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SOME RESULTS ON RATIONAL SURFACES AND FANO VARIETIES
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Abstract. The goal of this article is to study the equations and syzygies of embeddings of rational

surfaces and certain Fano varieties. Given a rational surface X and an ample and base-point-free line

bundle L on X, we give an optimal numerical criterion for L to satisfy property Np. This criterion

turns out to be a characterization of property Np if X is anticanonical. We also prove syzygy results for

adjunction bundles and a Reider type theorem for higher syzygies.

For certain Fano varieties we also prove results on very ampleness and higher syzygies.

0. Introduction

The goal of this article is to study the equations and the syzygies of embeddings of rational surfaces
and certain Fano varieties. Previously Butler, Homma, Kempf, and the authors had proved results
regarding syzygies of (geometrically) ruled surfaces and surfaces of nonnegative Kodaira dimension.
We will be interested in knowing under what conditions the resolution of the homogeneous coordinate
ring S/I of an embedded variety is “simple”. More precisely we want to know under what conditions
the so-called property Np after M. Green is satisfied. We define this property next:

Definition 0.1. Let X be a projective variety. A very ample line bundle L is said to satisfy property
N0 if |L| embeds X as a projectively normal variety. A very ample line bundle L satisfies property
N1 if L satisfies property N0 and the homogeneous ideal I of the image of X embedded by |L| is
generated by quadratic equations. Finally a very ample line bundle L is said to satisfy property Np,
p ≥ 1, if it satisfies property N1 and the matrices in the minimal graded free resolution of S/I have
linear entries from the second to the p-th step.

Section 1 is devoted to rational surfaces. Given a rational surface X and an ample and base-point-
free line bundle L on X, we observe there is an optimal criterion for L to satisfy property Np. This
criterion (cf. Theorem 1.3) depends solely on the intersection number of L with −KX , namely, L
satisfies property Np if −KX · L ≥ p + 3. This criterion turns out to be a characterization if X is
anticanonical, i.e., a rational surface with effective anticanonical class. Anticanonical surfaces have
been extensively studied by several authors, among them B. Harbourne, and Theorem 1.3 improves
and generalizes one of his (cf. [Hb2]).

We also study the syzygies associated to adjunction bundles and prove a Reider type theorem
for higher syzygies. More precisely, given any A1, · · · , An ample line bundles on an anticanonical
rational surface X of fixed K2

X , we find a sharp bound on n so that KX + A1 + · · · + An satisfies
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property Np. One of the easy consequences of this is Mukai’s conjecture, which is in fact optimal for
anticanonical surfaces with K2

X = 1.

Properties such as base-point-freeness and very ampleness are governed numerically, as classical
results on curves and Reider’s theorem on surfaces show. It is natural to ask whether the same
philosophy holds for the property Np, which are a natural generalization of base-point-freeness and
very ampleness. For curves Green’s theorem (cf. [G], Theorem 4.e.1), which says that a line bundle
of degree greater than or equal to 2g + p + 1 satisfies property Np, provides an affirmative answer.
For rational surfaces results in this article, namely, the already mentioned Theorem 1.3 and Theorem
1.24, which is a Reider type result for property Np, show us as well that property Np only depends
on numerical criteria. In fact, if X is anticanonical, Theorem 1.3 tells that property Np for L is
exclusively governed by the intersection number of L with a particular curve lying on X, namely, an
anticanonical curve. This phenomenon can be also observed in other surfaces such as elliptic ruled
surfaces. Indeed, Homma and the authors gave in [Ho1], [Ho2] and [GP1] a characterization for
properties N0 and N1 in terms of the intersection number of L with a few curves lying on the elliptic
surface. In this case the relevant curves are a minimal section and a fiber of the elliptic ruled surface
in addition to the anticanonical curve. The authors also gave in [GP2] a criterion for property Np in
terms of the intersection number of L with the three above mentioned curves, and conjectured that
those intersection numbers should also characterize property Np as they did characterize property
N0 and N1. It is surprising that results of such similar spirit hold for both rational surfaces and
elliptic ruled surfaces. Even though both are surfaces of Kodaira dimension −∞, they differ in the
fact that the Picard group of a rational surface is discrete, the same does not happen for an elliptic
ruled surface. The differences can be also be seen in the methods of proof used in [GP1] and [GP2]
and in this article, which are indeed very distinct.

We also prove a result (cf. Theorem 1.29) connecting property Np, which is an extrinsic property
depending on the embedding of X, with the “termination” of ampleness of mKX +L. In particular
we show for what m the line bundle mKX + L stops being ample for a line bundle L satisfying
property Np. The formula we obtain for such an m depends on K2

X and p.

