap := A*(VPoIl,, ,, ,,v/Py). Then, continuing from
equation (34)), we obtain

—ffo,?B/ (A(¢paB)) < —logTr [@AB (1a® UB)}

_ ! (35)
—log Tr [ QaB ¢aB \/Qap (14 ®UB)] ,

IN

for any state op and any pure state ¢4p, since @AB > \/éAB(bAB\/éAB.
Let us now choose op to be the state op achieving the minimum in the

second line of (35)), i. e.

If}]ign {—log Tr [ QAB $AB vV Qan (la® UB)]}
= —log Tr [ QaB dAB \/ Qap (14 ® 5B)] ;

so that

If(f?B, (A(paB)) < Igljlgn {—log Tr [ Qap ¢ap \/Qap (14 @ O'B)] } (37)



We next prove that Qg € p(dap; 2v/E). In fact, since Py € p(warpr;e),
by the Gentle Measurement Lemma,

[A@am) — VRA @AV < 2VE (38)
We therefore have, by definition of @ AB,

Tr [@ABGMB} = Tr {\/FOHA((;&AB)\/FO A(¢AB)]
= T [y VRA(G5) VRO
Tr [Ty (g, ) A(Pa5)]
+ Tr [HA(@,B)(\/FO Moap)V/Po — A(@AB))}

> 1—||[vVPoA(das)VPo — Moan)|h
> 1-2v, (39)

where the second line follows from the cyclicity of the trace, and the last
inequality follows from (B8]). This implies that Qap € p(dap;2+/c). Hence,
we have from (37

fo,?B/(A(gbAB)) < I{'ljign {—bg Tr [ Qap ¢ap \/Qap (14 ® UB)] }

< max min — log Tr {\/ﬁ OAB VP (Ig® O'B)]
Pep(paB;2ve) OB

= Ié;£(¢AB),

(40)
which completes the proof. |
Lemma 6. For any bipartite pure state |pap) and any € > 0,

13- P(648) > Squm(p%), (41)
where pfl :=Trp ¢pap. Further,
7 2
I (6a8) < Ses (03) — log(1 — ). (42)



Proof. We first prove ([@I]). Starting from (28]) we have:
I27B(pag) : = max min ~ So(papllla®o
b (0a5) PABED(PABiE) oBES(HB) o(pas] 5)

> max min = Sy(pap|la®op)
PABEb.(PpaB;e) oBEG(HB)

= max min —logTr[pag(la®0c
QABEb*((bAB;E)UBEG(ﬂB){ g [QDAB( A B)]}

= max — log Amax 12
PABEb«(daB;E) { & (pB)}

- max Smin (ﬁB)
pEEb(PYsE)

= anln(p%)a

where in the fifth line we made use of (26]).
Next, we prove (@Z). By Lemma [ for any P € p(¢;¢), the state v/P|¢p)

is a pure state such that F? <\/ﬁ]q§>, ]qﬁ>) > 1 —2y/e. Let us define the
following two sets, for any given bipartite pure state ¢4 and any &' = 24/e:

(43)

o (bap) = {|soAB> € Hr® Hi : [pa) — %,P € p(6a5:)

(44)
Obviously, «7¢ (¢ap) C by(dap;e’), with the set b, (dpap;e’) being defined
by (23). Then,

fg‘?B(quB) = max min [— log TI“(\/F@AB\/F(]I ® O'B))]
’ Pep(dapie) B

< max min{—logTr(goAB(]l ®O'B))] —log(l —¢)
lpaBYed (pa) 7B

< max min[— log Tr(¢ap(1 ®O'B))] —log(1l —¢),
lpap)€b«(PaBie’) OB

= max min[— logTr(ﬁBUB)] —log(1 —¢),
pBEL(PF ") 9B

= max [_ log )‘max(ﬁB)] - 10g(1 - 6)

pBEb(pB;E)
=S5n(ph) —log(1 —¢) (45)
—52VE(p%) —log(1 —¢), (46)

where pg :=Trs¢ap and pﬁ := Trp ¢ap. In the above, the second inequal-

ity follows from the fact that & (¢pap) C by(dap;e’), the third inequality

follows from the fact that b.(¢ap;e’) = b(p%;e’) as stated in (28], and the
last identity holds because ¢4p is a pure state. |
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3 Distillable entanglement of a single pure state

In order to approach the problem of quantifying the one-shot EoA of an
arbitrary bipartite mixed state, we start from the simple but insightful case
in which two distant parties, say Alice and Bob, initially share a single
copy of a pure state |¢pap). Their aim is to distill entanglement from this
shared state (i.e., convert the state to a maximally entangled state) using
local operations and classical communication (LOCC) only. For sake of
generality, we consider the situation where, for any given ¢ > 0, the final
state of the protocol is e-close to a maximally entangled state, with respect
to a suitable distance measure. More precisely, we require the fidelity (&)
between the final state of the protocol and a maximally entangled state to
be>1—e¢.

