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Abstract

This paper concerns a numerical study of convergence properties of the boundary
knot method (BKM) applied to the solution of 2D and 3D homogeneous Helmholtz,
modified Helmholtz, and convection-diffusion problems. The BKM is a new
boundary-type, meshfree radial function basis collocation technique. The method
differentiates from the method of fundamental solutions (MFS) in that it does not
need the controversial artificial boundary outside physical domain due to the use of
non-singular general solutions instead of the singular fundamental solutions. The
BKM is also generally applicable to a variety of inhomogeneous problems [11,12,22]
in conjunction with the dual reciprocity method (DRM). Therefore, when applied to
inhomogeneous problems, the error of the DRM confounds the BKM accuracy in
approximation of homogeneous solution, while the latter essentially distinguishes the
BKM, MFS, and boundary element method. In order to avoid the interference of the
DRM, this study focuses on the investigation of the convergence property of the BKM
for homogeneous problems. The given numerical experiments reveal rapid

convergence, high accuracy and efficiency, mathematical simplicity of the BKM.
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1. Introduction

Due to the pioneer work by Nardini and Brebbia [1], the boundary element method in
conjunction with dual reciprocity method (DRM) and radial basis function (RBF), can
now be used to obtain approximate solutions of general partial differential equation
(PDE) systems. This strategy is often called as the dual reciprocity BEM (DR-BEM)
[2]. An explosive increase in applying the DR-BEM to various problems is seen in
recent years [3]. However, as was pointed out by Golberg and Chen [4], the DR-BEM
still suffers some inefficiencies inherent in the standard BEMs. Compared with the
FEM, the method is mathematically more complicated to learn and to use for common
engineers. Handling singular integral is also often cumbersome and the lower order of
polynomial approximation greatly slows its convergence speed. For higher-
dimensional moving boundary and discontinuous problems, the mesh or remesh can
be very time-consuming. As a consequence, the method of fundamental solution
(MFS), originally introduced in Russian in 1964 [5], was strongly recommended by
ref. [4,6]. The method is also called as the regular BEM in some literature [7]. The
MES is indeed simple to learn and to program and has spectral convergence and high
order of accuracy. More importantly, the MFS combining with the DRM and RBF is
an essentially meshfree technique for various higher-dimensional PDEs, which is
especially attractive in handling moving boundary, nonlinear and multiscale problems
[4,8]. Despite these salient merits, the MFS has not been popular in the computational
engineering community [9]. The blame goes to the controversial artificial boundary
outside physical domain [7] to circumvent the singularity of the fundamental
solutions. An arbitrary in determining the fictitious boundary significantly
downgrades the practical applicability of the method, especially for complicated-
shape problems [7,10].

As an alternative technique, Chen and Tanaka [11,12] introduced the boundary knot
method, which eliminates the drawback applying the ambiguous auxiliary boundary
and holds all advantages of the MFS. The essential difference between the BKM and
MEFS is that the former uses the non-singular general solutions instead of the singular
fundamental solutions. With the help of the DRM and RBF, the BKM was also tested
successfully in some inhomogeneous problems [11,12]. The method is a truly

meshfree, integration-free, mathematically simple, boundary-type, RBF collocation



discretization technique for a variety of PDE systems. Unlike the other meshfree FEM
and BEM schemes based on moving least squares [13], the RBF-based schemes
requires no mesh either for interpolating variables or for numerical integrations in
handling high-dimensional problems with any complex-shaped domains. This
inherent meshfree advantage in the BKM owes to the fact that the method is a pure

radial basis function technique.

Very recently, the authors became aware of relevant pioneer works by Kang et al [14-
16] and Chen et al [17-20], where the nonsingular general solutions, the influence
functions called in Kang et al [14-16], of the Helmholtz equation and thin plate
vibration equation are first employed to construct a meshfree boundary-only
collocation formulation of the corresponding eigenvalue problems. Their approach is
closely similar to the BKM in that both use the nonsingular general solution to
evaluate the homogeneous solution. As mentioned by Chen et al [17], the nonsingular
general solution of the Helmholtz equation has also in fact earlier been used by DE
MEY [21] with a weak form boundary integral formulation to evaluate the Helmholtz
eigenvalue problems. It is noted that different from the approach given in [14-20], the
BKM is feasible for the inhomogeneous and nonlinear problems in general in
conjunction with the dual reciprocity method for the evaluation of the particular
solution. A symmetric nonsingular boundary formulation was also proposed in Chen

[22] for dealing with self-adjoint problems having mixed boundary conditions.