In Section 1 we also construct several families of examples. These examples show that all the
theorems and propositions proved are sharp, and that the bounds cannot be reduced.

In Section 2 we study n-dimensional Fano varieties of index greater than or equal to n− 1. Let H
be primitive line bundle such that −KX = iH. First we prove Theorem 2.1, which tells exactly what
property Np is satisfied by H. We prove results regarding very ampleness and on the higher syzygies
of multiples of a primitive H on X such that −KX = iH. We derive these syzygy results from the
vanishings of certain Koszul cohomology groups on the Fano variety X. We reduce these vanishings
to the vanishings of similar Koszul cohomology groups on lower dimensional Fano varieties. These
lower dimensional are subvarieties of X, but since we need them to be again Fano varieties, we do
not obtain them by taking subsequent hyperplane sections. We take this more indirect approach
because the techniques of Section 1 do not work for these higher dimensional varieties. The reason is
that the information available on the resolution of the coordinate ring of the subsequent hyperplane
sections is not good enough.

Finally in Section 3 we deal with n-dimensional Fano varieties of index n − 3. We first give a
criterion as to when nH satisfies very ampleness and property N0 when n ≥ 2. This criterion is
actually a characterization if n ≥ 3. Then we prove a result on the higher syzygies of multiples of
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H. The arguments and techniques used are similar to those used in Section 2. There is though a
difference worth noting. When one is considering an n-dimensional Fano variety X of index greater
than or equal to n − 1, one deduces the vanishing of Koszul cohomology groups on X from the
vanishings of similar cohomology groups on a rational surface. However, if X has index n − 3, one
deduces the vanishing of Koszul cohomology groups on X from the vanishings of similar cohomology
groups on a Calabi–Yau threefold, and eventually, on a surface of general type. The reader might
wonder about what the situation is for n-dimensional Fano varieties of index n− 2. Those surfaces
were studied in [GP5], where the authors obtained results which are similar to those in Sections 2
and 3 of this article.

1. Rational surfaces

In this section we study propertyNp for rational surfaces. The first result is a criterion for property
Np in terms of a very precise numerical condition, namely the intersection number of the line bundle
L under consideration with the anticanonical class of the surface. In order to prove this theorem we
will need two preliminary results we mention now:

Observation 1.1 ([GP4], Observation 2.3). Let X be a regular variety (i.e., a variety such that
H1(OX) = 0). Let E be a vector bundle on X, let C be a divisor such that L = OX (C) is globally
generated line bundle and H1(E⊗L−1) = 0. If the multiplication map H0(E⊗OC)⊗H0(L⊗OC) →
H0(E ⊗ L⊗OC) surjects, then the map H0(E) ⊗H0(L) → H0(E ⊗ L) also surjects.

The second result we need is a useful lemma on the vanishing of cohomology of big and base-
point-free line bundles:

Lemma 1.2. Let X be a smooth surface with pg = q = 0 and B a big base-point-free line bundle on
X such that −KX ·B > 0. Then h1(B) = h2(B) = 0.

Proof. Since B is big and base-point-free, by Bertini, there exists smooth, irreducible C ∈ |B|.
Consider

0 −→ OX −→ B −→ B ⊗OC −→ 0 .

Since pg = 0, h2(B) = 0. Since −KX · B > 0, by adjunction deg(B ⊗ OC) > 2g(C) − 2, and
consequently, h1(B) = 0, since q = 0. �

We are now ready to state and prove the numerical criterion for property Np. This criterion turns
out to be a characterization of property Np if the surface is anticanonical. We remark that the case
of property N0 was observed by B. Harbourne (cf. [Hb2]).

Theorem 1.3. Let X be a rational surface and let L be an ample line bundle on X. If L is base-
point-free and −KX ·L ≥ p+ 3, then L satisfies property Np. In addition, if X is anticanonical and
L is ample, then L satisfies property Np if and only if −KX · L ≥ p+ 3.

Proof. First we prove the part of the result stated for general rational surfaces, and we start showing
that if −KX · L ≥ 3, L satisfies property N0. We want to show that

H0(rL) ⊗H0(L)
α
−→ H0((r + 1)L) for all r ≥ 1.

Since L is ample and base-point-free, we can choose a smooth and irreducible curve C ∈ |L|. Then,
by Lemma 1.2 and Observation 1.1, the surjectivity of α follows from the surjectivity of

H0(rLC) ⊗H0(LC)
β
−→ H0((r + 1)LC) for all r ≥ 1.
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Since −KX · L ≥ 3, degLC ≥ 2g(C) + 1, hence by Castelnuovo’s Theorem β surjects. This proves
that L satisfies property N0.

