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ENDPOINT MULTIPLIER THEOREMS OF MARCINKIEWICZ
TYPE

TERENCE TAO AND JIM WRIGHT

ABSTRACT. We establish sharp (H', L19) and local (L log"™ L, L™9) mapping
properties for rough one-dimensional multipliers. In particular, we show that
the multipliers in the Marcinkiewicz multiplier theorem map H' to L1 and
Llogl/2 L to LV*°, and that these estimates are sharp.

1. INTRODUCTION

Let m be a bounded function on R, and let T}, be the associated multiplier

T f(€) = m(€) £(£).

There are many multiplier theorems which give conditions under which T, is an
LP multiplier. We will be interested in the mapping behaviour of T}, near L'.
Specifically, we address the following questions:

e For which 1 < ¢ < oo does T},, map the Hardy space H' to the Lorentz space
Lba?

e We say that 7}, locally maps the Orlicz space Llog” L to L™ if
1T fllovaxy < CrllfllLiog Lik)

for all compact sets K and all functions f on K. For which » > 0 and
1 < ¢ < oo does Ty, locally map Llog" L to L'4?

Standard interpolation theory (see e.g. [) shows that if Ty, locally maps Llog" L
to L9, then it locally maps Llog” to L7 whenever § < ¢ and 7 > r+ % — %. Also,
extrapolation theory ([[3, [[2]) shows that T, maps Llog" L to L' if and only if

the LP operator norm of T}, grows like O((p —1)"""!) asp — 1.

Here and in the sequel, n is an even bump function adapted to +[1/2,4] which
equals 1 on +[3/4, 3].

Definition 1.1. If m is a symbol and j is an integer, we define the j*" frequency
component m; of m to be the function

m; (&) = n(§)m(2°¢).
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We say that T, is a Hormander multiplier if the frequency components m; are in
the Sobolev space L% ot uniformly in j. These multipliers are Calderén-Zygmund
operators and hence map H! to L' (and even to H!), and L' to L%*; see e.g.
[L0]. By interpolation one then sees that T}, locally maps L log” L to L''? whenever

r<1/q.

We now consider multipliers not covered by the Hormander theory. We say that
Ty is a Marcinkiewicz multiplier if the frequency components m; have bounded
variation uniformly in j. The Marcinkiewicz multiplier theorem (see e.g. [[L0])
shows that T}, is bounded on LP.

Our first result characterizes the endpoint behaviour of Marcinkiewicz multipliers:

Theorem 1.2. Marcinkiewicz multipliers map H' to L, and locally map Llog" L
to LY9 whenever r > %—I—%. Conversely, there exist Marcinkiewicz multipliers which

do not map H' to L*? for any q < oo, and do not locally map Llog" L to LY9 for
any r < % + %.

We can generalize the notion of a Marcinkiewicz multiplier as follows.

Definition 1.3. [E] Let X denote the set of all functions of the form
m=Yeru
I

where I ranges over a collection of disjoint intervals in #[1/2,4], and the ¢; are
square summable coefficients:

O led)? < L. (1)
I

Let X denote the Banach space generated by using the elements of X as atoms;
note that this space includes all functions of bounded variation on +[1/2,4]. We

say that T}, is a Ry multiplier if the frequency components m; are in X uniformly
in j.

This class is more general than the Marcinkiewicz and Hérmander classes. In [E] it
was established that R, multipliers are bounded on all LP, 1 < p < oo.

We can extend the positive results of Theorem B as follows.

Theorem 1.4. All the statements in Theorem @ continue to hold for Rs multi-
pliers.

One can also show the LP norms of these multipliers grow like max(p,p’)%/? by
converse extrapolation theorems (see ) This is sharp. Theorem B also has an
easy corollary to multipliers of bounded s-variation as studied in [ﬂ], we detail this
in Section E

We now consider another multiplier class which is slightly smoother than the Rj
multiplier class.
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Definition 1.5. [ Let X’ denote the set of all functions of the form
m=>cr;
I

where I, ¢y are as in the definition of X, and the 1; are C'0 bump functions
adapted to I. Let X’ be the atomic Banach space generated by X’. We say that
m is in Rf/22 if

lym(277 )l £ 1 (2)

for all integers j, where 1 is a bump function adapted to +[1/2,4] which equals 1
on +[1,2]. We say that T;, is a R?/z 5 multiplier if the frequency components m;

are in X’ uniformly in j.

This class was first studied in [E], it contains the Hormander class, is contained in
the Ry class, and is not comparable with the Marcinkiewicz class. In [E], Theorem
2.2 the Rf/Q , multipliers were shown to map H* to L'*°; we can improve this to

Theorem 1.6. R%/Z? multipliers map H' to LY2, and locally map Llog" L to

LY whenever r > rnax(%, %) Conversely, there exist R?/z o multipliers which do
not map H' to LY for any q < 2, and do not map Llog" L to L9 whenever
r < max(3, %)

The converse extrapolation theorem in ] thus shows that these operators have
an LP operator norm of O(max(p,p’)), and this is sharp.

Thus, to summarize our main results, Ry multipliers map both H' and L log L'/?
to L1*°, while the smoother R%/Q o multipliers map both H' and Llog L'/? to L2,
with all exponents being best possible.

From the classical study [E] of the multipliers
etlél”
N @)

it is known that the condition (f]) cannot be replaced with a weaker [¢ condition,
q > 2, if the intervals I are the same size. However, even if the intervals are different
sizes, one still cannot relax this condition, as the following result shows.

Definition 1.7. [ For any 1 < g < oo, let thz be defined as in X’ but with (EI)

replaced by
QY i<t

k  I:|I|~2k
Let Yé be the atomic Banach space generated by thz' We say that T, is a R%/27q

multiplier if the frequency components m; are in Yé uniformly in j.

Theorem 1.8. For any q > 2, there exist R%/Q q multipliers which are unbounded

on LP for |% — %| > %. In particular, there are no mapping properties near L*.
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One can obtain positive (L?, LP) or (LP, LP*?) mapping results when 2 < ¢ < oo
for these operators by complex interpolation between Theorem E and trivial L2
estimates (cf. [ff]), but we shall not do so here.