The RBF was originally introduced in the early 1970s to multivariate scattered data
approximation and function interpolation [23]. The strategy has since been applied to
neural network, computational geometry [24,25], and most recently, numerical PDEs
[1,26]. The prominent merits of the RBF approaches are independent of
dimensionality and geometric complexity, and mathematically very simple to
implement [27-30]. For example, the introducing the RBF into the BEM [1] has
eliminated its major weakness in handling general inhomogeneous terms, while the
domain-type RBF collocation method, pioneered by Kansa [26], is very promising for
a wide range of problems. Nevertheless, constructing efficient RBF is still an open
research topic. Chen and Tanaka [31] attributed the prowess of the RBF to the
essential relationship between Euclidean distance concept and the field theory, and

more broadly, to kernel functions of convolution integral equations. A general strategy



creating efficient operator-dependent kernel RBF was also presented there on the
grounds of integral equation theory, in particular, the Green second identity for

numerical PDE.

As a boundary-type RBF methodology, the BKM has great potential to handle a broad
range of problems. The method has been applied successfully to 2D linear
homogeneous and inhomogeneous Dirichlet Helmholtz, modified Helmholtz, and
nonlinear Burger problems with a smooth elliptical domain [11,12,31,32]. Hon and
Chen [33] also verified that for Helmholtz and convection-diffusion problems having
2D domain with sharp outside corners and inside cutouts and mixed Dirichlet and
Neumann boundary conditions, the BKM produced very accurate, stable solutions
with small numbers of nodes. Due to its very recent origin, however, the systematic
numerical and theoretical studies on the issues of convergence, stability, and accuracy
are still missing now. As was mentioned earlier, the DRM and RBF are employed in
the BKM to approximate the particular solution of inhomogeneous problems.
Therefore, in terms of resulting experimental results, the error of the DRM confounds
the BKM accuracy in approximation of homogeneous solution, while the latter
essentially distinguishes the BKM, MFS, and boundary element method. It is well
known that the accuracy of the DRM approximation is largely dependent on the
proper choice of the RBF just as used in the MFS and DR-BEM. An in-depth analysis
of this issue is beyond the present study. The readers are advised to see an excellent
analysis of the DRM convergence and accuracy given in [34]. For the BKM solution
of inhomogeneous problems see refs. [11,12,31-33]. In order to avoid the interference
of the DRM, this paper focuses on numerical investigation of convergence, stability,
and accuracy of the BKM in the analysis of some typical 2D and 3D homogeneous

Helmholtz, modified Helmholtz, and convection-diffusion problems.

In what follows, the BKM is introduced first in section 2, followed by numerical
investigation of convergence, accuracy, and stability in section 3, and finally, some

remarks are presented based on the results reported herein.



2. Boundary knot method and applications

The BKM divides the solution of the general PDEs into two components of
homogeneous and particular solutions. Like the MFS and DR-BEM, the DRM and
RBF are usually used to evaluate the particular solution, and then, differently from
both, the BKM formulates the resulting homogeneous solutions in terms of the non-
singular general solutions of the respective homogeneous equation. The DRM has
been well developed in recent years [2,4,34]. For completeness, we briefly present its
basic methodology first, and after that, the non-singular general formulation for

homogeneous solution is introduced in details.
2.1. Approximation of Particular Solution
Let us consider the modified Hemholtz problem
0% = Pu = f(x) (1)
defined in a region V bounded by a surface S as an illustrative case, where f{x) is

inhomogeneous term and x represents multidimensional independent variable.

Boundary conditions on surface S are stated in a general form

u(x)=R(x), xs,, (2)
d“dfl") =N(x),xO5,, (3)

where 7 is the unit outward normal. The solution of Eq. (1) can be decomposed as

u=u,tu,, 4)

where u;, and u, are respectively the homogeneous and particular solutions. The

particular solution satisfies



Dzup —Azup =f(x), Q)

but does not necessarily satisfy boundary conditions, while the homogeneous solution

y satisfies

O%u, = Xu, =0, (6)

u, (x) = Rx)-u,, (7)
o, (x) _ _ th(x)

P N(x) n (8)

To evaluate the particular solution, the left-side inhomogeneous term of Eq. (5) is

approximated first by

N+L

f(x)D;akdrk)’ )

where r, = ||x —xk” represent the Euclidean norm distance; ¢ is the RBF; and a, are

the unknown coefficients. N and L respectively denote the numbers of knots on
boundary and domain. If the RBF ¢ is conditionally positive definite, a linear

polynomial term ¢ is usually added [4,34-36]. In terms of Eq. (9), we have
a=4,f(x), (10)

where 44 1s the RBF interpolation matrix. Finally, we get particular solutions at any

point by summing localized approximate particular solutions

N+L

u, = a,®(), (11)



where @is related to the radial basis function @, namely,
0P -1 =gp. (12)