Definition 3 (s-achievable distillation rates for pure state). For any given
€ > 0, a real number R > 0 is said to be an e-achievable rate for one-shot
entanglement distillation of a pure state pap := |dap)(dan|, if there exists
an integer M > 2% and a maximally entangled state \I/% g such that

F2 (A(¢AB), \I]%B’) >1- £, (47)
for some LOCC operation A : AB +— A’'B’.

Definition 4 (One-shot pure-state distillable entanglement). For any given
e > 0, the one-shot distillabe entanglement, Fp(¢4p;e), of a pure state ¢pap
is the maximum of all e-achievable entanglement distillation rates for the

state ¢ap.

Bounds on the one-shot distillable entanglement of a pure state ¢pap are
given by the following theorem.

Theorem 1. For any bipartite pure state pap and any € > 0,

cin(0) — A < Ep(dapie) < Sam(ph) —log(1—2VE),  (48)

where pﬁ = Trpdap, € = /2y, and 0 < A < 1 is a number

included to ensure that the lower bound in (48) is the logarithm of
an integer number.

Remark 1. The above theorem shows that, for any given € > 0, the smoothed

min-entropy ﬁlin(pi) essentially characterizes the one-shot distillable entan-

glement of the bipartite pure state |pap).

'For the more general case of mixed states, see [28]

11



Remark 2. Tt is interesting to compare the lower bound of Theorem [ with
the one-shot hashing bound proved in Lemma 2 of [28] for an arbitrary
(possibly mixed) state. For pure states, using Lemma [0 the latter yields:

1 g2
Ep(¢ap;e) > an/ii(pi) + log (3 + Z) - A, (49)

where d = dim J#,. It is evident that the bound in Theorem [ is tighter
than (49]), in particular because there is no explicit logarithmic dependence
on the smoothing parameter €. From the technical point of view, this arises
because, for the case of pure states, we can directly employ Nielsen’s ma-
jorization criterion and hence do not need to use random coding arguments,
which are necessary in the general case.

The proof of Theorem [l can be divided into the following two lemmas.

Lemma 7. For any bipartite pure state ¢ap and any € > 0,
Ep(éan:e) = Siu(p) — A, (50)

where A > 0 is the least number such that the left hand side is equal to the
logarithm of a positive integer.

Proof. Let us begin by considering the case ¢ = 0. In this case, Nielsen’s
majorization theorem [16] implies that, using LOCC, it is possible to exactly
convert any pure state |¢p4p) to a maximally entangled state of rank equal to

{ﬁJ , where Apax denotes the maximum eigenvalue of the reduced density

matrix pﬁ. Using the definition (27]) of the min-entropy we then infer that
Ep($ap;0) > log | 2500 | (51)

If we allow a finite accuracy in the conversion, a lower bound to the
distillable entanglement can be given as follows.

For any |¢pap) € b.(¢ap;e), by Nielsen’s theorem, there exists an LOCC
map A such that

F2 (A (Gan) , ¥p) =1, (52)

where logM = Shin (pf‘).
On the other hand, due to the monotonicity of fidelity under the action
of a completely positive trace-preserving map,

1-e<1-¢e?><F*(¢ap,daB)
< F? (A (¢aB) . AM(¢aB)) (53)
= F? <W%B/7A(¢A3)) :

12



This yields the bound Ep(¢ap;e) > log M, for any |¢pag) € bi(dap;e). In
particular, we have that

Ep(¢apie) > max log|25mlR) |, (54)
$ABEb.(PaB;E)

Since the two sets {Trg[paB] : ¢aB € b.(dap)} and b(pf‘;a) coincide [25],
we finally arrive at

€ P
ED(¢AB7€) 2 log LQerlir\(pA)J . (55)

Lemma 8. For any bipartite pure state ¢ap and any € > 0,
Ep(¢an:€) < Sim(p%); (56)

for &' =/2\/e.

Proof. Let r be the maximum of all achievable rates of entanglement dis-
tillation for the pure state ¢ap, i.e. logr = Ep(¢ap;e). This means
that there exists an LOCC transformation A that maps |p4p) into a state
warp = A(¢pap) which is e-close to a maximally entangled state |U", 5/) of
rank 7, i.e., F2(A(¢ap, ¥y 5) > 1 —ec. Then,

Ep(¢ap;e) =logr
= 1" 7P (V)

< IG5 (M(gap)) (57)

< Tgf?ﬁ(mg)

< 82 (p%) —log(1 — 2V/2),

for ¢/ = \/24/e, where the first, second and third inequalities follow from
Lemma [ Lemma Bl and Lemma [6] respectively. |

4 One-shot entanglement of assistance

As stated in the introduction, the definition of the EoA arises naturally
when considering the task in which Alice and Bob distill entanglement from
an initial mixed bipartite state p4p which they share, when a third party
(say Charlie), who holds the purification of the state, assists them, by doing
local operations on his share and communicating classical bits to Alice and
Bob.

