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Abstract

We formulate thermodynamics of economic systems in terms of an arbitrary
probability distribution for a conserved economic quantity. As in statisti-
cal physics, thermodynamic macroeconomic variables emerge as the mean
value of microeconomic variables and their determination is reduced to the
computation of the partition function, starting from an arbitrary function.
Explicit hypothetical examples are given which include linear and nonlinear
economic systems, as well as multiplicative systems such as those dominated
by a Pareto law distribution. We propose to use the formalism of phase
transitions to study severe changes of macroeconomic variables.
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1. Introduction

Thermodynamics is a phenomenological science that derives its concepts
directly from observation and experiment. The laws of thermodynamics can
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be considered as axioms of a mathematical model, and the fact that they are
based upon commonplace observations makes them tremendously powerful
and generally valid. In particular, the interest of applying thermodynamics
in a systematic manner to describe the behavior of economic and financial
systems has a long history |1]. One of the difficulties of this approach is that it
is necessary to identify a priori the economic variables that can be identified
as thermodynamic variables, satisfying the laws of thermodynamics. The
results of this identification are very often controversial. Even the basic
thermodynamic assumption that an economic system be in equilibrium has
been the subject of numerous discussions. The concept of economic entropy
presents also certain difficulties and different definitions can be formulated
[2,13]. Formal mappings between thermodynamic and economic variables can
be formulated [4] which, however, leave the notion of entropy unclear and
the range of models in which it holds undefined.

On the other hand, econophysics is a relatively new branch of physics
[5] in which methods of applied theory of probabilities, that have been used
with excellent results in statistical physics, are implemented to solve prob-
lems in economics and finance. In our opinion, one of the most prominent
founds is that certain economic variables can be considered as conserved and
their distribution among the agents of an economic system are described
by simple probability densities. In fact, it is currently well established
that wealth distribution in many societies presents essentially two phases
6, [7, 18,19, 110, 11, [12]. This means that the society can be differentiated in
two disjoint populations with two different probability distributions. Vari-
ous analysis of real economic data from several countries have shown that
one phase possesses a Boltzmann-Gibbs (exponential) probability distribu-
tion that involves about 95% of individuals, mostly those with medium and
low wealths, whereas the second phase, consisting of about 5% of individuals
with highest wealths, shows a Pareto (power law) probability distribution.
Similar results are found for the distribution of money and income.

In this work we propose to use the standard formulation of statistical
thermodynamics in order to connect in a systematic and rigorous way the
thermodynamic approach with the statistical properties of complex economic
systems found in econophysics. We obtain as a result that the entire prop-
erties of economic systems can, in principle, be formulated and considered
in the definition of a partition function from which all the thermodynamic
properties of the system can be derived. This paper is organized as follows.
In Sec. 2 we formulate the fundamentals of statistical thermodynamics in



the case of an arbitrary conserved economic variable. In Sec. B.1l we analyze
the simplest case of an economic system for which the conserved variable
depends linearly on the microeconomic parameters. More general situations
are analyzed in Secs. and B3] where quadratic and multiplicative de-
pendences of abstract parameters are considered. The partition function is
analyzed in all the cases and possible interpretations are presented. In Sec.
[ we propose to associate drastic modifications of macroeconomic variables
with the occurrence of phase transitions. Finally, Sec. [6l contains a summary
and a discussion of our results.

2. Statistical thermodynamics

Consider a hypothetical economic system in equilibrium for which a quan-
tity, say M, is conserved. There is a reasonable number of arguments [13]
which show that certain current economies can be considered as systems in
equilibrium and some quantities, like the total amount of money in the sys-
tem, are conserved during certain periods of time. For the sake of concrete-
ness we will consider in this work that M is the conserved money, although
our approach can be applied to any conserved quantity. Suppose that the
system is composed of N agents which compete to acquire a participation
m of M. In real economic systems, the total number of agents is such a
large number that for most applications the limit N — oo is appropriate. In
a closed economic system, the equilibrium probability distribution (density
function) of m is given by the Boltzmann-Gibbs distribution p(m) oc e™™/7
where T'is an effective temperature equal to the average amount of money per
agent. The amount of money m that an agent can earn depends on several
additional parameters i, A, ..., A;, which we call microeconomic parameters.
Since the density function can be normalized to 1, we obtain [14]

o—m(N)/T

Q(T, 1)

where Q(T, Z) is the partition function and X represents the set of all microe-
conomic parameters. Here we have introduced the notation z = z1, o, ..., x,
to denote the possible set of macroeconomic parameters which can appear af-
ter the integration over the entire domain of definition of the microeconomic
parameters .