In [2,11,12,31,33] the approximate particular solution @ is determined beforehand,
and then we evaluate the corresponding RBF ¢ by a simple differentiation process,
while in [4,34], the RBF ¢ is a priori defined, and accordingly, the analytical
approximate solution @is then derived by a sophisticated integration procedure. Both
approaches work equally well in practical numerical computations. The latter is,

however, practically workable only in the limited cases [4].
2.2. Non-singular general solution formulation

What differentiates the BKM from the DR-BEM and MFS is that the former applies
the non-singular general solution to produce a boundary-only formulation of the
homogeneous problems. In terms of the homogeneous modified Helmholtz equation

[7], the non-singular general solution is given by

, 1 p) (n/2)-1
un(r):—(ﬁj L (), n22, (13)

. 1 A (n/2)-1
u, (r) = —(—j K2} (/]r), n=2, (14)

where / and K represent the modified Bessel functions of the first and second kinds,
respectively. It is noted that K has logarithm singularity at the origin, which leads to
troublesome singular integral in the BEM and controversial fictitious boundary in the

MES.



By using the non-singular general solution (13), the homogeneous solution of Eq. (6)
is represented by a weighted linear sum of function values of the non-singular

solution at all boundary nodes, i.e.,
u,(v)= 2 Bl (15)

where j is index of source points on physical boundary; and L denotes the total
number of boundary knots; and £ are the desired coefficients. Collocating boundary

equations (7) and (8) by approximation representation (15), we have

> Bullr)=R(x)-u,(x). (16)

(17)

where i and m indicate boundary response knots respectively located on Dirichlet
surface S, and Neumann surface S;; and Lp and Ly are the corresponding numbers

of the response nodes. For the inhomogeneous problems, the following equations at

interior knots are supplemented
& #
S Butln)=u —u (x), 1=1..,N, (18)
j=l

where N is the total number of interior points used. Egs. (16), (17) and (18) make up
of the resulting simultaneous algebraic equations. It is seen from the preceding
procedure that unlike the MFS, the BKM places all nodes only on physical boundary

and the same set of boundary knots is used as either source or response points.



2.3. Non-singular general solutions of Helmholtz and convection-diffusion

operators

It is straightforward to extend the above BKM procedure for the modified Helmholtz
problems to more general cases. We here present the non-singular general solutions of
Helmholtz and convection-diffusion operators. For the non-singular general solutions
of the other known operators such as time-dependent diffusion and wave operators,
biharmonic operators see Chen and Tanaka [31]. Note that the following x and r
respectively represent n-dimensional independent variable and the corresponding

Euclidean distance. For the homogeneous Helmholtz equation

D*w+ Aw=0, (19)
the non-singular general solution is
1 n/2-1
w'(r) = (Hj ot (AF), 122, (20)

where J is the Bessel function of the first kind. For the convection-diffusion operator
DPp+veOp—-kp =0, (21)
where D denotes the diffusivity; k represents the reaction coefficient; v is velocity

vector; and marked r denotes the distance vector between the source and response

knots. Its non-singular general solution is

, 1 ( u (/21 _vm
P, (r):g[ﬁ) e Plyyiwr), 022, (22)
where
MY k[
= — — | . 23
% (2 R (23)



In section 3, we will investigate 2D and 3D homogeneous Helmholtz, modified
Helmholtz, and convection-diffusion problems with different shaped domains. It is
noted that in the 3D cases, the corresponding non-singular solutions have simpler

forms, namely,

W;# (I") — Sinl(ﬂﬂl") (24)
for the Helmholtz,
() :—Sinlj,(””) (25)

for the modified Helmholtz, where sinh denotes the hyperbolic function, and

# (7") - 6_5 SlIlh(,Ul") (26)

for convection-diffusion, where (/is defined in Eq. (23).

It is stressed here that by using computer algebra package “Maple”, we have verified
that all the above RBF non-singular general solutions rigorously satisfy the
corresponding homogeneous equations. Moreover, these general solutions are C”

smoothness.