In order to express these ideas in a mathematically sound form, we start
by noticing that any strategy that Charlie may employ can be described

13



as the measurement of a positive operator-valued measure (POVM) {Pg};,
followed by the communication, to both Alice and Bob, of the resulting
classical outcome i. Since the state shared between Alice, Bob, and Charlie is
pure, say |0 po)» Charlie’s POVM'’s are in one-to-one correspondence with
decompositions of pa B into ensembles {p;, pil 5 ti, via the relation pipf4 B =
Tre[¥) o (Lap ® PL)]. The fact that Charlie announces which outcome
he got, means that Alice and Bob can apply a different LOCC map for each
value of 7.

An important point to stress now is that, in general, the distillation pro-
cess is allowed to be approximate. This is needed, in particular, if one later
wants to recover, from the one-shot setting, the usual asymptotic scenario,
where errors are required to vanish asymptotically but are finite otherwise.
In the classically-assisted case we are studying here, since the index 7 is visi-
ble to Alice and Bob, they can apply a different LOCC map A; for each state
pf4 - We can hence choose to evaluate the distillation accuracy according to
a worst-case or an average criterion. Here we choose the average fidelity as
a measure of the “expected” accuracy. This leads us to define the maximum
amount of entanglement that can be distilled in the assisted case, namely,
the one-shot entanglement of assistance, as,

Ex(pap;e)

= l 7\1 ! ‘1(1\4/ , > ]
— {I’Ha}}i I]‘Idlax { Og IIlaX < pZ ﬁ AB A’'B ) - 6} 9

Aapli

where each A’ is an LOCC map from AB to A’'B’.

As proved in Appendix[Al the maximization over Charlie’s measurement
in the above definition can always be restricted, without loss of generality,
to rank-one POVM’s. Since rank-one POVM’s at Charlie’s side are in one-
to-one correspondence with pure state ensemble decompositions of p4p, we
can equivalently write

Ea(pap;e)

= max  max {logM max F2 <ZpiAi(¢i‘B),\I'%B,> >1- 5} .
i

{Pz’¢7;43}1 MeN {AAB}z
Yipid'yg=PAB

(59)

In order to quantify Ea(pap;e) then, it is sufficient to quantify the
maximum expected amount of entanglement that can be distilled, in average,
from any given ensemble of pure bipartite states. This is the aim of the
following section.
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5 Distillable entanglement of an ensemble of pure
states

Given an ensemble & = {pi,¢f43} of pure states, we define, for any given
€ > 0 the one-shot distillable entanglement of € as

Ep(¢;e) = max{logM: max F? (ZpiAi((bQB),\I/%B,) >1 —5},

MeN (A% )
(60)

where each A’ is an LOCC map from AB to A’B’. According with equa-
tion (B9), the one-shot entanglement of assistance E4 of a given mixed state
pPAB is given by

Ex(pap;e) = m@axED(Qf; £), (61)

where the maximum is over all possible pure state ensemble decompositions
€ of pap.

For any given ensemble € = {pi,qﬁf'AB} of pure states, we define the
quantity

i

Fmin(e) = min Smin(pﬁ )7 (62)

where pf = Trp ¢f43. This quantity can be intuitively interpreted as a
conservative estimate of the amount of entanglement present in the ensemble
€. Further, for any such ensemble, and any given € > 0, let us define the set

8<(€¢) == {é = {Pup};  Tr@hp < 17ZpiF(@f43=¢ilB) 21— 8},

(2
(63)
and let 8_(€&;¢) denote the set obtained from 8 (&;e) by restricting the pure
states ¢’z to be normalized.

Theorem 2. For any given ensemble € = {p;, ¢z} of pure states,
and any € > 0,

_ max Fmin(é)—A < Ep(€e) <  max Fmin(é), (64)
EeS_ () EcS (Ee!)

where e = ¢/2, " := \/2y/g, and 0 < A < 1 is a number which is
included to ensure that the lower bound in (064) is the logarithm of
an integer number.

The proof of this theorem is divided into the following two lemmas.

Lemma 9 (Direct part). For any pure state ensemble € = {p;, ¢y 5} and
any € > 0,

ED(@, 8) >  max Fmin(é) - A7 (65)
EeS=(¢;e!)
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where A is the minimum number in [0,1] such that the right hand side is
equal to the logarithm of an integer number M > 1.