o(3) = . QT.7) = / e NITGN (1)



Following the standard procedure of statistical thermodynamics [14], we
introduce the concept of mean value (g) for any function g = g(\) as

(9) = /gp dX = Q(;’ 3 /ge"”@/TdA- (2)

These are the main concepts which are needed in statistical thermodynamics
for the investigation of a system which depends on the temperature 7" and
macroscopic variables Z. Consider, for instance, the mean value of the money
(m) = ['mpdX and let us compute the total differential d (m):

d{m) = / (mdp + pdm) d\ = /mdpdjx + (dm) . (3)

The first term of this expression can be further manipulated by using the
definition of the density function (IJ) in the form m = —T'(In p+In Q). Then,
we obtain (recall that [ pd\ =1 and, therefore, d [ pd\ = 0)

d{m) ="TdS — z": yidx; | (4)

1=1

where the entropy S and the “intensive” macroscopic variables are defined
in the standard manner as

S=(-tp) = [(-ppar, m=<€z>:/(§2)wu.@

Clearly, Eq.(d]) represents the first law of thermodynamics. Since the def-
inition of temperature and entropy are in accordance with the concepts of
statistical mechanics, the remaining laws of thermodynamics are also valid.
Similar results can be obtained for any quantity that can be shown to be
conserved in an economic system. This reflects the fact that different ther-
modynamic potentials can be used to describe the same thermodynamic sys-
tem.

It is useful to calculate explicitly the entropy S = [(—1Inp)p dX by using
the definition (IJ) in the form —Inp = In@Q 4+ m/T. The result can be cast
in the form

so that of of
s=-2L u=-3L. @
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This means that the entire information about the thermodynamic proper-
ties of the system is contained in the expression for the “free money” f
which, in turn, is completely determined by the partition function Q(T, Z).
In statistical physics this procedure is still used, with excellent results, to
investigate the properties of thermodynamic systems. We propose to use
a similar approach in econophysics. In fact, to investigate a model for an
economic system one only needs to formulate the explicit dependence of any
conserved quantity, say money m(j\), in terms of the microeconomic parame-
ters A\. From m()\) one calculates the partition function Q(7), ) and the free
money f(7,z) which contains all the thermodynamic information about the
economic system.

In the next sections we present several examples of hypothetical economic

systems with relatively simple expressions for m(A). In real economic sys-
tems, probably very complicated expressions for m()\) will appear for which
analytical computations are not available. Nevertheless, the calculation of
the above integrals can always be performed numerically and the correspond-

ing thermodynamics can be found qualitatively.

3. Hypothetical economic systems

The determination of the quantity m in terms of the microeconomic pa-
rameters \ is a task that requires the knowledge of very specific conditions
and relationships within a given economic system. The first step consists in
identifying the microeconomic parameters A which influences the capacity of
an individual agent to compete for a share m of the conserved quantity M.
Then, it is necessary to establish how this influence should be represented
mathematically so that m becomes a well-defined function of \.

Another aspect that must be considered is the fact that in a realistic
economic system not all agents are equivalent. For instance, an agent rep-
resented by an individual who works at a factory for a fixed yearly income
would be considerably different from an agent represented by the firm to
which the factory belongs. An important result of econophysics is that the
Botzmann-Gibbs distribution is not affected by the specific characteristics
of the agents involved in the economic model [6]. For the statistical ther-
modynamic approach we are proposing in this work this means that we can
decompose the quantity m into classes m = m! + m!! + ... and different
classes can be described by different functions of different sets of microeco-
nomic parameters. The formalism of statistical thermodynamics allows us



to consider, in principle, all possible economic configurations as far as m is
a well-defined function of \.

In the following subsections we will study several hypothetical economic
systems in which m is given as simple ordinary functions of the microeco-
nomic parameters. We expect, however, that these simple examples will find
some applications in the context of economic systems with sufficiently well
defined microeconomic parameters. Although the function m can represent
any conserved economic quantity, for the sake of concreteness, we will assume

that it represents the money and from now m(\) will be referred as to the
money function.