3. Results and discussions

To show the convergence, accuracy and stability of the BKM, we analysed a number
of homogeneous Helmholtz, modified Helmholtz, and convection-diffusion problems

with different 2D domain geometries shown in Figs. 1-3 and a 3D sphere. The

average relative error in the following figures is defined as

10



1 &lu, —u,
err =— ) |——=, 27
N; » (27)

k

where k is the index of inner nodes; u; and u, are respectively analytical and BKM

solutions at inner node k; and N represents the number of interior nodes of interest.
The interior knots were randomly chosen and shown as small crosses in Figs. 1-3 for
the 2D cases. The blank circles along boundary represent the boundary knots. The
convergence behaviour of the BKM is clearly shown in the given curves of the

average relative error against knot numbers.

Case 1. 2D Helmholtz problems

The Helmholtz equation is fundamentally important in many engineering and science
branches. Figs. 4 and 5 illustrate the average relative error curves for a Dirichlet

homogeneous Helmholtz problem with the analytical solution
u(x, y) = sin(x)cos(y) . (28)

The domain geometries are ellipse, square, and square with an elliptical hole. The

wave number of the non-singular general solution (20) is A=+/2 for this case. It is
seen from both Figs. 4 and 5 that the BKM solutions consistently converge very
quickly. For example, the convergence rate for the square plate is 31.8 before
reaching the minimum relative error value. Fig. 6 displays the average relative error
curve of the homogeneous Neumann Helmholtz problem with the same analytical
solution and square domain shown in Fig. 1. It is observed that like the Dirichlet
cases, the convergence behaviour of the Neumann problem is very sound and stable
with a convergence rate of 50.7. After reaching the minimum values, the error curves
have the oscillations of small range in all these cases. Numerically, one concludes that

the BKM has the super-convergent speed in the present cases.

To investigate the Helmholtz problems with the medium and high wave numbers,

consider the Dirichlet problem with analytical solution

11



u(x, y) = sin(Ax) + cos(Ay). (29)

Figs. 7 and 8 respectively show the error curves for the cases involving wave number
A=20 and A=100. It is found that in each figure, the BKM requires more knots to
produce the solution of acceptable accuracy for the case with ellipse domain than for
that with square domain. By comparing the results of Figs. 7 and 8, it is also noted
that the higher the wave number, the more knots are necessary to suffice accuracy.
The convergence curves of both cases are also quite oscillatory and show that the

severe ill-conditioning seriously affects the solution accuracy.

To clearly expose the wave property of the Helmholtz problem, Fig. 9 illustrates the
solution surface with wave number 4=20 in a square domain. Figs. 10 and 11 present
the relative error surfaces using 12 and 18 BKM boundary knots, respectively, which
were generated with the relative errors at 101x101 knots uniformly covering the unit
square. It is seen that with the exception of the relatively less accurate solutions at
very few knots, the BKM solution accuracy as a whole is quite high even with 12

boundary knots.

Case 2. 2D modified Helmholtz problems

The BKM is tested to the modified Helmholtz problems with analytical solution

ulx,y)=e™. (30)

A in the corresponding non-singular general solution (13) is here equivalent to V2.

As a matter of interest, Fig. 12 shows the accurate solution surface of this Dirichlet
problem with square domain. Figs. 13 and 14 display the corresponding relative error
surfaces using the BKM with 8 and 20 boundary knots, respectively, where the error
surfaces were also yielded by relative errors at 101x101 knots uniformly covering the

unit square. It is surprising to note that the error surface of the 8 boundary knots BKM

12



is very smooth and regular, while, in contrast, that of BKM using 20 boundary knots

is very random. In both cases, highly accurate solutions were obtained.

The relative error behaviours against the knot numbers are clearly illustrated in Figs.
5, 6 and 15, respectively. It is seen from Fig. 15 that the BKM converges stably and
quickly in both Dirichlet cases involving ellipse and square domains. Furthermore,
Fig. 5 shows that the BKM performs equally well for the Neumann case, while Fig. 6
demonstrates that the BKM 1is robust and yields very accurate solutions for the
Dirichlet modified Helmholtz problem with relatively complex-shaped domain, a

square with an elliptical hole.

Case 3. 2D convection-diffusion problems

Next, we look into the BKM solution of the steady Dirichlet convection-diffusion

problems with analytical solution

ulx,y)=e™ +e™. (31)

The parameter 4 in the non-singular general solution (22) is V2 / 2 for this case. The

BKM average relative error curves are given respectively in Fig. 5 for square domain
with an elliptical hole and Fig. 16 for both square and elliptical domains. It is seen
from Fig. 16 that the BKM performs better in square domain case than in elliptical
domain case. In the latter, the visible oscillation is observed for the larger numbers of
knots. It is, however, worth stressing that the BKM solutions in both cases are very
accurate. For the case involving square domain with elliptical hole, the BKM solution
converges very quickly as shown in Fig. 5. From the above experiments, the boundary
geometry seems not to have strong affect on the convergence and accuracy of the

BKM solution.