Proof. From Theorem [Il we know that, given the pure bipartite state qﬁfA B
Smin( ¢1)

Alice and Bob can distill log {2 Pa J ebits with zero error. Hence,

given the ensemble € = {p;, ¢f4 5}, Alice and Bob can distill, without error,

. Smin (P ) .
at least min; log \‘2 4 ebits. For any pure state ensemble €, let us

. . . Smin (p¢l)
then introduce the quantity M (&) := min; |2 4

If a finite accuracy € > 0 is allowed, then it is possible to give a lower
bound on the one-shot distillable entanglement Ep(€;¢) as follows. Let us
consider the set of ensembles of normalized pure states of the form & =
{pi, P45}, such that >, p;F(¢'y 5, 44p) > 1 —e. Then, for any ensemble &
in such a set, there exist LOCC maps A’ : AB — A’B’ such that

<Z p@Al z M(@) =1, (66)

where \I/i\l/[,ge,) denotes a maximally entangled state of rank M (¢). Equiva-
lently, A (@Y 5) = \If%ée), for all 7. Then,

1-e< ZpiF ($ap> Pan)

< sz F (A (dUp), N (Pap))
<F (sz ¢AB ZplAl 7 ))
=F (Zm’ $ap). W) ,

where the second line follows from the monotonicity of fidelity under com-
pletely positive trace-preserving (CPTP) maps, the third line follows from
the concavity of the fidelity, and the last identity follows from (66]). Hence,
we conclude that there exist LOCC maps A* for which

(szA’ $ap)s Vo 5)) >1 - 2, (68)

(67)

that is, B
Ep(€;2¢) > log M (&), (69)
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for any € in the set introduced above. By maximizing M (&) over all such
ensembles and comparing the result with the definition in (62)), we obtain
the statement of the lemma. |

Lemma 10 (Converse part). For any pure state ensemble ¢ = {p;, ¢\ 5}
and any € > 0, -
Ep(€;e) < max Fuin(€), (70)
S (€e)
where ' = \/2\/c.

Proof. Let r be a positive integer such that Fp(€;e) = logr. According
to (GU), this means that there exist LOCC maps A* : AB — A’B’ such that

Tr Zpl (hp) Wig | >1—e. (71)

Since the maps A’ act on pure states, without loss of generality we can
assume them to be of the Lo-Popescu form ([I2]).
Further, equation ([fIl) above, in particular, informs us that

U €9 <ZpiAi(¢f43);€> : (72)
This fact in turns implies that
Ep(€;e) =logr
= I (W)
= min {—log Tr [V (La @ o]} (73)
< —logTr [V (1o ®@6p)]

< —log Tt [ (W Ty poniiar) W) (Lae @35)]

for any state 6. To obtain the last inequality, we simply used the fact that
U g > U, 5 II0%, 5, for any 0 < II < 1. We then choose g so that

o (W Ty Vi) (10550

= min {— log Tr [(\117:4/3, HzipiAi((égB) \I’TA/B/> (Tar® O'B’)] } .

opr

(74)

From (72)), (73]) and (74]) we infer that
Ep(&e) < I (Zp@ m) (75)
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Let us now introduce an auxiliary system Z and an orthonormal basis
for it {|iz)} that keeps track of the classical outcome i labeling the states
in €. Let us denote by 7%, the projector |i)(i|z. By further introducing the
states wa g = ZipiAi(¢f43) and warpz = Y, pil\i(PYp) @ wt,, so that
wA'B = Try WA'B' 7z, W€ have

ED(@, 6) < .ffoé;_)B/(WA/B/)

= max min {— log Tr {\/ﬁl‘[

- Pep(wyrprie) B!

= min {—logTr { Polly, vV Po (14 ® O'B/)}}

opr

CUAIBI

\/1_3 (]1,4/ ®UB/)]}
(76)

< —logTr [ Poll,,, . v/ Po (14 ® DB/)} ,

where the operator Py in the third line is the one achieving the maximum,
and vp in the fourth line is any state in &(#p/). In particular, since
11 QR1y > 11 we have that

UJA/B/ UJA/B/Z’
Ep(€;¢) < —log Tr [ Pl v/ Po (Ly @ )

= —log Tr {\/ Po@1z(I,,,, @1z)VRelz (14 ® 173'2)]
< —logTr [\/ Po@1zl,,, ., VP ®1lz (1g® DB/Z)} ;

(77)
for any state vg .
Let us then choose vp/ 7 to be the state such that
—log Tr [ Pl Vol (ly® DB/Z)]
(78)

— min {—logTr [ P@igl,,, , VRol; (1y® VB,Z)} } .

VBl'z

Moreover, note that (Py®1z) € p(waprz;€), since Py € p(warpr;e). In fact,
the operator (Py®1 z) also belongs to the following set of quantum-classical
(q-c) operators:

Pac(0ABz;€) =

{PABZ =Y Pip®ry

7

0< Pip <1ap, Tr(Papzoapz) >1— 6} :

(79)

Hence, we can write

Ep(€;e) < max min {— log Tr |:\/6HWA’B’Z\/6 1y ® I/Blz)} }

N Qepac(warpgr 7€) VB! 2
(80)
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Let the Kraus representations of the CPTP maps A; : AB — A'B’
satisfying (1) be written as A;(p) = >, V, Z.,OV!L, so that 3° V;L Vi, = 1an
for all . Using these, we construct a CPTP map .# : ABZ — A'B'Z as