Now we prove the result for general p. We have just proven that if −KX · L ≥ p+ 3, L satisfies
propertyN0, i.e., L is very ample and embeds X as a projectively normal variety. On the other hand,
by Lemma 1.2, Kodaira Vanishing Theorem and because X is regular, H1(rL) = 0 for all r ∈ Z.
Therefore the image Y of X by the embedding induced by |L| is arithmetically Cohen-Macaulay.
Let H be a general hyperplane of PN and let D be the corresponding (smooth, irreducible) divisor
on X. Since X is regular, |LD| embeds D in H and the image of this embedding is Y ∩H, which is
projectively normal. This is the same as saying that LD satisfies property N0. Moreover, since Y is
arithmetically Cohen-Macaulay, the minimal resolution of Y ∩H has the same graded Betti as the
minimal resolution of Y (see also [G], Theorem 3.b.7). Since −KX ·L ≥ p+3 we have by adjunction
that degLD ≥ 2g + p + 1, then by Green’s theorem (cf. [G], Theorem 4.a.1) the homogeneous
coordinate ring of Y ∩H is generated by quadrics and the resolution of its homogeneous coordinate
ring is linear until the p−th step. Since we did already prove that L satisfied property N0, we see
that L satisfies property Np.

Let nowX be anticanonical. On an anticanonical surface a nef line bundle L such that −KX ·L ≥ 2
is base-point-free (cf. [Hb1], Theorem III.1). Therefore we have just proven one of the implications,
namely that if −KX · L ≥ p+ 3, then L satisfies property Np. We prove now the other implication.
Let L be a line bundle on X satisfying property Np. In particular L is very ample and embeds
X as a projectively normal variety. Moreover, H1(rL) = 0 for all r ∈ Z. Indeed, H1(OX) = 0
because X is rational and H1(rL) = 0 by Kodaira Vanishing Theorem if r is negative. If r is
positive, −KX · rL > 0, because L is ample and −KX is effective. Hence H1(rL) = 0 by Lemma 1.2
. Therefore the image of the embedding of X by |L| is arithmetically Cohen-Macaulay. Let C be a
smooth curve in |L|. As observed before, L satisfies property Np if and only if LC satisfies property
Np. Since −KX is effective and C moves (for L is very ample), then −KX ⊗ OC is also effective.
Hence LC = KC + N with N effective line bundle of degree −KX · L. Now if −KX · L were less
than or equal to p + 2, LC would not satisfy property Np. This follows from a result of Green and
Lazarsfeld (cf. [GL], Theorem 2) which says in particular that on a smooth, irreducible, genus g
curve C, a line bundle of the form KC+N with N effective of degree p+2 does not satisfies property
Np. �

Observation 1.4. If X is a rational surface which is not anticanonical and L is a line bundle on
X which satisfies Np, in general, −KX ·L need not be greater than or equal to p+3. However, there
are line bundles L such that −KX ·L = p+ 3 and L satisfies Np and not Np+1. Hence Theorem1.3
is sharp for non-anticanonical surfaces.

Proof. Consider a non-anticanonical rational surface X and let L be an ample and base-point-free
line bundle so that KX +L is also ample, and such that the general curve in |L| is not hyperelliptic.
Then −KX · L = p + 3 for some p. Let C be general and therefore smooth and irreducible curve
in |L|. We know by Theorem 1.3 that L satisfies property Np. Since KX + L is ample, by Kodaira
vanishing and duality, H1(−KX −L) = 0. Since X is not anticanonical, −KX ⊗OC is non effective.
Then, arguing as in the proof of Theorem 1.3 we conclude, using [GL], Theorem 2, that L satisfies
property Np+1.

Now we show by means of an example the existence of (X,L), where X is a non-anticanonical
rational surface and L is an ample and free line bundle such that L satisfies Np but not Np+1 and
−KX · L = p + 3. Let π : X −→ F0 be the blowing up of F0 at 9 points. We choose the 9
points p1, . . . p9 so that X is not anticanonical. Let E1, . . . , E9 be the exceptional divisors and let
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L = π∗(2C0 +nf)−E1−· · ·−E9 with n ≥ 4. Then L is ample, because L = A+π∗((n−3)f), where
A is as in Example 1.16. L is also base-point-free. This can be checked using Reider’s Theorem.
Indeed, L can be written as KX + 2A+ π∗((n− 4)f). Let C be a smooth curve in |L|. We want to
show that −KX ⊗ OC is effective. We look at the long exact sequence relating the cohomology of
−KX −L, −KX and −KX ⊗OC . By our choice of p1, . . . , p9, h

0(−KX) = 0 and by Riemann–Roch
h1(−KX) = 1. Also by Riemann–Roch, h1(−KX − L) = n− 3. Then h0(−KX ⊗OC) = n− 3 ≥ 1.
Now −KX · L = 2n − 5. Then according to Theorem 1.3 L satisfies property N2n−8 and by [GL],
Theorem 2, L does not satisfy property N2n−7.