Case 4. 3D Helmholtz, modified Helmholtz, and convection-diffusion problems

Finally, we examine the 3D Dirichlet problems under unit sphere domain. The

analytical solutions are respectively

13



u(x,y,z) = sin(x)cos(y)cos(z) (32)
for the Helmholtz equation,
u()c,y,z)Ze'r te’ +e’ (33)
for the modified Helmholtz equation, and

ulx,y,z)=e* +e™ +e* (34)

for the convection-diffusion equation. The characteristic parameters A and 4 in the
corresponding non-singular solutions (13), (20) and (22) are V3, /3, and \/5/2,
respectively. The same Helmholtz and convection-diffusion cases involving a unit
cube have been investigated in [33]. Here they are reanalysed to show the
convergence and stability of the BKM through the curves of the relative errors against
knot numbers. The average relative error curves of the BKM solutions at the interior
knots of x=0,0.2,-0.4,0.5,-0.6,0.8,-0.9, y=2z=0 are plotted in Fig. 17. It is noted that the

BKM boundary knots on the sphere surface were taken randomly.

It is found that the accuracy of all three cases is constantly improved as the
incremental BKM boundary knots. It is especially stressed that the programming
effort for 2D and 3D cases makes no difference for the BKM. The present 3D

experiments further confirm the excellent accuracy and efficiency of the BKM.

4. Concluding remarks

It is revealed from the forgoing relative error curve figures that with the increasing
number of sampling BKM boundary nodes, the calculated results do exhibit

convergence trend in all tested cases. Moreover, the convergence is quick and stable

in general. The efficacy of the BKM formulation is validated for the Helmholtz,

14



modified Helmholtz, and convection-diffusion problems, which are practically

important in a broad range of physical and engineering areas.

The present study was undertaken to numerically examine the convergence behaviour
of the BKM. The given experiments meet this objective. The BKM has neither
singular integration, slow convergence and mesh in the DR-BEM nor artificial
boundary outside physical domain in the MFS. These merits lead to excellent
performances in computational accuracy, efficiency and stability as shown in the
preceding section 3. On the other hand, the method is extremely simple to learn and
easy to program, especially for complicated shapes and higher dimensions. In shark
contrast, the MFS suffers a severe difficulty in handling complex geometry problems

[7,37] due to a controversial artificial boundary.

More theoretical analysis and experimental studies of the BKM should be beneficial.
For example, we do not know by now if the BKM can be applied to exterior
problems. We also do not have a mathematical proof of the solvability and
convergence of the method although it always succeeds in various experiments. Some
issues concerning the optimal location of the knots and the choice of the radial basis
function in the context of the BKM for the inhomogeneous problem has yet to be

investigated. This is the subject of the future study.
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Fig. 1. Configuration of a square domain
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Fig. 3. Configuration of a square with an elliptical hole
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Fig. 4. Average relative error curves for Dirichlet Helmholtz problems with elliptical

and square domains
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Fig. 5. Average relative error curves for Dirichlet Helmholtz, modified Helmholtz,
and convection-diffusion problems with square domain with elliptical hole
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Fig. 6. Average relative error curves for Neumann Helmholtz and modified Helmholtz
problems with square domain
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Fig. 7. Average relative error curves for Dirichlet Helmholtz problems with medium
wave number A=20
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Fig. 8. Average relative error curves for Dirichlet Helmholtz problems with high wave
number A=100

Fig. 9. Wave profile of Dirichlet Helmholtz problem of wave number 20

22



Fig. 10. Relative error surface of Dirichlet Helmholtz problem
of wave number 20 using 12 BKM boundary knots

Fig. 11. Relative error surface of Dirichlet Helmholtz problem
of wave number 20 using 18 BKM boundary knots
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Fig. 12. Solution profile of Dirichlet modified Helmholtz problem

Fig. 13. Relative error surface of Dirichlet modified Helmholtz problem
of wave number 20 using 8 BKM boundary knots
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Fig. 14. Relative error surface of Dirichlet modified Helmholtz problem
of wave number 20 using 20 BKM boundary knots
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Fig. 15. Average relative error curves for Dirichlet modified Helmholtz problem with
elliptical and square domains
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Fig. 16. Average relative error curves for Dirichlet convection-diffusion problem with
elliptical and square domains
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Fig. 17. Average relative error curve for Dirichlet Helmholtz, modified Helmholtz and
convection-diffusion problems with 3D sphere domain
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