M pasz) =D Vi, ©7%) papz (Vi @ 7). (81)

i M

In terms of the map .# so constructed,
7

Defining the quantum-classical (q-c) state capz := Y., pid’y g @7, we have,
continuing from (80,

Ep(€;e) < max min{—logTr {\/@H/[(JABZ)\/@ (1A’®VB’Z)}}

T Qepac(M(oaBz)iE) VB Z

= min {— log Tr [\/@H%(JABZ)\/@ (1o ® VB'Z)} } ) (83)

Vplz

where Qo € pyc(A# (0aBz);€) is the g-c operator achieving the maximum in
the second line. This implies that

Ep(€e) < —logTr {\/@H///(UABZ)\/@ (1o ® VB/Z)] ; (84)

for any state vp/z.

Due to the fact that the maps A; are in the Lo-Popescu form (I2), it
follows that the map .# (obtained from the A;’s) is also in the Lo-Popescu
form. The identity (I3]) then implies that

Ep(€;e) < —logTr {\/@H%(UABZ)\/@ M(As® ﬁBz)} : (85)

for any state Upz. By using the dual map .Z™*,
Ep(€;e) < logTr [ (VQUW 4045 V/Q0) (14 787)|,  (86)

for any state Ugz. By denoting the operator .#* (‘/QOH///(UABz)‘ /QO) as
Qpz, we have, for any state gz,

Ep(€&;e) < —log Tr [\/ Qaplly \/ Qapz (14 ® 532)} , (87)

since QABZ > \/QABZHJABZ\/QABZ. Let us also choose Uz so that
— log Tr [\/ Qapzlo,p, \ Qapz (14 ® 1732)}
= min {— log Tr [\/ QABZHO'ABZ \ QABZ (1a® VBZ):| } .

vBZ

(88)
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Using the particular form (8Il) of .#, and the facts that ocapz is a q-
c state and Qo € Ppgc(0apz;€), we can prove that the operator QABZ €
Pac(0ABz; 24/€), using arguments similar to those leading to (39).

Hence, continuing from equation (87), we can write

Ep(€;e) < min {— log Tr [\/ Qapzllo,p, \/ Qapz (1a® VBZ)] }

vBZz

< max mln{—logTr {\/_HUABZ\/IB (]1A®VBZ)]}-
Pepyc(capzi2v/e) VBZ

(89)
Let £ := 2\/_ Then, for any P =Y. P4p ® 7 in pec(capz;e’), let us
define | Y4B =/ P} B[qﬁ Yp)- As a consequence of Lemma [2, we have that
> il (‘PAB7¢AB) >1— /¢, so that
Ep(€&;e) < max min{—logTr {\/ﬁHJABZ\/F (1A®VBZ)]}
Pepgc(0aBzie’) VBZ

log T ® 14®
Gesin(zx \ﬁ)ryr}l;;l{ ogTr [(Php ®7Yy) (1a®vpz)|}

| N

= max minmin {— log Tr [,O@iI/B ] }
¢eSc(¢Ve) ¢ VB b )

= max min|—log Anax PW )
EeSc(EVe) b [ ( B)]

= max  min Syy ‘Z’i, 90
Eese(Ene) ¢ min(P} ) (90)

where we used the fact that )\max(pg) = )\max(pf) = Smin(pf;), since @%B
is a pure state. |

6 Asymptotic entanglement of assistance

Consider the situation in which three parties, Alice, Bob and Charlie jointly
possess multiple (say n) copies of a tripartite pure state |Uapc). Alice
and Bob, considered in isolation, therefore possess n copies of the state
paB = Tro VU 4pc, i.e., they share the state p . We refer to this situation
as the “i.i.d. scenario”, in analogy with the clasmcal case of independent and
identically distributed (i.i.d.) random variables. We define the asymptotic
entanglement of assistance of a state psp as

E¥(pap) :=lim lim EA(p%g;e), (91)

e—=0n—oo N

where for any € > 0, EA(p§%7 ¢) denotes the one-shot entanglement of as-
sistance of the state p%, defined in (58] and quantified in (6I) and (64).
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The same notation EY°(pap) was used in Ref. [7] to denote the regular-
ized EoA, formally defined as lim,, o %E A(p% ) from ([@). The aim of this
section is to show that the two quantities coincide, so that, in fact, there is
no notational inconsistency. At the same time, this provides an alternative
proof of the operational interpretation of the regularized EoA given in [7].

The main result of this section is the following theorem:

Theorem 3. For any bipartite state pap

EX(pap) :=lim lim —E4(p%%;e) = lim —EA(p%p), (92)

e—~»>0n—ocon n—oo n

where for any state wap,

Ej(wap) = sz PA (93)

{Pz \cpAB
WAB=2; pz‘PAB

denotes its entanglement of assistance, with pf =Trp [Lpng].

In order to prove this, we first need to introduce a few more definitions.
Let 04pz be a quantum-classical (qc) state, i.e.