Remark 1.5. Theorem 1.3 is an example of the following philosophy: On a variety X the failure
of a line bundle L to satisfy property Np can be traced to the existence of an extremal curve C on
X. The curve C is extremal with respect to L and property Np in the following sense: LC satisfies
property Np but not property Np+1. In the proof of Theorem 1.3 the existence of such an extremal
curve, namely a smooth curve C in |L|, plays a key role. We would like to point out the existence
of another extremal curve on X. If there is a smooth irreducible curve C ′ in | −KX | (for instance,
if X is a Del Pezzo surface), then C ′ is a smooth elliptic curve. On an elliptic curve a line bundle
satisfies property Np if and only if its degree is greater than or equal to p + 3. This follows from
Green’s theorem (cf. [G], Theorem 4.a.1) and the self-duality of the resolution of any elliptic normal
curve or alternatively by the theorem of Green and Lazarsfeld quoted above (cf. [GL], Theorem 2).
Now Theorem 1.3 says precisely that L satisfies property Np but not property Np+1 if and only if
−KX · L = p + 3. This agrees with the philosophy just stated, since −KX · L is the degree of LC′

and p+ 3 is the degree of those line bundles of C ′ satisfying property Np but not property Np+1.

In the remainder of this section we will focus on anticanonical surfaces. One of our main purposes
is to find uniform and optimal bounds on n so that a line bundle of the form KX + A1 + · · · + An
satisfies property Np, where each Ai is an ample line bundle on X. The bounds we will obtain will
be for anticanonical surfaces with a fixed value of K2

X . They will therefore be finer than a uniform
bound valid for any anticanonical surface. There are two ingredients we need to attack the problem.
First we need to find a sharp, uniform lower bound on n so that KX +A1 + · · ·+An be very ample.
This will be dealt with in Proposition 1.6. Second, because of the numerical characterization of
property Np given by Theorem 1.3 , we need to find a sharp, uniform lower bound for −KX ·A for an
ample A. This is what we do in Proposition 1.9 and Proposition 1.10. The sharpness of Propositions
1.6, 1.9 and 1.10 is shown by the Examples 1.11 to 1.20 presented later on.

Proposition 1.6. Let X be an anticanonical surface, let A1, . . . , An be ample line bundles on X,
and let L = KX + A1 + · · · +An. Then L is very ample if

1) K2
X = 9 and n ≥ 4.

2) K2
X = 8 and n ≥ 3.

3) 3 ≤ K2
X ≤ 7 and n ≥ 2.

4) K2
X = 2 and n ≥ 3 or n ≥ 2 unless n = 2, A1 = A2 = −KX .

5) K2
X = 1 and n ≥ 4 or n ≥ 2 unless

5a) n = 2 and A1 = A2 = −KX or A1 = −KX and A2 = −2KX (or vice versa); or

5b) n = 3 and A1 = A2 = A3 = −KX .

6) K2
X = 0 and n ≥ 3.

7) K2
X < 0 and n ≥ 2.

In order to prove the result we need this
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Lemma 1.7. Let X be an anticanonical surface and let A be an ample line bundle on X. Then
A2 ≥ 2 unless (X,A) = (P2,OP2(1)) or K2

X = 1 and A = −KX .

Proof. If −KX · A ≥ 2, then by [Hb1], Theorem III.1.a A is base-point-free, hence if A2 = 1, then
(X,A) = (P2,OP2(1)). If −KX · A = 1 and A2 = 1, then (KX + A) · A = 0 and hence KX + A is
effective by Riemann–Roch. Since A is ample, A = −KX and K2

X = 1. �

(1.8) Proof of Proposition 1.6. First, we note that if n ≥ 4, then L is very ample by Reider’s Theorem.
Now, except if (X,A) = (P2,OP2(1)) or A = −KX and K2

X = 1, an ample line bundle A satisfies
A2 ≥ 2 by Lemma 1.7. Therefore if n ≥ 3, L is very ample by Reider’s Theorem unless all Ai = A
and, either (X,A) = (P2,OP2(1)), or A = −KX and K2

X = 1.

Now we prove that under the hypothesis stated in the proposition, L is very ample if n ≥ 2. First
we show that the result is true if A1 = A2 = A and A2 ≥ 3. By Reider’s Theorem the only obstacle
to the very ampleness of L would be the existence of an irreducible curve E with A · E = 1 and
E2 = 0. Then we prove the following:

(1.8.1) Let X be an anticanonical surface with K2
X 6= 0, 8 and let A be an ample line bundle on X.