The space H'! has of course appeared countless times in endpoint multiplier theory,
but the appearance of the Orlicz space L logl/ 2 I space is more unusual. This space
first appeared in work of Zygmund [@], who showed the inequality

o0

Q1@ S U lrog 1 (4)

=0

for all f on the unit circle S'. This inequality can be viewed as a rudimentary
prototype of the multiplier theorems described above (indeed, one can derive (E)
from either of the above theorems by transplanting the results to the circle, and
considering multipliers supported on the dyadic frequencies 27). As we shall see in
Section E, the space L logl/2 L is in fact very similar to the Hardy space H' in that
it has an associated square function which is integrable.

The space L2 has appeared in recent work of Seeger and Tao [E] Very roughly
speaking, just as the space L'** is natural for maximal functions and L' is natural
for sums, the space L'? is natural for certain square functions. A concrete version
of this principle appears in Lemma @

This paper is organized as follows. After some notational preliminaries we detail
the negative results to the above Theorems in Section . In Section |§ and the
Appendix we show how both H' and Llogl/ 2 I functions are associated with an
integrable square function. In Sections E, E, ﬂ we then show how control of this
square function leads to L2 and L''° multiplier estimates. Finally, we discuss the
Vg class in Section E

This work was conducted at UNSW. The authors thank Gerd Mockenhaupt and
Andreas Seeger for useful comments. The first author is supported by NSF grant
DMS-9706764.

2. NOTATION

We use C' to denote various constants, and A < B, A = O(B), or “B majorizes A”
to denote the estimate A < CB. We use A ~ B to denote the estimate A < B < A.

Here and in the sequel, A; denotes the Littlewood-Paley multiplier with symbol
n(277-), where 7 is as in the introduction. For integers j, we use ¢; to denote the
weight function

¢;(x) = 27 (1 + 2% |z*) =/, ()
Similarly, for intervals I we use ¢; to denote the weight

¢1(x) = |I|(1+ |1*[af*) =2/, (6)
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These weights are thus smooth and decay like |x|_3/ 2 at infinity. Many quantities
in our argument will be controlled using the ¢;, ¢r; the reason why the decay is so
weak is because we are forced at one point to use the Haar wavelet system, which
has very poor moment conditions. (The exact choice of 3/2 has no significance, any
exponent strictly between 1 and 2 would have sufficed).

3. NEGATIVE RESULTS

In this section we detail the counter-examples which yield the negative results
stated in the introduction. In all of these examples IV is a large integer which will
eventually be sent to infinity, (e;), 7 is the standard basis of 1(Z), and ¢ is a
non-negative even bump function supported on {|¢| < 1} which equals 1 at the
origin and has a non-negative Fourier transform. Some of our counter-examples
will be vector-valued, but one can obtain scalar-valued substitutes by replacing e;
with randomized signs €; = £1 and using the Lorentz-space version of Khinchin’s
inequality; we omit the details.

3.1. Marcinkiewicz multipliers and R, multipliers need not map H! to
LY for any ¢ < co. Consider the symbol

mo(§) = X[1,00) (§)P(§ — 1). (7)

The convolution kernel miy of this function is bounded for |z| < 1, and can be
estimated via stationary phase as

mo(x) = €™ [z + O]z ?) (®)

for |z| > 1. If we then test this multiplier against a bump function f with f (0)=0
and f(1) # 0, we see that f is in HY, but | T, f(x)| ~ 1/x as |z| — 00, 50 Ty, f is
not in L™ for any g < oo.

3.2. Marcinkiewicz multipliers and R; multipliers need not locally map
Llog" L to LY for any r < % + %. Define the vector-valued multiplier

N .
mp(§) = Zejmo(é/Qj)

7=0
where my is defined in (ﬂ), this multiplier satisfies the requirements of both Theo-

rems.

By testing T}, , against a function f whose Fourier transform is a bump function
which equals 1 on [-2%,2¥] and is adapted to a slight dilate of this interval, (so
that || f||L10gm 2 ~ N'/7) we see that we must have

nin | ragoyy S NV
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in order for T, to locallyf] map Llog” L to L:%. However, by (§) we have

A log(1/]a])*/?
iy ()] ~ B
for 2V < |z| < 1, and the necessary condition r < 1 + é follows by a routine

2
computation.

3.3. Rg’l/Q multipliers need not map H' to L™? for any ¢ < 2. We use the

multiplier

N
miy(€) = N2y @€~ 1) - 1).

j=0
This multiplier is in the class of Theorem E Now suppose for contradiction that
Ty, mapped H 1 to L4, Since m'y is supported in a single dyadic scale, we may
factor Ty, = Tiny So where Sy is a Littlewood-Paley projection to frequencies
|€] ~ 1. From the Littlewood-Paley square-function characterization we see that So
maps H' to L', hence T,,,; maps L' to L%. In particular, the kernel ’H/’LE must be
in L149. However, a computation shows that

iyl s 28

]

for 1 < |z| < 2", which contradicts the assumption that ¢ < 2.

3.4. R%/z,z multipliers need not locally map Llog" L to L'¢ for any r < %
We consider the vector-valued multiplier

N
miy(€) =Y eju(€—27);

j=0
this is a multiplier in the class of Theorem E By repeating the argument with
the mpy multipliers, we must have

Im Lo,y S NV
However, a computation shows that
iy ()] ~ VN

for || < 1, and this contradicts the assumption r < 1.

3.5. Rf/2)2 multipliers need not locally map Llog" L to L"? for any r < %.
We consider the Hilbert transform H, which of course is of the class in Theorem
E, and test it against the function f = 2NX[012—N]. Clearly f has a Llog” L norm
of N” but the Hilbert transform of this function has a local L9 norm of about
N'/4 hence the claim.