OABZ = ZPNQB & Wiz, (94)

i

for some probabilities p; > 0, > . p; = 1, some normalized states O'%B €
& (4 ® H%), and some orthogonal rank-one projectors w5, = |i)(i|z (that
we fix here once and for all). As it has been done already in (79)), along the
proof of Lemma [I0] we define the sets

Pac(0aBzi€) == {PABZ = ZPAB ® 7y OT;]%BZi]I_AgB’ } ;o (99)
and
byc(0apzi€) ==
HSDABH1 = HSDABH (96)

GJABZ:ZPMAB@WZ F(w,0) Zp, (¢',0)>1—¢

i

The sets defined above are analogous to those introduced in ([23]) and (24)),
with the difference that the quantum-classical structure of the argument
o ARz 1s here maintained.

For technical reasons that will be apparent in the proofs, we also need to
introduce an additional smoothed zero-coherent information, besides those
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in (28) and (29), defined as, for any qc state c4pz and any € > 0,
IAwBZ(

0. OABZ) = max min So(GaBz||[1a®vEz). (97)
GABZEbqc(0ABZ:E) VBZES(HBRH7)

We then proceed by proving the following lemma, which is nothing but
a convenient reformulation of Theorem
Lemma 11. For any bipartite state pap and any € > 0,
max 3557 (0%52) — A < Ea(papse) < max EZ/EZ(U%BZ% (98)
where the maxima are taken over all possible pure state ensembles € =

{pi, gbi‘B} such that pap = ), pi¢f43, and for a given ensemble € = {p;, gbi‘B},
JE‘BZ = > pidyp®@my,. In the above, the real number 0 < A <1 is included
to ensure that the lower bound is equal to the logarithm of a positive integer.

For the sake of clarity, we divide the proof of the Lemma above into two
separate lemmas. The first is the following:

Lemma 12. For any given ensemble € = {p;, ¢f43} of pure states, and any
e>0,

Ep(€e) < I(fg_)\/]gZ(UEBZ% (99)
where 085, = >, pidlp @ T, and TOA;\/BgZ(UgBZ) is defined in (29).

Proof. The equation number (89) in the proof of Theorem [2] that is,

Ep(€:e) < ind _logTr [VPIL, VP (1
p(&e) < | | DX D { o8 r{\/— ams VP A®VBZ)]}
(100)

already proves the statement, since pyc(capz;2ve) C p(oapz;2V/€). |

Lemma 13. For any given ensemble € = {p;, gbi‘B} of pure states, and any
e>0,
Ep(€;) > I{55% (0% ,). (101)

where 08p, == > pidlyp @ T and IS};}?Z(JEBZ) is defined in (97).

Proof. The statement is a direct consequence of the lower bound in Theorem
2l This can be shown as follows:

A~BZ ( € :
15257 (0apz) = max min {—logTr (I, ,, (14 ® vBz)|}
UABZech(UABZ§€/2) VBz
o
= ~ max min min {— log Tr [,0% I/B} }
{#y p}iTr @Yy p=1 i v
P F(eY gdYy g)=1—¢/2
i
= max min {— log Anax <p§ > }
1

(Y pliTr @Yy p=1
S piF (8l by g)>1-¢/2
—i
= ~ max. min Smin(p7 ), (102)
{@qul}i:Tr.@%le 1
S piF (8l gy ) >1-¢/2
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since )\max(p;) = )\max(p;) = Smm(p;), with p; = Tra(@") and p; =
Trp(@"), because @'y 5 is a pure state. To obtain the identity on the third
line, we made use of the fact that Il5,,, = >, p4p ® 7. [ |

The proof of Theorem [l can be divided into the following two lemmas.

Lemma 14. For any bipartite state pap,
1
EX (pas) = nh_{go nEA(pAB)7 (103)

Proof. Let € = {p;, ¢"y5} be an ensemble of pure states for psp and &, =
{p, ¢ B, be an ensemble of pure states for pS%. First of all, note that
the pure states ¢f4n B, need not be factorized. For this ensemble, define the
tripartite state

Tahg = Zpl‘ Wop, @TY € B(A @ AL @ AL, (104)

where wg’l = |in)(in| € &(H5™), with {|in)}; being an orthonormal basis

of A",
From (@8)) of Lemma [IT] we have, for any given £ > 0,
An~BnZn n
EA(P%ga ) > HéaXIo /QB Z (O-EBZ) Ay (105)

with 0 < A,, < 1. We then have:

. o1
EX (pap) :=1lim lim _EA(pf?;;e),

e—0n—oon

1 A
B ¢
>lim lim — max I °" Zn(gCn
e—>0n—ocon &, 0,e/2 ( ABZ)

1 Ap~+BnZ
> lim lim — max I/'»07Pnen ( o ®")
T es0n—ocon ¢ 0e/2 Covivy

= max {IA%BZ(UEBZ)}. (106)