Then there does not exist an irreducible curve E on X with A ·E = 1 and E2 = 0.

We show that, under the above hypothesis, pa(E) = 0 or 1. Since E is irreducible and E2 = 0,
E is nef, hence −KX · E ≥ 0 and (KX + E) · E ≤ 0. We exclude both possibilities, starting with
pa(E) = 1. In this case −KX · A = 1, otherwise A would be base-point-free by [Hb1], Theorem
III.1 and this would contradict the fact that A ·E = 1. Now KX +E is effective by Riemann–Roch.
Indeed, (KX +E) ·E = 0 and E is a curve, hence h0(KX +E) = 1 +h1(KX +E) ≥ 1. On the other
hand (KX + E) · A = 0, hence E = −KX and K2

X = 0, which is excluded by hypothesis. Now we
rule out the second possibility, namely, pa(E) = 0. In this case E = P1 and it follows from Lemma
4.1.10 in [BS] that X is a P1-bundle, which is also excluded by hypothesis.

By Lemma 1.7 the only case left when A1 = A2 = A is A2 = 2. Then −KX · A ≥ 2 and A
is base-point-free by [Hb1], Theorem III.1.a. Then X is either P1 × P1 or a double cover of P2

ramified along a smooth quartic, for which A = −KX and K2
X = 2. Both possibilities are excluded

by hypothesis.

Now we deal with the case A1 6= A2. If one Ai is such that A2
i ≥ 5, by (1.8.1) and Reider’s

Theorem KX +A1 +A2 is very ample. If, say, A2
1 = 4 and A2

2 ≥ 2, we prove the following:

(1.8.2) Let X be an anticanonical surface and let A1 and A2 be ample line bundles on X such that
A2

1 ≥ 3. Then A1 ·A2 ≥ 2.

Then we are done by (1.8.1), (1.8.2) and Reider’s Theorem. Therefore we prove (1.8.2). Assume
the contrary. Now for any ample bundle A on X, and in particular for A2, we have that h2(A) =
h0(KX−A) = 0, because any ample bundle intersectsKX−A strictly negatively. Then by Riemann–
Roch A2 is effective. On the other hand (KX + 2A1) · A2 ≤ 1. We have seen before that KX + 2A1

is very ample, therefore (KX + 2A1) · A2 = 1, −KX · A2 = 1 and each member of |A2| is a smooth
P1. But if −KX · A2 = 1 then (KX + A2) · A2 ≥ 0 and this contradicts the fact that the sectional
genus of A2 is 0.

Now if, say, A2
1 = 4 and A2

2 = 1, again we know by (1.8.2) that A1 · A2 ≥ 2, and if A1 · A2 ≥ 3
we are again done by (1.8.1) and Reider’s Theorem. Thus we consider the case A2

1 = 4, A2
2 = 1 and

A1 ·A2 = 2. Since n = 2 and A2
2 = 1, by Lemma 1.7 A2 = −KX andK2

X = 1. Then A1 ·(2KX+A1) =
0. On the other hand h2(2KX + A1) = h0(−KX − A1) = 0, because A1 · (−KX − A1) = −2. Then
it follows by Riemann-Roch that 2KX + A1 is effective, so A1 = −2KX . However the possibility
K2
X = 1, A2 = −KX and A1 = −2KX is excluded by hypothesis.
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Now the only remaining cases are A2
1 = 3 and A2

2 = 1, 2, 3, A2
1 = 2 and A2

2 = 2, 1 and A2
1 = A2

2 = 1.
We analyze them case by case. If A2

1 = A2
2 = 3, then by (1.8.2) A1 · A2 ≥ 2, then by (1.8.1) and

Reider’s Theorem we are done. If A2
1 = 3 and A2

2 = 2, then −KX · A2 ≥ 2 and as already argued
A2 = −KX and K2

X = 2. If A2
1 = 3 and A2

2 = 1, then by Lemma 1.7, A2 = −KX and K2
X = 1. But

then in neither of the cases can it happen that A2
1 = 3 and −KX · A1 = 2. If A2

1 = 2 and A2
2 = 2 or

1, then either A1 = A2 = −KX and K2
X = 2, which is excluded because we are assuming A1 6= A2,

or A1 = −KX and K2
X = 2 and A2 = −KX and K2

X = 1, which is absurd. Finally if A2
1 = A2

2 = 1,
then by Lemma 1.7, A1 = A2 = −KX and K2

X = 1, but we are assuming A1 6= A2. �

We now proceed to study lower bounds for −KX ·A. One lower bound is of course 1. This bound
is sharp if K2