3.1. Linear systems

The simplest model corresponds to the case m = ¢y = const. Then, the
partition function () is given by

QT A) = /A, K=AMAAs---A, (8)

where A; = f d\i, 1 =1,2,---,n, represent the macroeconomic parameters.
The calculation of the thermodynamic variables, according to Eqgs. (), yields

of T

f=c—ThhA, S=IhA, y=

Furthermore, from the definition of free money f we conclude that (m) = ¢,
i.e., the mean value of money is a constant, as expected. This economic model
is considerably simple. Each agent possesses the same amount of money cg,
the entropy does not depend on the mean value of the money ¢y, and the state
equations are (m) = ¢o and y;A; = T. The system is completely homogeneous
in the sense that each agent starts with a given amount of money, ¢y, and
ends up with the same amount. Probably, the only way to simulate such
an economic system would be by demanding that agents do not interchange
money; this is not a very realistic situation. Indeed, the fact that entropy is
a constant, that does not depend on the mean value of money, allows us to
renormalize the macroscopic parameters in such a way that A; = [d\; =1,
for each i, so that the total entropy vanishes. In this case, from Eq.(@) we see
that f = ¢y and the corresponding equations of state are compatible with the
limit 7" — 0. This resembles the argumentation used in the description of the
third law of thermodynamics. This observation indicates that a completely



homogeneous economic system is not realizable as a consequence of the third
law of thermodynamics.

Consider now the function m = ¢;\1, where ¢; is a positive constant. The
corresponding partition function can be written as

_ - A [ TA
TR) = [ eM/Tg) = _/ e /Ty, = 2 1
Q(T,N) /e d\ N, e A\ e (10)

The relevant thermodynamic variables follow from Egs.(@]) and (@) as

TA TA T

_ 7 _ =41, (11
f nClAl’ ClAl’ Y1 07 yj A]’j% 9 ()

and the conservation law (4]) becomes
 dA;
d =TdS-TY —2 12
(m) > (12)

Moreover, comparing the above results with the definition of f, it can be
shown that (m) = T, and so the fundamental thermodynamic equation in
the entropic representation [15] can be written as

(m) <
S=1+In—=+ InA; . 13
S, 1

This expression relates all the extensive variables of the system and it can be
use to derive all the equations of state in a manner equivalent to that given
in Eq.(I)). Notice that in this case the entropy is proportional to the tem-
perature (mean value of money) so that an increase of the average money per
agent is necessarily associated with an increase of entropy. This observation
is in agreement with the second law of thermodynamics. Notice, furthermore,
that in a limiting case, similar to that considered in the first example given
above, it is possible to renormalize the macroeconomic parameters A; such
that the last term of the fundamental equation (I3 vanishes. Nevertheless,
in order to reach the minimum value of the entropy it is necessary to con-
sider the limit 7" — 0. Again, we consider this result as an indication of the
validity of the third law of thermodynamics.

In Eq.(I0) we have chosen the interval [0, co) for the integration along the
variable A\;. As a consequence the macroscopic variable A; vanishes from the
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final expression for the fundamental equation (I3]), and consequently y; = 0.
However, it is also possible to consider the interval [A7"" A7 so that the
macroscopic variables A" and A["*® reappear in the fundamental equation
and can be used as extensive variables which enter the conservation law ().
In a realistic economic system the interval of integration will depend on the
economic significance of the microeconomic parameter A\;. For the sake of
simplicity, we choose in this work the former case in which the corresponding
macroeconomic parameter does not enter the analysis.
It is interesting to analyze the most general linear system for which

m=cy+ Zci)\i , (14)
i=1

where ¢, ¢, ... are positive real constants. It is then straightforward to cal-
culate the partition function

1
Q(T) = —e—co/Tn , C=cCiCaCp , (15)
c

and the relevant thermodynamic variables

f:co—TlnTT , S:n+ln? ., ¥i=0, (m)=c+nT. (16)
All the macroscopic parameters vanish and the system depends only on tem-
perature. However, the total number of macroscopic parameters n does enter
the expression for the entropy so that to increase the mean value of the money
by the amount A (m) = n(Ty — T7), it is necessary to increase entropy by
an amount AS = nln(73/71); both amounts are proportional to the total
number of macroscopic parameters.

Another consequence of this analysis is that once the constants ¢y and n
are fixed, it is not possible to change the mean value of the money without
changing the temperature of the system. This means that an isothermal
positive change of (m) is possible only by increasing the total amount of
money in the system.