The proof of [I06]) can be found in Appendix Bl
From the definition of the state U%B 5 it follows that for the ensemble

¢ = {pl, gbi}B}a
[A=BZ (4 Zpl PB (107)
where p% =Traz(0%p,). From (I06) and (I07) we hence obtain

EY > S o
A(PAB)—mgX;p (P%)

= Ex(pan)- (108)
The statement of the lemma can then be obtained by the usual blocking
argument. |
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Lemma 15. For any bipartite state pap,
1
00 < 1 - Xn
EX(pap) < nhm nEA(pAB), (109)

Proof. From (O8) of Lemma [I1] we have, for any given € > 0,

An—BnZn( Ep
Es(pS5;¢) <maxI027_ (TaB2)s (110)
where the maximisation is over all possible pure state decompositions of the
satte p4

From Lemma 14 of [22] we have the following inequality relating the
smoothed zero-coherent information to the ordinary coherent information:

7An HBnZn(O,jnBZ) < (”UABZ)
0,2ve l1—¢
4(" 1o ” +1
(e (@) *) -y
— &

where &/ =2/, ¢ = 2Ve/, d} = dimA#" and d}y, = dim (5" @ A5").

Moreover, analogous to (I07]) we have

An=BnZn

= (0%,) Zp '0¢' . (112)
Hence,

1 7
EA (pAB) nhm —n HéiXI (O'ABZ)

= Jgn;oﬁmaXZp qul

— ; - n
= Jlim nEA (r5) (113)

7 Discussion

In this paper we evaluated the one-shot entanglement of assistance for an
arbitrary bipartite state psp. In doing this, we proved a result, which is
of interest on its own, namely a characterization of the one-shot distillable
entanglement of a bipartite pure state. This result turned out to be stronger
than what one obtains by simply specializing the one-shot hashing bound,
obtained in [2§], to pure states.

Further, we showed how our one-shot result yields the operational in-
terpretation of the asymptotic entanglement of assistance in the asymptotic
i.i.d. scenario. In this context, an interesting open question is to find a one-
shot analogue of the result EY°(pap) = min{S(pa), S(pp)} proved in [7].
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ments in (58))

Suppose in fact that the optimal assisting measurement at Charlie’s is given
by the POVM {P}}; (not necessarily rank-one). Then the resulting shared
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state will be > p(i)pYy Ty @, where p(i)pYy g = Tre [(Lap ® PL) Yapcel,
and 7" is the shorthand notation for the projector |i)(i|. In this form, the
systems X and Y, at Alice’s and Bob’s side respectively, are classical regis-
ters carrying the information about the outcome of Charlie’s measurement.

Now, consider the situation where Charlie actually performs the rank-one
POVM {|pi){pilc} iy, with D2, [pa)(pile = P}, and communicates the
double index outcome (i, 11;) to Alice and Bob. In this case, the shared state
between Alice and Bob can be written as Zwip(i,ui)\w(i’“i)><<ﬂ(i’“i)\,4]3 ®
Tl ® ki, @ T ® m}, where

(i, 1) [ (00 | 4 g = Tre [(Lap @ |wi)(pilc) Yanc).

It is easy to verify that ZMp(i,ui)|gp(i’“i)><gp(i’“i)|,43 = p(i)pY g, so that,
in order to retrieve the optimal case, Alice and Bob simply have to first
perform a partial trace over the registers X’ and Y’, respectively, and then
proceed with the required LOCC transformation. The partial trace can be
effectively seen as a coarse-graining of Charlie’s measurement.

B Appendix B: proof of equation (106

Equation (I06]) is proved by using Lemma and Lemma [I7] given be-
low. However, before stating and proving these lemmas, we need to recall
some definitions and notations extensively used in the Quantum Information
Spectrum Approach [32] [33]. A fundamental quantity used in this approach
is the quantum spectral inf-divergence rate, defined as follows [33]:

Definition 5 (Spectral inf-divergence rate). Given a sequence of states p =
{pn}SSy, pn € &(5®™), and a sequence of positive operators 6 = {0, }5° ,
with o, € B(H#®"), the quantum spectral inf-divergence rate is defined in
terms of the difference operators A, () := p, — 2™ 0, as follows:

D(pl|6) = sup {7 : liminf Tr[{An() > 0}Au(m)] =1}, (114)

where the notation {X > 0}, for a self-adjoint operator X is used to indicate
the projector onto the non-negative eigenspace of X.

Lemma 16. For any given bipartite state pap, let € denote a pure-state
ensemble decomposition, and let €, denote a pure-state ensemble decompo-
sition of the state p%% . Then, using the notation of (I04), we have

1
lim lim — max

IAnWBnZn( ¢y
e»0n—ocon &, 0.