X ≤ 1, as proven by Examples 1.15, 1.18, 1.19 and 1.20. However, if K2
X ≥ 2 a better

bound holds: First, if K2
X = 9, then X = P2 and the bound is 3. If K2

X = 8, X is a Hirzebruch
surface and we summarize the bounds on −KX · A in the next proposition. Finally if 1 ≤ K2

X ≤ 7,
−KX · A ≥ K2

X . This bound is sharp as shown in Examples 1.13 and 1.14. We end this study
by classifying the boundary and near-boundary cases when 1 ≤ K2

X ≤ 7 and by obtaining a better
bound when (X,A) does not fall in one of these boundary and near-boundary cases. As explained
before, we need these technical results to prove Theorem 1.23.

Proposition 1.9. Let X be an anticanonical surface and let A be an ample line bundle on X. If
K2
X = 8, i.e., if X is a (geometrically) ruled rational surface, then −KX · A ≥ 4. More precisely, if

X = Fe, then −KX · A ≥ e+ 4.

Proof. If X = Fe, −KX is linearly equivalent to 2C0 + (e+ 2)f , where C0 is the minimal section of
Fe and f is a fiber. In any case there is a divisor in the anticanonical class having e+ 4 irreducible
components counted with multiplicity. Then the intersection number of any ample line bundle A
with this divisor is greater than or equal to e+ 4. �

Proposition 1.10. Let X be an anticanonical surface and let A be an ample line bundle such that
1 ≤ K2

X ≤ 7.
Then −KX · A ≥ K2

X + 3 unless one of the following happens:
a) A = −KX , in which case −KX · A = K2

X ;
b) K2

X = 1 and A = −2KX , in which case −KX · A = K2
X + 1;

c) K2
X = 1 and A = −3KX , in which case −KX · A = K2

X + 2;
d) K2

X = 2 and A = −2KX , in which case −KX · A = K2
X + 2;

e) KX + A is a base-point-free line bundle, A is very ample and (X,A) is a conic fibration under
|KX +A|, in which case −KX ·A ≥ K2

X + 2.

Proof. We assume throughout the proof that A 6= −KX and we want to see that, except for the
other exceptions listed in the statement, −KX · (KX +A) ≥ 3. We divide the proof in two cases:
Case 1: K2

X ≥ 2. Assume first that A2 ≥ 5. Then by Hodge Index Theorem −KX · A ≥ 4; in
particular, A is very ample. We apply Reider’s Theorem to KX +A to see it is base-point-free. The
only obstruction to KX +A being base-point-free is the existence of a reduced and irreducible curve
E such that A · E = 1 and E2 = 0. Since A is very ample, E = P1. Then it follows from [BS],
Lemma 4.1.10 that X would be a P1-bundle, which is excluded by hypothesis. We apply now [Hb1],
Lemma II.6.a. If KX +A is composed with a pencil, since KX +A is base-point-free and A is ample,
(KX +A)2 = 0, h1(KX +A) = 0 and −KX · (KX +A) = 2r, for some r ≥ 1. If r ≥ 2, we are done.
If r = 1, then (KX + A)2 = 0 and −KX · (KX + A) = 2. Hence (KX + A) · A = 2, therefore the
sectional genus of A is 2.

Then by [BS], Theorem 10.2.7.2 (X,A) is a conic fibration over P1 under |KX +A|. Note that in
this case −KX · (KX +A) is an even number greater than or equal to 2.
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If KX +A is not compose with a pencil then (KX +A)2 > 0 by [Hb1], Lemma II.6.b. We want to
see under what conditions −KX ·(KX+A) ≥ 3. Since K2

X ≥ 2 it follows from Hodge Index Theorem
that −KX · (KX +A) ≥ 2. Assume then that −KX · (KX +A) = 2. Then (KX +A)2 ≥ 2 and even.
Now if (KX +A)2 ≥ 4 or K2

X ≥ 3, we are done by Hodge Index Theorem. Then the only case left is
(KX + A)2 = K2

X = 2.
On the other hand KX + A is big and nef, therefore by Kawamata-Viehweg h1(2KX + A) =

h2(2KX+A) = 0 and by Riemann–Roch 2KX+A is effective. Since A is ample and A·(2KX+A) = 0,
this implies that A = −2KX .

We deal now with the case A2 ≤ 4. By Lemma 1.7, A2 ≥ 2, and by Hodge Index Theorem
−KX · A ≥ 2, hence by [Hb1] , Theorem III.1.a A is base point free. If A2 = 2, then either
X = P1 × P1 or K2

X = 2 and A = −KX . The two possibilities are excluded either by hypothesis or
by assumption. Let now A2 = 3 or 4.