IStrictly speaking, f is not quite compactly supported, but the error incurred because of this
is extremely rapidly decreasing in N and can be easily dealt with.
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3.6. Rf/Q , multipliers need not be bounded on L” for |%—%| > =. By duality

1
111 a
it suffices to show unboundedness when >3 > 7

We define the vector-valued multiplier

N/10 .
M) = N7V YT (2§ - )
§=N/100

this multiplier is in the class of Theorem . We test this against the function
fl@)y= ) W(z—Nk).
[k|<2N
We expand

N/10

T fa) = NV " e > /w(w —y = Nk)e*m /N2 (277y) dy.

j=N/100  |k|<2N
Making the change of variables y — y — Nk, this becomes

N/10

NYENT e Y /1/1(36—y)ez””y/NTjd?(?’j(y+Nk)) dy.

j=N/100  |k|<2N

The function e2™7%/N has real part bounded away from zero, so

N/10 A
(T f(@)] ~ N7V Y (/w(w—y)fj > P27y + Nk)) dy)*)/>.
j=N/100 [k|<K

If |z| < 2%, then |y| < 2V and the inner sum is ~ 29 /N (note that N2V >> 27 >
N). Thus we have
N/10
T @]~ NS ([ NN = g) dy?y/2 o~ N2

j=N/100
for |z| < 2N. Thus

Ty fllp 2 N7H/a7 122877,

u =<

On the other hand, an easy computation shows

”f”p ~ N_l/p2N/pa

>

which demonstrates unboundedness when % — %

1
L
4. THE SPACES H! AND Llog'/? L.

Our positive results involve the spaces H' and Llogl/ L. As is well known,
Llogl/ 2 [ functions are in general not in H' and thus do not have an integrable
Littlewood-Paley square function. However, there is a substitute square function
for these functions which are indeed integrable, which is why all our results for H!
also extend to L 1og1/ 2 L. More precisely:
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Proposition 4.1. Let f be a function which is either in the unit ball H*(R), or
in the unit ball of Llog'/? L([—C,C)) and with mean zero. Then there exists non-
negative functions F; for each integer j such that we have the pointwise estimate

1A f(2)] < Fj * ¢ () 9)

forall j € Z and x € R, and the square function estimate

I IR 2 S 1 (10)

This proposition is easy to prove when f is in H'. Indeed, one simply chooses
F; = |A,f|, where A; is a slight enlargement of A; such that A; = Aj;A;. The
claim @ follows from pointwise control on the kernel of A;, while ) follows from
the square function characterization of H'.

The corresponding claim for Llogl/ 2L is much more delicate. We remark that
this claim implies Zygmund’s inequality ([f). To see this, we first observe that we
may assume [ satisfies the conditions of the above Proposition, in which case f (27)
can be estimated by ||A;fll1 < ||Fjlli. The claim then follows from (Ld) and the
Minkowski inequality

B < I 1B 2.

The same argument shows that L log L'/? cannot be replaced by any weaker Orlicz
norm. However, the Proposition is substantially stronger than Zygmund’s inequal-

ity.

As an example of the Proposition, let f = 2V N~1/2¢y, where N is a large integer
and 1 is a bump function of mean zero adapted to the interval [-2=N 2=N]. This
function is normalized in Llogl/ 2 IL and has mean zero, but is not in L!. Indeed,
if one lets F; = |Ajf| as before, then for each 1 < j < N, Fj is comparable to
2IN~1/24; on the interval [~277,277], and is rapidly decreasing outside of this
interval. From this we see that the left hand side of ([L0) is too large (about N/2).
The problem here is that the functions F} have very different supports, and so
their contributions to (E) add up in [! rather than [?. To get around this we
can redistribute the mass of the F}, setting F; = 2N N—1/2y _o-n~ o-n) for each
1 < j < N; one verifies that (f]) is still satisfied, and that (E) is now satisfied
because the F; are summing in [? rather than [*. (The frequencies j <1or j > N
can be handled by the original assignment F; = |A; f| without difficulty).

To handle the general case we shall follow a similar philosophy, namely that each
F; shall be a redistribution of |A; f|, whose supports overlap so much that their
contributions to ([l(]) are summed in [? rather than I'. To do this for general
functions f we will use a delicate recursive algorithm. In order to control the error
terms in this algorithm we shall be forced to move to the dyadic (Haar wavelet)
setting, and also to reduce f to a characteristic function.
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The argument is somewhat lengthy, and the methods used are not needed anywhere
else in the paper. Because of this, we defer the argument to an Appendix, and
proceed to the key estimate in the proofs of Theorems D, in the next section.

5. POSITIVE RESULTS: THE MAIN ESTIMATE

In this section we summarize the main estimate we will need to prove in order
to achieve the positive results in Theorems and . (The positive results in
Theorem follow immediately from those in Theorem [[.4).

By interpolation with the trivial L? boundedness results coming from Plancherel’s
theorem, it suffices to show that the operators in Theorem B map H' and L 1og1/2 L
to L, and the operators in Theorem E map H' and Llogl/2 L to LY2.

We will use two key results to obtain these boundedness properties. The first is
the square function estimate obtained above in Proposition @ The second is an
endpoint multiplier result associated to an arbitrary collection of intervals, which
we now state.

Proposition 5.1. Let N > 1 be an integer, and let {I} be a collection of intervals
in R which overlap at most N times in the sense that

I3 vl < . (11)

For each I, we assign a function fr, a non-negative function Fy, and a multiplier
T, with the following properties.

o For each I, my is supported on I, there exists a &1 € I such that the symbol
my(-+&1) is a standard symbol of order 0 in the sense of e.g. [L].
e Forany I €1 and x € R we have the pointwise estimate

[f1(2)] S Fr(z) = ér(x) (12)
where ¢ was defined in (§).

Then we have

1D T frllore S NVEIQ EL)Y 0. (13)
I I

If we strengthen the condition on mjy and assume that the my are actually bump
functions adapted to I uniformly in I, then we may strengthen () to

I T frllere S NNQ )Y (14)
I

I

We will prove this proposition in Sections E, ﬁ For now, we see how this propo-
sition and Proposition @ imply the desired mapping properties on R, and Rf /2,2
multipliers.
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Let us first make the preliminary reduction that to prove the L logl/ 2 L local map-
ping properties on Ty, it suffices to prove global estimates on 7T, f assuming that
f is supported in [0, 1], is normalized in Llogl/ 2, and has mean zero. The nor-
malization to [0, 1] follows from dilation and translation invariance; the mean zero
assumption comes by subtracting off a bump function and observing from the L?
theory that T, applied to a bump function is locally in L?, hence locally in L'
and L2,

Our task is now to show that any f satisfying either of the conditions in Proposition

(.1, we have

[T fllre S 1 (15)
for R, multipliers and

[T fllze S1 (16)

for R% /2,2 multipliers.