3.2. Nonlinear systems

Consider the quadratic function m = ¢;A\? which generates the partition
function

Q(T,A) = (1)1/2 A (17)



where we have considered the microeconomic parameter \; in the interval
(—00,00). The corresponding thermodynamic variables are

1 7T A T T
= — 1 1 _ l —_— = L= — m) = — 1
S 5 ( +1n ‘1 ) +In Al y Y1 0 ) y] AJ ) < > 9 ’ ( 8)

which can be put together in the fundamental equation

S:%<1+ln27r<m>)+l A (19)

n—.
C1 Ay

Again we see that the effect of considering the extreme values of the pa-
rameter \; is that the corresponding macroscopic variable A; does not enter
the expressions for the thermodynamic variables and, consequently, the cor-
responding intensive thermodynamic variable vanishes. Furthermore, it is
evident that the power of A\; in the money function leads to a decrease of the
mean value (m).

To investigate the general case, we consider the monomial functional de-
pendence m = ¢;\, with § being an arbitrary real constant. A straightfor-
ward calculation leads to the following partition function and thermodynamic

variables: ~ s
_ A [T 1
Q(T,A) = A, (C_1) I (5) ; (20)

szé(umg)ﬂn{%r(%)} : <m>:§, (21)

and the intensive variables y; are given as in the previous case. It follows
that 6 > 0 in order for the mean value of the money to be positive. If § > 1,
the mean value of the money decreases, whereas it increases for 0 < § < 1.
In such a hypothetical system, a way to increase the amount of money per
agent would be to identify the microeconomic parameter A\; and apply the
measures which are necessary for the money function m to become m oc A3,
with § < 1.

If we consider a transition of an economic system from a state charac-
terized by the parameter d; to a new state with parameter ds, maintaining
the same temperature, the mean value of the money undergoes a change
A{m) = (1/dy — 1/61)T, so that for a positive change we must require that
09 < 601. Moreover, if we desire a positive change by an amount greater
than the average money per agent (A (m) > T), we must demand that
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dy < 01/(1 + 01). Even if the initial state corresponds to a linear system
(61 = 1), in which no increase of (m) is possible, we can reach a state of
greater mean value (m) by demanding that do < 1/2. Of course, for a posi-
tive change of (m) the “price” to be payed will result in an increase of entropy
by an amount which is proportional to the coefficient (1/d; — 1/47).

We see this possibility as an advantage of our statistical approach, In
fact, we start from an equilibrium state with a lower value of (m) and end up
in state with a higher value of (m), by choosing appropriately a particular
microeconomic parameter. The positive change of the macroeconomic vari-
able (m) is induced by a change of a microeconomic parameter. Once the
process is started, the system will naturally evolve into a state characterized
by a higher value of (m). This natural evolution occurs because, as has been
repeatedly shown in computer simulations [13], the final equilibrium state
corresponds to a Boltzmann-Gibbs probability distribution, which is a basic
component of the approach proposed in this work.

3.3. Multiplicative systems

An interesting case follows from the money function m(A) = ¢;InA;. In
fact, the partition function is given by

- A1
QA =1 a:%—1>0, (22)
where we have used \; € [z,00), with z = A7"". This expression is nothing
more but the partition function (cumulative probability) of the Pareto dis-
tribution density p, oc 1/z'T® which has been shown to correctly describe
the distribution of money (and other conserved economic quantities) in the
upper tail of the distribution, i.e., for amounts greater than z. A similar
derivation of the Pareto law was recently performed in [16].

We now have the possibility to analyze the Pareto distribution in terms
of macroeconomic parameters. The computation of the thermodynamic vari-
ables using Eq.([7) yields

C1 xT
- 1 In — 2
STt Tty (23)
of  a-T T
YT o z YT (24)



Notice that the intensive variable y conjugate to the lower limit x of Pareto’s
distribution appears with a different sign, when compared with the remaining
intensive variables y;, j = 2,3, ...,n. As a consequence of this change of sign
the conservation law is given as

C1 — T T

do — —dA; (25)

d (m) =TdS + = T
J

so that if we interpret, by analogy with physical systems, the intensive vari-
ables as “forces”, we can conclude that the ““force” corresponding to Pareto’s
distribution is negative. Moreover, if from the above expressions and that of
the free money f, we calculate the mean value (m), we obtain