If A2 = 3, by Hodge Index Theorem −KX ·A ≥ 3, hence by Theorem 1.3, A is very ample. Then
X is a Del Pezzo cubic surface in P3 and A = −KX or a rational normal scroll in P4. The two
possibilities are excluded by hypothesis or by assumption.

Finally, if A2 = 4, again by Hodge Index Theorem −KX · A ≥ 3 and A is very ample. However
the only linearly normal smooth surfaces of degree 4 are K3 surfaces in P3, the Del Pezzo surface in
P4 and the Veronese Surface and the rational normal scrolls in P5.

Case 2: K2
X = 1. Assume first that A2 ≥ 5. Then by Hodge Index Theorem −KX · A ≥ 3; in

particular, A is very ample. The same argument used in Case 1 proves that KX + A is base-point-
free. We apply again [Hb1], Lemma II.6.a. Then if KX + A is composed with a pencil, we get as
before that either −KX · (KX + A) ≥ 4 or, −KX · (KX + A) = 2 and by [BS], Theorem 10.2.7.2
(X,A) is a conic fibration over P1 under |KX + A|.

If KX +A is not compose with a pencil then (KX +A)2 > 0 by [Hb1], Lemma II.6.b. We want to
see under what conditions −KX · (KX + A) < 3. If (KX + A)2 ≥ 5, then −KX · (KX + A) ≥ 3 by
Hodge Index Theorem. Then we have to study the cases 1 ≤ (KX +A)2 ≤ 4. Then by Hodge Index
Theorem −KX · (KX +A) ≥ 1.

Assume (KX + A)2 = 1. Then −KX · (KX + A) is odd, so we only have to worry about −KX ·
(KX + A) = 1. Recall that KX + A is free and big, therefore by Kawamata–Viehweg Theorem,
h1(2KX + A) = h2(2KX + A) = 0. Since (2KX + A) · (KX + A) = 0, by Riemann–Roch it follows
that h0(2KX + A) = 1. On the other hand, since K2

X = (KX + A)2 = 1, then A · (2KX + A) = 0,
hence A = −2KX . This is excluded because at this point we are assuming A2 ≥ 5.

Assume (KX + A)2 = 2. Then −KX · (KX + A) is even, so we only have to worry about
−KX · (KX + A) = 2. Note that A · (KX + A) = 4. Then by Riemann-Roch |KX + A| maps X
as double cover of P2. Then either K2

X = 8, which is excluded by hypothesis or K2
X = 2, which is

excluded by assumption.
Assume (KX + A)2 = 3. Then −KX · (KX + A) is odd, so we only have to worry about −KX ·

(KX + A) = 1. This cannot happen by Hodge Index Theorem.
Assume (KX + A)2 = 4. Then −KX · (KX + A) is even, so we only have to worry about

−KX · (KX +A) = 2. First we see that (2KX +A) is effective. Indeed, (2KX +A) · (KX +A) = 2,
then by Kawamata–Viehweg Theorem and Riemann–Roch, h0(2KX +A) = 2. Then h2(3KX +A) =
h0(−2KX−A) = 0. We also have that (3KX+A) ·(2KX+A) = 0. Then by Riemann–Roch 3KX+A
is effective. On the other hand A · (3KX +A) ≤ 0, hence A · (3KX +A) = 0 and A = −3KX .

We deal now with the case A2 ≤ 4. By Lemma 1.7, if A2 = 1, then A = −KX , which is excluded
by assumption. If A2 ≥ 2, by Hodge Index Theorem −KX · A ≥ 2, hence by [Hb1], Theorem III.1.a
A is base point free. If A2 = 2, then either X = P1×P1, which is excluded by hypothesis or K2

X = 2
and A = −KX , which is excluded by assumption.



SOME RESULTS ON RATIONAL SURFACES AND FANO VARIETIES 9

If A2 = 3, by Hodge Index Theorem and because −KX · A must be odd −KX · A ≥ 3, hence
by Theorem 1.3, A is very ample. Then X is a Del Pezzo cubic surface in P3 and A = −KX or a
rational normal scroll in P4. Both possibilities are excluded either by assumption or by hypothesis.