Fix f, and let F} be as in Proposition @ We first prove (E) We may assume
without loss of generality that m is supported in {J; ovenl2?, 271 (The case of
odd j is similar and is omitted). By a limiting argument we may assume that
only finitely many of the frequency components m; are non-zero for even j. By
a further limiting argument we may assume that each m; for even j is a rational
linear combination of elements in X, e.g. m; = vazjl oy ym;j,; where the m;; are
uniformly in X and the «;; are non-negative rational numbers. By placing the
rational «;; under a common denominator N, and repeating each m;; with a
multiplicity equal to Na;;, we may thus write

L o)
m= — m\
Py

@

where the frequency components m;"’ are uniformly in X for even j. In particular,
this implies that

m = ZCIXI
I

where each interval I belongs to [277, 297T1] for some even jr, the intervals I satisfy
(), and
> G gn an)
I:jr=j
for each j. We may assume that |I| < 277 for all I. We split x; as
X1(8) = VY H(E = &) + prvTH(E =€) (18)

where H = X(0,00) is the Heaviside function, ¢ and €7 are the left and right
endpoints of I, and %, 97, ¥y are bump functions adapted to [& — |I|,& + |I]],
[, — ||, &, + |I]], and 51 respectively.

We thus need to prove

1Y " Ty, Ty pri—ety flloaee S 1,
I
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together with the analogous estimate with the [ index replaced by r. We show the
displayed estimate only, as the other estimate is proven similarly.

Write my = 1/)lIH( — glI), & = glp fr= C[Twlf, and F; = |C]|Fj1. The estimate
([2) follows from eqreffj-support, the identity Ty, = Ty, A;, and kernel estimates
on Ty,. Applying ) we thus see that

1Y erTo, Tyt p—ery Fllione S NYV2IOIFI) Y
I 1
The claim then follows from the definition of Fy, ([I7), and ([[0). This proves ([17)

The proof of (@) is similar, but with y; replaced by a bump function ¢; adapted
to I. The only change is that the splitting ([L§) is replaced by 151 = wﬂz}], where
17 is a bump function adapted to 5/ which equals 1 on I, and that () is used
instead of ([L3).

It remains only to prove ([L3) and ([l4). This shall be done in the next two sections.

6. ProOF OF ([[3)
Fix I, N, fr, Fr, my; we may assume by limiting arguments that the collection of
I is finite. From ([l2]) we can find bounded functions a; for each I € I such that
fr=ar(Fr*¢r).
Our task is then to show that

1Y Ty (ar(Fr  61))] 2 @} S a7 'NV2(|Fy
I

where I’ denotes the vector F' = (FT)re(r}-

We now perform a standard vector-valued Calderén-Zygmund decomposition on F'
at height N~/2q as

F=g+)» by
J
where g = (g1), 1 satisfies the L estimate
lgll3 < N~Y2al|F], (19)

while the bad functions b; are supported on J, satisfy the moment condition f s b=
0, and the L! estimate

bl S N7H2alJ].
Finally, the intervals J satisfy

DS aTINYFL
J
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Consider the contribution of the good function g. By Chebyshev, it suffices to prove
the L? estimate

1D Ty (ar(gr x o)) 13 S aN2IUQ 1ELP)Y 2. (20)
I I

From Plancherel, the overlap condition on the I, and Cauchy-Schwarz, we have the
basic inequality

1Y Ty hr3 < NS T, 1|13 (21)
I I

for any h;. We may thus estimate the left-hand side of (24) by

NZ 1T, (ar(gr * ¢1))lI3 NZ lar(gr * ¢1)ll3
SNZ||91*¢1|\2
I

SNZHgIH%
I

SNN"allQ1FA) YL
I

as desired.

It remains to deal with the bad functions b;. It suffices to show that

HID-D Tolar(barxon)l Z a}l S Y11
1 J J

From uncertainty principle heuristics we expect the contribution of the case |I]|.J] <
1 to be easy. Indeed, this case can be treated almost exactly like the good function
g. As Dbefore, it suffices to show the L? estimate

I > Twlar(bsr = ¢n)l3 0<2Z|J|
LJ:|1)]J|<1
By repeating the previous calculation, the left-hand side is majorized by
NY DD barxénls.
I 1)<l

From the triangle inequality, it thus suffices to show that

NS buxsr3<2N a2 ||

I 1)) J|=2—7 J

for all m > 0. This in turn follows if we can show

Z Z byrxorl3 <27*"N! Z || (22)

I:|I|=2-m=i J:|J|=27 J:|J|=27

for allm >0 and j € Z.
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Fix m, j, and observe from (E) that ¢1 = ¢_m—;. By moving the I summation
inside the norm, we can estimate the left-hand side of (29) by

I byxdomli3
Ji|J|=27

where * is now a vector-valued convolution. From the normalization and moment
condition on b; we have

by % Gmey SNV 2axs % ¢

Inserting this into the previous, the claim then follows from Young’s inequality and
the L' normalization of the ¢_,,_;.

It remains to treat the case |I||J| > 1. We split
byr* ¢r = x27(bs1* é1) + (1 = x27)(bs1 * ¢1).

The contribution of the latter terms can be dealt with in a manner similar to that
of the |I[|J]| < 1 case. As before, it suffices to show the L? estimate

I Y Taglar(l=x20)(barx60)3 S 0> 1],
IJ:I]|J]>1 J
As before, the left-hand side is majorized by
NZ [ Z (1= x25) (b1 * ¢1)l5- (23)
I JI|J]>1
A computation shows the pointwise estimate
(1= x27) (bar % &0)| S [barlla ]I~ (M x) 2.

(In fact there is an additional decay if |I||.J| is large, but we shall not exploit this).
Inserting this estimate into (@) and moving the I summation back inside, we can

majorize (£3) by
NIQ I ol 17 (M) 21225,
I J

Using the triangle inequality for [? we may move the I square-summation inside
the J summation. If one then applies Minkowski’s inequality

D losrlY? < Nlbslle S N72alJ| (24)
I

we can thus majorize (23) by
®[| ) (Mx)*?3.
J

The claim then follows from the Fefferman-Stein vector-valued maximal inequality
It remains to show that
>, TwBulZa} S 1| (25)
I,J:|1||J|>1 J
where
By =arx2s(bs* ¢r).
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For future reference we note from (@) that the B are supported on 2J and satisfy

> IBlf S NP (26)
Ji
for all J.