OaBz) = mgxflg?Q(fATgBZHﬂA ® pz), (115)

where 64p, = {(Uisz)m}nzl, I = {19"}n>1, and 0py = {vp, €
6(%B®n ® %Z@m)}nZl-

28



Proof. Let & be the pure state ensemble decomposition of psp for which
the maximum on the r.h.s. of eq. (IT5) is achieved. Since € is fixed, in the
following, we drop the superscript ¢ whenever no confusion arises, denoting
O'EBZ simply as o4pz.

From the definition (@) it follows that, for any fixed £ > 0,

Ap~sBn Zn (€
1oz (0 48 )

max

¢
— in S (_Gn ||]l®n ® n )
= max max min So(0,4"p 7 |11 ®vp, 7,

" a-j‘ianZnech(o’A%Z;g) VBnZn
: —n ®n n
Zmax max o min So(94,p,z,[14" ® vE,z,)
JAanZnquC((UABz) "E) VB Zn
: —n ®n n

27 max on rrpln SO(UAanZn|’]1A ®VBnZn)' (116)

O B Zn E0ac(0 45 73€) VBn Zn

For each v} , and any v € R, define the projector
Pl =Pl(vh, 5 ) ={0%%, -2 (A" @ v 5 ) > 0}. (117)

Since the operator o’y 5 , in (II6]) is a qc operator, it is clear that the
minimization over v , in (II6]) can be restricted to states diagonal in the
basis chosen in representing qc operators. Consequently, also P, has the
same qc structure.

Next, let us denote by 4pz the i.i.d. sequence of states {U%EZ}nZL
For any sequence vy := {V]gnzn}nzh fix § > 0 and choose v = v(Vpz) =
D(6apz||1a ® 0Bz) — 0. Then it follows from the definition (I14) that, for
n large enough,

[\

T [P) o57,] > 1 - %, (118)

for any € > 0. Further, define
Vol VPl

nY = -
YA Bz, = WA B2, VBuz,) = T Flom ] (119)

which, by Lemma [3, is clearly in ch(aﬁ’g 4:€), the qc-ball around the state

o%% ;. defined by (96).
Then, using the fact that II n~

< P;, and Lemma 2 of [34], we have,
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for any fixed € > 0,

1
nlLH;oE {r.h.s. of (II6)}

1
> . - : n,y ®n n
>l in Solil, 13" B, 2.)
1
_ 3 _ 1 — n n &
= Jim o i { -l T [y, , (15" @ 05,2,)]}
1
> . = . _ Y RXn n
2 Jim = min {~logTr [PY(1F" © 45, 7,)]}
> min~y(Vpz)
VBZz
= minQ(é’Agzﬂ]AlA@’)BZ)_é
VBZz
= maxmin D(6% 514 @ 757) - 0 (120)
VBZz

Since this holds for any arbitrary 6 > 0, it yields the required inequality (I15])
in the limit € — 0. |

We also use the following lemma [4], which employs the Generalized
Stein’s Lemma [35] and Lemma 4 of [22]. We include its proof for the sake
of completeness.

Lemma 17. For any given bipartite state p AR,

min D(parlila @ 6r) = S(parlla ® pr), (121)
R
where par = {pSptn=1, pPr = Trapar, 6r = {0}, € S(HF" )} n>1, and
]lA = {]l%m}nzl.
Proof. Consider the family of sets M := {M,, }p>1
M, = {7}, ®op, € S(H" @ HAZ™)}, (122)

such that 7} := (14/da)®". For this family, the Generalized Stein’s
Lemma (Proposition II1.1 of [35]) holds.
More precisely, for a given bipartite state par, let us define

[ee) : 1 n
Sxtlpar) = lim —Sy, (P5R); (123)

with Sy, (p%‘%) = minwann M, S(p%%”wﬁan), and A, (y) = p%‘%—Q”“waan.
From the Generalized Stein’s Lemma [35] it follows that, for v > S5°(par),

lim min  Tr[{A.(y) > 0}A,(y)] =0, (124)

n—00 wﬁan eMy,,
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implying that ming , ,em D(parll@war) < Sy (par). On the ot
v < SJC\)/[O(/)AR)’

im  min Tr[{A(y) > 0}AL(9)] = 1,

n—=oowy g €My
implying that ming,, ,em D(parl|lwar) > S5t (par). Hence

min_D(parll@ar) = Sy (pAR)-
WAREM

Finally, by noticing that, due to the definition (I22]) of M,
min D(par|@ar)
wAREM

= minD(par|la ® 6r) +logda,
GR

and that, due to Lemma 4 in [22],

S5 (par) = S(par|la @ pr) +logda,
we obtain the statement of the lemma.

From Lemma [16] and Lemma [[7] we conclude that

her hand, for

(125)

(126)

(127)

1 .
lim lim = max 577 (6% ,) > maxmin D(6Sp,)14 ® 0pz)
no UBz

e—0n—oon ¢

= max S(ohpzllla®

|:IA—>BZ( ¢

= max OABZ

¢

where 0%, = Try 04 3,. Thus (I08) is proved.
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