ClT

(m) = Cl_T+cllnx. (26)

The origin of the second term is clear because we have chosen the money
function as m = ¢ In A\q, and z is the minimum value of A;. The first term,
however, is new and has the interesting property that it diverges as ¢; —
T. This means that it is possible to increase arbitrarily the value of (m)
in the upper tail of the distribution of money, maintaining the values of z
and T fixed, solely by fine tuning the value of the constant ¢; so that it
takes the value of the average amount of money per agent 7. Perhaps this
simple observation could be useful for the understanding of the monetary
evolution that takes place in the upper class of the wealth distribution in
certain economies.
Finally, we analyze the case of the money function

m = Cl)\(ls + d1 In )\1 3 (27)
which corresponds to the density distribution
_ Cq dl
m:)\“’ew‘é, = — = — 28
where ¢, d; and d are constants. This expression is known in the literature
as the Gamma distribution and has been used in econophysics to investigate

models with multiplicative asset exchange [17]. A straightforward compu-
tation shows that the corresponding partition function can be cast in the

form - (—d T8
R T\ 1 d
QT M) = 51 (‘) r [5 (1 - ?)} ’ (29)
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an expression which is essentially equivalent to the partition function (20])
following from the monomial function m oc A discussed in Sec. B2 In
particular, in the limit d; << T the two partition functions coincide. Strong
differences can appear near the points where the function (29) diverges. This
occurs when 7' — 0, which we should avoid in accordance with the third
law of thermodynamics, and at the poles of the Gamma function, i.e, for
(1 —-dy/T))6 = —k = 0,—1,—2,--- The last possibility, however, is not
necessarily in disagreement with the third law of thermodynamics since at
the poles the temperature can be made to tend to a constant positive value,
T — d1/(1 + k5)

It is not difficult to derive the thermodynamic variables for this case.
The singular pole structure of the partition function leads to a peculiar be-
havior of the thermodynamic variables which deserve a more detailed and
deeper analysis. Outside the poles, however, the thermodynamic behavior
is essentially dictated by Eqs.([21]) which correspond to a Boltzmann-Gibbs
distribution with a power law dependence for the money function. This re-
sult shows that from a macroeconomic point of view there is no essential
difference between the Gamma law distribution and the Boltzmann-Gibbs
distribution, as far as the value for the temperature does not correspond to
a singular pole of the partition function of the Gamma distribution. This
result explains in a simple manner why in concrete examples it is possible to
mimic the results of an exponential distribution by choosing appropriately
the additional parameters of the Gamma law distribution [1§].

4. Phase transitions

An important feature of many thermodynamic systems is their capability
to exist in different phases with specific interior and exterior characteristics
which can drastically change during a phase transition. The thermodynamic
approach proposed in this work insinuates the possibility of considering the
phase structure of economic systems and the conditions under which a par-
ticular economic system can undergo a phase transition. In this section we
will perform such an analysis for the hypothetical systems studied above.

Recall that a phase transition is usually associated with discontinuities or
divergencies in the thermodynamic variables or its derivatives. In particular,
the behavior of the entropy function is used as a criterion for the analysis of
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phase transitions. Moreover, the heat capacity

a8
c=T a7 (30)
is an important thermodynamic variable which indicates the existence of
second-order phase transitions. From the results presented in the preceding
sections one can show that the heat capacity for systems characterized by a
monomial money function, m = ¢;\%, is constant, namely C' = 1/§, with C' =
0 for the limiting case m = ¢y = const. Since the constant 6 must be positive
for the mean value (m) to be positive, the temperature of such systems raises
under an increase of “economic heat”, and vice versa. An inspection of the
remaining thermodynamic variables shows that such systems cannot undergo
a phase transition.
The situation is different in the case of multiplicative systems. For a
system characterized by a Pareto law distribution, we obtain from Eq.(23])

C, = (Clc_l T)2 . (31)

A phase transition occurs in the limit ¢; — 7. This is also the value for
which the mean value of the money raises unlimitedly. This shows that a
phase transition can be induced by choosing appropriately the parameter
c1 and the corresponding economic system undergoes a drastic change with
agents possessing more and more money; however, this hypothetical process
must end at some stage due to the natural boundary imposed by the fact
that the total amount of money in the system is fixed and finite.