For each I, J in (@), let Py be a multiplier whose symbol is a bump function
which equals 1 on the interval [, — |J|7*, & + |J| 7], and is adapted to a dilate of
this interval. We split

Tr=TrPrr+Qur

where Q1 = T7(1 — Py ). The point is that even though the kernel of T decays
very slowly, the operators Py ; and @) s r have kernels which are essentially supported
on an interval of width |.J].

We first consider the contribution of the T7P; ;. It suffices as before to prove an
L? estimate:

I > T, PriBul3$e?d || (27)
I,J:|I||J|>1 J
By (R1) again, the left-hand side of (£7) is majorized by
NY I > PriBuals.
I g >t
From kernel estimates on P; ; we have the pointwise estimates
|PriBui| S I1Builll |~ (M )*?.

The contribution of the TPy s is thus acceptable by repeating the arguments used

to treat (29), and using (B4) instead of (4).

It remains to consider the contribution of the ). For this final contribution we
will not use L? estimates, but the more standard L' estimates outside an exceptional

set:
I > QuiBiilloiy,cns Say .
LI 7)>1 7

By the triangle inequality it suffices to prove this for each .J separately:

I Z Qu1Bi1llicne S alJl.
LI[J)>1

By translation and scale invariance we may set J = [0,1]. Let ¢ denote a bump
function which equals 1 on [—1,1] and is adapted to [—2,2]. Let r; denote the
symbol

T =d4J,1 — 4J,1* ¥,

where ¢ 1 is the symbol of Q) ;7. Observe that Q1B = T,, B outside of CJ.
Thus it suffices to show that

'Y TBrtlliens S e
I:I|>1
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By Holder’s inequality it suffices to show the global weighted L? estimate
lz Y ToBri(@)]z S o
I:I|>1
By Plancherel, this becomes
1Y By |2 S e
L|I|>1

where the prime denotes differentiation.

The function E]\[ is very smooth, in fact it satisfies the estimates
1Brller S Bl

for all 1. A computation using the construction of Q);; and r; shows that the
symbol r; satisfies the estimates

e IO < L+ 1§ — &)™

Combining these two estimates we see the pointwise estimate

((ri1By.0)'| S I1Buzlli(Mxe,—1,6,41])°-

From the Fefferman-Stein vector-valued maximal inequality [f] it thus suffices to
show that
1> IBarlhixe -1eull S o
I:I|>1

However from ([I]) and the hypothesis |I] > 1 we see that the characteristic func-
tions X(¢,—1,¢,+1] overlap at most O(NNV) times at any given point. The claim then
follows from Cauchy-Schwarz and (24). This completes the proof of ([L). ]

We remark that the one can modify this argument so that one does not need the
full power of Proposition @ in the Llogl/ 2L case, using a rescaled version of
Zygmund’s estimate (E) (for arbitrary lacunary frequencies, not just the powers of
2) as a substitute; we omit the details. On the other hand, the (Llog/? L, L1?)
result in Proposition E seems to require the full strength of Proposition @

7. PrOOF OF ([L4)

We now prove (@) As before we fix I, N, my, fr, Fr, and assume that the
collection of I is finite. We may also assume that the functions F; are smooth.

To prove (@) it suffices to prove the stronger estimate

1> T frllere S NVEINQ1ET 61 2| ee (28)
I

I

This is because of the following lemma, which illustrates the natural role of the
Lorentz space L2,
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Lemma 7.1. Let I be an arbitrary collection of intervals, and F; an arbitrary
collection of non-negative functions. Then

IO 1Er = 612) 2 e SN F) 2l
I I

Proof The desired estimate is the p = 2 case of the more general estimate
IO 1Fr* br )Pl s S IO 1F1P) VP
I I

This estimate is trivial for p = 1 by Young’s inequality and the integrability of the
¢r. For p = oo the claim follows from the Hardy-Littlewood maximal inequality
and the pointwise estimates

|Fr + ¢r(x)| S MFr(x) < M(Sl}p Fr) ().

The complex interpolation theorem of Sagher [ﬂ] for Lorentz spaces then allows
one to obtain the p = 2 estimate. Alternatively, one can interpolate manually by
writing Fy = |Flaz, where |F| = (32, |Fr|?)'/2, and exploiting the Cauchy-Schwarz
inequality

|Fr# ¢1(2)|* < ((Fai) * ¢;(2))(|F| * ¢;(2)) < |Flaf * ¢1(z) M |F|(z)

and the Holder inequality for Lorentz spaces [ﬂ]

1/2 1/2
1(F9) 2| paz S NI 2 gl e -
We omit the details. [ |

It remains to prove (@) Let G denote the square function

G = |Fr«or)/%

I

note that G is continuous from our a priori assumptions. It would be nice if the
distributional estimate

I T frl ~ 27} S HG ~ N7229}
I

held for all j, as this easily implies (@) While this is not quite true, we are able
to prove the substitute

1D T frl 2 27} S 27 % N min(G, N~/227)13 (29)
I

for all j. Indeed, if @) held, then we have
2j|{| ZTmIfI| ~ 2j}| < N1/2 Z2f\s|N71/22j+sl{G - N—1/22j+5}|'
I

the claim then follows by square-summing this in j, using the estimate
1Fl| 2 ~ (O (7HF ~ 27})%)"/?
J

and using Young’s inequality.
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It remains to prove (RY). Fix j, and consider the set Q = {G > N~1/227}. Since G
is continuous, 2 is an open set, and we may decompose it into intervals Q = J,; J
such that G(z) = N~/22J on the endpoints of J. Note that

> =10 < 27N min(G, N7229) (30)
J

We can therefore split

S Tifr =Y T (frxae)+ > Tw(frx)+ D, Ty (frxa)-
T i

1,J:|I]|J)<1 I,J:|I]|J)>1 (31)

To treat the contribution of the first term in (B1]) we use L? estimates. By Cheby-
shev it suffices to show that

1D T, (Frxae)ll3 S Nl min(G, N~227)] 3.
I

However, by @) the left-hand side is majorized by
NY lfrxacls = NIQ_ 11 xee I3
I I

SNIO_ 1Fr+ 61 xac 13
I
< N[ min(G,N'/?29)|3
as desired.

To treat the second term in (@) we also use L? estimates. As before, it suffices to
show

1> TurC D frxo)lls S Nlmin(G, N~V229)|5. (32)
1

Ji1]1J|<1

Using (R1]) as before, we can majorize the left-hand side of (BJ) by

NZH Z (Fr* ¢1)xs 13-

I JI)J|<1

Since the J are all disjoint, we may re-arrange this as

NY T > Fr+ulliag:

JL|I)J|1<1

For each J let 27 be the right endpoint of J, so that G(27) < N~/227. Now we
exploit the assumption |I||J| < 1 to observe that

[Fr # ¢1(x)| S [F1 * ¢r(2)]

for all # € J. Applying this to the previous, we can thus majorize (BJ) by
NY VY I+ ¢r(a)P = N Y [J|G(ah)? <25 )],
J I J J

The claim then follows from (B0)).
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It remains to treat the third term in () By Chebyshev and () it suffices to
prove an L' estimate outside the exceptional set U,CJ:

I Y T (Fx)lle, cne S22 11
L)1 7

By the triangle inequality it suffices to prove this for each J separately:

I > T (Frx)liprcse S 211,
I:|T||J|>1

We now adapt the arguments in the previous section. By dilation and translation
invariance we may set J = [0, 1]. Define ¢ as before, and let r; be the multipliers

rr=mjy—myg* .

Then we have Ty, (frxs) = T, (frxs) on (CJ)¢, and it suffices to show that

l Z T, (frxn)llicre) S 27.
LI]>1

By Hélder as before, it suffices to show the global weighted L? estimate
lz >~ Ty (frxs)(@)le S 27

I:|I|>1
By Plancherel, this becomes
1> rifrxa) N2 S 27 (33)
I:I|>1

The multipliers r; can be estimated as
P2 177 (O] S T (Mxge, —1,6,41) ™.

The functions E‘)(\J can similarly be estimated as

I frxsller S frxslle S NE* érllogo-
From the positivity of F; we have
Frx¢r(x) S 17" Fr % ¢1(0)
and so we thus have
Ifrxaller S T (Fr + 61)(0).
We can thus majorize the left-hand side of (B) by
I (Frxdr)(0)(Mxie, 16,41 " ll2-
I:|I]>1

By the Fefferman-Stein vector-valued maximal inequality [@], (EI), and Cauchy-
Schwarz as in the previous section, this is majorized by

NYE(Y(Fy + 61)(0))2 = NY2G(0) = 2
1

as desired. This completes the proof of (R9) and hence ([[4)). [ |
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8. REMARKS ON MULTIPLIERS OF BOUNDED S-VARIATION

Let 1 < s < oo. For any function f supported on an interval [a,b], we define the
s-variation of f to be the supremum of the quantity

N
(Z |f(aiv1) — f(ai)|s)l/s
i=0
where a = ap < a1 < ... < ay = b ranges over all partitions of [a,b] of arbitrary

length. We say that a multiplier T}, is a Vs multiplier if the frequency component
m; have bounded s-variation uniformly in j.

Clearly the Marcinkiewicz class is the same as the Vj class, but for s > 1 the Vj
class contains multipliers not covered by the Marcinkiewicz multiplier theorem.

In [E] it was shown that the V; class was contained in the Ry class for s < 2. In
particular, they showed that V5 multipliers were bounded on L? for 1 < p < co and
s < 2. From Theorem D and Theorem m, we have the sharp endpoint version of
this result when s < 2:

Corollary 8.1. Let 1 < s < 2. Then the statements of Theorem (both positive
and negative) continue to hold when the Marcinkiewicz class is replaced by the Vi
class.

Now consider the case s > 2. By complex interpolation it was shown in [E] (see
also earlier work in [f]) that Vi multipliers were bounded in LP when

|1 1|<1
2 p' s

From the study [E] of the multipliers (E) it is known that this restriction on p is
sharp up to endpoints. However, the endpoint problem remains unresolved. The
most interesting case is when s = 2. From the counterexamples in Section E we
see that negative results in Theorem D hold for Vo multipliers, and so one may
conjecture that these multipliers also map both H' and L logl/ 2 L locally to L1:°°.
If this were true, then for s > 2 the Vs multiplier class would map L? to v’
when % = % + % by complex interpolation (cf. [ﬂ]) However, we have been unable
to prove these estimates using the techniques in this paper. A natural model case
would be when the frequency components m; not only have bounded 2-variation,
but have the stronger property of Holder continuity of order 1/2 uniformly in j. (In
[@] it was shown that a general function of bounded 2-variation can be transformed
into a Hélder continuous function of order 1/2 by a change of variables).

In [E] V5 multipliers were shown to be bounded on L? for all 1 < p < co. By going
through their argument carefully one can show that the L? operator norm grows
like O(1/(p — 1)¢) for some constant C' as p — 0, so by extrapolation they map
Llogc L to L' locally for some sufficiently large C. However these results are far
from best possible.



20 TERENCE TAO AND JIM WRIGHT

9. APPENDIX: PROOF OF PROPOSITION [L.1]

We now prove Proposition [L.1] when f is in L log!/? L([—C, C]) and has mean zero.

It will be convenient to move to the dyadic settingﬁ as we will need to perform a
delicate induction shortly. Accordingly, we introduce the Haar wavelet system

or =172 (x = xr1,)
defined for all dyadic intervals I in [0, 1], where I}, I, are the left and right halves
of I respectively.
The dyadic analogue of Proposition @ is
Proposition 9.1. Let f be a function on [0,1] such that

/|f|10g1/2(2+|f|) <1.

Then for each integer j > 0 we may find a non-negative function f; supported on
[0,1] such that

ol <im72 [ 1, (34)
for all 5 > 0 and dyadic intervals I C [0,1] of length 279, and that

IO 121 S 1 (35)

3=0

We now show that Proposition @ implies Proposition @ The idea is to use
an averaging over translations to smooth out the dyadic singularities of the Haar
wavelet system.