In the case of a system with a Gamma law distribution and partition
function given in Eq.(29), the phase structure is much more complex. The
analytical results are rather cumbersome expressions that cannot be written
in a compact form. A preliminary numerical analysis shows that near the
poles of the partition function first-order and second-order phase transitions
occur with two possible scenarios. The first one is similar to the phase
transition of a system with a Pareto law distribution with the mean value
(m) increasing either exponentially or as (m) o 1/(d; — T)¢, and d; — T,
where the value of the constant ¢ depends on the kind of pole of the partition
function. The second scenario is characterized by a rapid reduction of (m),
tending exponentially to a fixed positive value my which depends on the kind
of pole. Unexpectedly, we also found divergencies in the corresponding heat
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capacity which are not related to the poles of the partition function. A more
deep analysis will be necessary to understand the complete phase structure
of this specific multiplicative system.

5. Discussion and conclusions

In this work we propose to apply the standard methods of statistical ther-
modynamics in order to investigate the structure and behavior of economic
systems. The starting point is an economic system in which a conserved
quantity is present. In certain current economies it has been shown that
such quantities exist, the money being one of them. We have shown that to
any conserved quantity it is possible to associate a function m (the money
function, for instance) from which all the thermodynamic variables and prop-
erties of the system can be derived. The money function depends on a set of
microeconomic parameters which generate macroeconomic parameters at the
level of the partition function. The thermodynamic variables depend on the
macroeconomic parameters and satisfy the ordinary laws of thermodynamics.

Starting from simple money functions, we consider linear, nonlinear and
multiplicative systems as examples of hypothetical economic systems in which
it is possible to apply our approach, obtaining analytical results. In all the
cases, we computed the most relevant thermodynamic variables and analyzed
their behavior. The results show that it is possible to manipulate the mi-
croeconomic parameters in order to control the output at the level of the
macroeconomic parameters. We see this possibility as an advantage of our
statistical approach. Omne can start from an equilibrium state with some
given mean value for the money (m), and raise its value by choosing appro-
priately a particular microeconomic parameter. Once the process is started,
the system will naturally evolve into a state characterized by a greater value
of (m). This natural evolution occurs because, as has been repeatedly shown
in computer simulations [13], the final equilibrium state corresponds to a
Boltzmann-Gibbs probability distribution, which is a basic component of
the approach proposed in this work. This evolution, however, must be un-
derstood as in standard thermodynamics, i.e., the evolution process must
be quasi-static so that at each step the economic system is in equilibrium.
A more realistic evolutionary model must take into account nonequilibrium
states, a task that cannot be treated within the standard approach of statis-
tical thermodynamics. It would be interesting to investigate if the existing
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generalizations of nonequilibrium thermodynamics can also be applied in the
context of economic systems.

We propose to use the formalism of phase transitions to analyze the be-
havior of economic systems. The relatively simple examples studied in this
work show that in fact a phase transition can be associated to drastic changes
of the mean value of the money. Economic crisis are usually accompanied
by far-reaching modifications of some macroeconomic variables. It would
be interesting to propose more sophisticated and realistic models for money
functions and investigate their behavior during phase transitions. If a crisis
could be understood this way, an appealing problem would be to explore the
possibility of controlling its consequences.

In the context of systems with many constituents, thermodynamic inter-
action is an important concept which can completely modify the interior and
exterior structure of the system. In physics, one can introduce thermody-
namic interaction into a system by choosing appropriate potentials, because
we understand the physical meaning of the Hamiltonian function. In our ap-
proach the analogous of the Hamiltonian is the money function; we believe,
however, that its economic significance, at least at the moment, is much more
sophisticated. Therefore, we propose to use a different method to introduce
thermodynamic interaction into an economic system. Recently, the theory
of geometrothermodynamics |19] was formulated with the aim of describing
thermodynamics in terms of geometric concepts. One of the results of this
formalism is that thermodynamic interaction can be interpreted as the cur-
vature of the equilibrium space. This has been shown to be true not only in
the case of ordinary thermodynamic systems, like the ideal gas and the van
der Waals gas [20, 21], but also in more exotic configurations like black holes
[22]. This opens the possibility of introducing thermodynamic interaction
by just modifying the curvature of the equilibrium space. In fact, it can be
shown that all the hypothetical economic systems analyzed in this work have
very simple equilibrium spaces for which the manipulation of curvature is
not a difficult task. We expect to analyze this possibility in the near future.
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