Let f be as in Proposition @; we may assume that f is supported on the interval
[1/3,2/3]. For negative j, we define F; = |A;f| as in the H' theory, so that (§)
holds as before. From the mean zero condition of f we see that ||Fj|[1 < 27, so the
contribution of these j to ([L(]) is acceptable.

For all —1/3 < 0 < 1/3, let f° denote the translated function f%(z) = f(x — 0).
These functions all satisfy the requirements of Proposition @, with the associated
functions f;-’ . We now define F} for j > 0 by

1/3
Fi(x) =Y 2—IJ’—W2/ f(x+6) do.

k>0 -1/3
We now verify (). Fix z € [0,1] and j > 0. We say that a number —1/3 < 0 < 1/3
is normal with respect to x and j if
1 4
dist(z + 0,27%Z) > —271i=kl/109=k
ist(z + 0, ) > 100
for all integers 0 < k < j.

2We remark that Zygmund’s original proof of (H) also proceeded via a dyadic model.
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Let ©, ; denote the set of all normal 6; it is easy to see that |©, ;| ~ 1. Let 0 be
any element of ©, ;. We compute

|8 f(@)] = |2, f(x +0)
= |Z<f9,¢z>ﬁj¢1(x+9)l

<SS (i A+

k I:|I|=2F
If £ > j, then a computation shows that
11|72 A1 (2+0)| < 227k (1428 dist(2+0, 1)) 7100 < 27 k317207 (1429 dist (x+0, 1)) ~3/2
and thus that
/f M2 1851 (@ + )] $ 27 F 12 Fl e
I:|I|=2-F
Now suppose that k < j. A computation using the normality of # shows that
[T|7Y2) A0 ( + 0)| < 27100k=3127 (1 27 dist(z + 6, 1)) "1
and hence that
/f W2 Ay (4 0)] S 272 f e g
I:|T|=2F

Combining these estimates and then averaging over ©, ; we obtain (H) as desired.

Now we show ([L() for the non-negative j. From Young’s inequality and Minkowski’s
inequality we see the pointwise estimate

5@ S () [ st 0wy
’ 1/3
/ kax—l—@ yH2 de.

1/3
The claim then follows from Fubini’s theorem and (B5).

It remains to prove Proposition @ To do this, we first reduce to the case when f
is a characteristic function. More precisely, we shall show

Proposition 9.2. Let N > 0 be an integer, Iy be a dyadic interval, and let Iy be
the collection of all dyadic intervals in Iy of side-length at least 27 |Io|. Let E be
the union of some intervals in I. Then for each dyadic interval I C Iy of length at
least 27N |Iy|, we may find a non-negative function fr supported on I such that

e, )| < 1172 1l (36)
for all such I, and thalﬂ

IO 11120 < AlE| log(2 + | To|/| B/ (37)
IGIO

for some absolute constant A.

31f |E| = 0, we adopt the convention that |E|log(2 + \Io|/\E'\)1/2 =0.
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Indeed, by setting Iy = [0,1] and N — oo, we see that Proposition @ immediately
implies Proposition 1] for the L log'/? L-normalized functions |E| = log(1/|E|)~Y/2x
for any set E with measure 0 < |F| < 1. A general L logl/ 2 [ function can be writ-
ten as a convex linear combination of such functions (see e.g. [[J]), so the general
case of Proposition .1 obtains (observing that the L'(1?) space appearing in (B3]

is a Banach space).

It remains to prove Proposition @ This shall be done by induction on N. Clearly
the claim is true for N = 0 simply by setting fr, = xz. We warn the reader
in advance that the inductive nature of the argument will require some delicate
estimates in which one cannot afford to lose constant factors in the main terms.

Now fix N > 0, m > 0, Iy, E, and suppose the claim holds for all smaller values of
N. We may rescale I to be the unit interval [0, 1].

Let 0 < € < 1 be a small absolute constant to be chosen later. We first prove the
claim in the easy case |E| > e. In this case we set

fr =172 xe, v1)xi

The estimate (B) is trivial. To verify (B7), we use Hélder’s inequality and the
orthonormal nature of the Haar basis:

IO Y2 < I 1) 2

1el, 1el,

= (> lxmen)A)Y?

IGIO
< lIxell2
S |E|log(2 + 1/|E)'/?

as desired (if A is sufficiently large depending on e.

Now suppose |E| < e. Let I denote the set of all intervals I € Iy such that
elE[Il < [ENT| = 2|E|I]. (38)

holds, where 0 < € < 1 is an absolute constant to be chosen later. Let J denote the
set of all intervals not in I which are maximal with respect to set inclusion. From
our assumptions on E we see that J is a partition of [0,1] into disjoint intervals,
and each interval J € J satisfies

27N < |J] < 1.

Let J be any element of J. From the induction hypothesis we can associate a
function fr to each I € Iy, I C J such that

(xE, Y1) = (XENT, Y1) < |I|_1/2/If1

for all such I, and

IFsll < AlE N J|log(2 + | J|/|1E N )2, (39)
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where we have written F; for the function

Fr=( Y 1)V

1ely:rcy

We have now defined the f; for all intervals contained in one of the intervals J € J.
It remains to assign functions f; to the intervals I in I.

Let I" denote those intervals I in I such that [EN1I| > 0. We will set f; = 0 for
all T € T\I*; note that (Bf) holds vacuously for these I. For I € T*, we define f; by
the formula

\ENJ| Fy

(BT [Es

fr=11"?1xe, o0l >
Jed:jcr
Since [ is the union of the intervals J € J contained inside it, we see that

EnNndJd
Vil = 2 ) S B0

o = 1l vl
JeJ.icr

so that (Bg) holds for these I.

We now verify (B7). For any J € J and « € J, we have

SNf@P = Y 1fa@P+ D @)

1el, 1elg:rcy 1€l

ENJ)? F%(z)
— ()2 S 2| J
rel™:iog

Fy(x)? \ENJJ?
= e (IESNT + Z |I|W|<XE,T/)[>|2).
i

1el™:1oJ

Taking the square root of this and integrating, we obtain

n1/2) _ 2 |[EnJP? 2\1/2
H(Z |fr17) 2 = Z(”FJH1+ Z |I|7|EQI|2|<XE7¢1>| )

1el, JedJ 1el™:1>J (40)

Now define the function

9= IEN J||X7J|.
JedJ
For all T € T* we see that 11 is constant on intervals in J, and hence that (g, ;) =
(xE,r). Thus

|[ENJ?
40) = > (IFs I+ > |I|W|<g,¢1>|2)1/2. (41)
Jed 1el™:150
For future reference we observe from the construction of J and g that ||g||; = |E]|
and ||g]leo < 4|E|, hence

> g enl? < lgll3 < llgllllglle S 1B (42)
1el”
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To estimate ([]), we define
Ji={JeJ:2E||J| < |EnJ| <4|E||J|}
Jo={J eI |EI|J < |ENJ| <elE||J]}
Js={JeJ:|EnJ|<|J||E|"};

note from (Bg) and the construction of J that J = J; UJ> UJ3. Thus (fid) is the
sum of

EnJ?
Fy? I|7 2)1/2, 43
JZ:J (IE7015 + IZ: | ||Em|2|<g,w1>|) (43)
Jed1Ud 2 Iel :IDJ
and
EnNJ?
Fy? I|7 2)1/2, 44
JZJ:(II i+ IZ Eagalievir) (44)
Jeds el :ID

We first consider @), the contribution of the very sparsely occupied intervals. In
this case we use crude estimates. From the estimate (a? +b)'/2 < a + b'/? we have

@Y Imh+ S0 Y ST

JedJs JeJs 1el*:1o0
To estimate the first term, we observe from (B9) that
1Esll S ALE[] T og(1/|E])!/?
and so
> IIFs I S AIE!log(1/|ENY? < AIEP
JedJs
since we of course have
S <t (45)
Jeds
To estimate the second term, we use Cauchy-Schwarz and @), to obtain

@) < CAlpP + (X 17 S Moo P,

Jeds 1el™: 1o

Using the estimate |J|~!|E N J| < |E[*°, and then interchanging summations, we

obtain
ENnJ
@@ <caeP+(3 3. |E|10|f||',Em|'zl<wz>l2>”2-

1el” yeJ.uci
Performing the J summation, this becomes

I
@) < cAEP + |E|5(ZI |E|m| i (g, ) )2,
1el”

Applying (B) and then () we thus obtain
(44) < CAIEP +|EP(IE|E[*)V? 5 AlEP. (46)
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Now we turn to the more interesting term (). From (Bg) we have

@< > ((AEN|log+|J|/[ENT) )+ Y DT g gy 2y,

|ENI|?
JeJiud, 1el*:mog
Using the inequality

2
Vaz+b< a2+b+b—:a+£,

4a? 2a

@ <@+ @

where ([{7) and ([§) are given by

> AENJ|log2+ |J|/|EN T (47)
JeJiuJ,

for a,b > 0, we thus have

and

(™)

1 ENJE

JeJiul, 1el™:1o7 (48)
Let us first estimate the error term (@) Since J € J; U Js, we see that
log(2 + |J|/|E N J|)!/? ~ log(1/| E)'/?.
Applying this, re-arranging the summation, and simplifying, we obtain
EnJ
@ <1051/1E) 2 Y S IHEL g unp
A |[ENI|
1el” geJ:jcr
Performing the J summation, we obtain
1
() < 105(1/1E))" (gl
From (BY) and (1) we thus have
(48) < | E|log(1/|E[) 712, (49)
It remains to treat g), which is the main term. We split this as () = (B0) —
(F1) + (B2), where (bd), (F1)), (FJ) are given by
> AENJ|log(2 + 1/|E])!/? (50)
JEJ1UJ2
> AIEN J|(log(2 + 1/|E|)/? —log(2 + | J|/|E N J[)*/?) (51)
JedJ,
> AIENJ|(log(2 + |J|/[E N J)'? —log(2 + 1/|E))'/?). (52)
J€J2

Note that (B0), (b)), (FJ) are all non-negative. We can estimate (5() by
6D < AlE|log(2 + 1/|E])/?
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which is exactly the quantity needed for the induction hypothesis. Collecting all
the terms and using (f9), (i), we see that we have to show that

(51) > ) + CAIE)® + C|E|log(1/|E|)~/2. (53)
We thus seek good lower bounds on (f1) and good upper bounds on (52).

We first deal with (5I]). We may write this as

log(2 + 1/|E]) —log(2 + |J|/|E N J])

€D = A; B0 oge + 1/1E) V2 + 108 + [T1/IE A )2

Both terms in the denominator are comparable to log(1/|E|)'/2, while the numer-
ator is bounded from below by

log(2 + 1/|E|) — log(2 + 1/2|E|) ~ 1.
Thus we have
(B1) ~ Alog(1/|EN"? > |ENJ|,
JEJl
To obtain lower bounds for this, we observe that

Y IEnJ|=[El- Y |ENJ|

JeJy Jedouds
and
S BN < Y B = <[]
JeJouds JeJ
Thus

€D 2 AlBog(1/|E) V2.
Now we attend to (p2). As before, we may write

B log(2 + |J|/|[ENJ|) —log(2 + 1/|E])
B =4 2 VBN 171817 + gtz + ITEN T

Again, the denominator is comparable to log(1/|E|)'/2, while the numerator is
comparable to log(|E||J|/|E N J|). Thus

(B < Alog(1/(E]) /2 > [E N J|log(|E|[J|/|E 0 J)).
JedJ:|EnJ|<e|E||J|
We estimate this dyadically as

(ED < Alog(1/[E)2 > [E N J|log(|E[[J|/1E N .J])

k:2=k<e jeJ: | EnJ|~2-F|B||J|
< Alog(1/[E)"Y2 3" S 27 M Bk
k:2-F<e jeJ
S AE|log(1/|E)2 3 27kk
k:2-k<e
S AlE|log(1/|B)2 S 2k
k:2-k<e
< AsV/?|E|log(1/|E|) /2
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Thus (53) resolves to
C~'AE|log(1/|E|)~1/2 > CAe'2|B|log(1/|E|) "2+ CA|E*+C|E| log(1/| E|)~'/2,

and this is achieved if € is chosen sufficiently small (recall that |E| < ), and then
A is chosen sufficiently large depending on ¢.
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