Finally let A2 = 4. Again by Hodge Index Theorem −KX · A ≥ 2 and A is base-point-free.
If −KX · A ≥ 3, A is actually very ample by Theorem 1.3. However the only linearly normal
smooth surfaces of degree 4 are K3 surfaces in P3, the Del Pezzo surface in P4 and the Veronese
Surface and the rational normal scrolls in P5. Then the only possibility left to study is A2 = 4 and
−KX · A = 2. Then A · (2KX + A) = 0. On the other hand h2(2KX + A) = h0(−KX − A) = 0,
because A · (−KX − A) = −2. Then it follows by Riemann-Roch that 2KX · A1 is effective, so
A = −2KX . �

Before stating and proving Theorems 1.23 and 1.24, which are consequences of Propositions 1.6,
1.9 and 1.10 it is important to know that these propositions are sharp. We do this by means of the
following series of examples. Then these examples will also imply the optimality of our theorems on
rational surfaces.

Example 1.11. K2
X = 9, A ample, −KX · A = 3, KX + 3A not ample.

Of course the only rational surface with K2
X = 9 is X = P2, A = OP2(1) attains the bound

−KX ·A ≥ 3 and KX + 3A = OP2 , hence not very ample.

Example 1.12. K2
X = 8, A ample, −KX · A = e+ 4, KX + 2A not ample.

The rational surfaces with K2
X = 8 are the Hirzebruch surfaces Fe. With these examples we show

that the bounds computed in Proposition 1.9 for −KX ·A in terms of e are sharp. If X = Fe, let C0

be the minimal section and f a fiber. The divisor A = C0 + (e+ 1)f is ample and −KX ·A achieves
the bound e + 4. Moreover KX + 2A = ef is free but not ample, hence A provides an example of
KX + 2A not being very ample.

Example 1.13. 3 ≤ K2
X ≤ 7, A ample, −KX ·A = K2

X , KX + A not ample.

We obtainX withK2
X = 9−i by blowing up P2 at 2 ≤ i ≤ 6 points, which we choose in sufficiently

general position (not 3 of them on a line, not 6 of them on a conic). This is a Del Pezzo surface and
−KX is very ample (cf. [Ht], Theorem V.4.6). Then (X,−KX) achieves the bound A2 ≥ K2

X and
also provides an example where KX +A is not very ample.

Example 1.14. K2
X = 2, A ample, −KX · A = K2

X and KX + 2A not very ample.

Let p : X −→ P2 be the double cover of P2 ramified along a smooth quartic. Such anX is rational,
KX = p∗(OP2(−1)) and −KX = p∗(OP2(1)). Therefore K2

X = 2 and, since p is finite, −KX is ample
and base-point-free. In fact, p is induced by the morphism of the complete anticanonical linear series.
We remark that, actually, a rational surface X with K2

X = 2 and with anticanonical divisor ample
is a double cover of P2 as the one described above. This follows from Riemann–Roch. Thus the
anticanonical divisor on such a surface X attains the bound A2 ≥ K2

X .
Such a surface X can also be found embedded in P6. Indeed, −2KX is very ample, and embeds

X as a degree 8, sectional genus 6, smooth surface in P6 (see [BS], Example 10.2.4).
In addition A = −KX provides an example of KX + 2A not being very ample.

Example 1.15. K2
X = 1, A ample, −KX · A = 1, KX + 3A not very ample.

An example of a surface X with K2
X = 1 and −KX ample can be found in [BS], Example

10.4.3. Indeed there exists a smooth rational surface with K2
X = 1 and −KX ample. This surface

is embedded by | − 3KX | as a degree 9, sectional genus 4 smooth surface in P6. Then (X,−KX)
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achieves the bound A2 ≥ K2
X . In addition A = −KX provides an example of KX + 3A not being

very ample. Indeed, −2KX is not very ample as its complete linear series induces a double cover of
quadric cone in P3.

Example 1.16. −1 ≤ K2
X ≤ 8, A ample, −KX ·A = K2

X + 2, KX +A not ample.

The family of examples we consider now are conic bundles. Let us fix n = K2
X , −1 ≤ n ≤ 8. The

examples are constructed from the pair (Y = Fe, 2C0 + mf), where m = e + 3, 0 ≤ e ≤ 2, C0 is
the minimal section of Y and f is a fiber of Y . Let C be a smooth anticanonical divisor on Y . Let
l = 8 − n. We choose Σ = {p1, . . . , pl}, l distinct points on C lying on different fibers of Y . Let
π : X −→ Y be the blowing-up of Y along Σ and let E1, . . . , El be the exceptional divisors. Let
A = π∗(2C0 +mf)−E1 − · · · −El. By the choice of m, KX +A = π∗f . Hence KX +A is not ample
and −KX · A = K2

X + 2. We see now that A is ample using Nakai–Moishezon’s criterion. Firstly,
as n ≥ −1, A2 ≥ 3. Secondly, it is clear that A · Ei=1, for all 1 ≤ i ≤ l. Finally we will check
that the intersection of A with any irreducible non-exceptional curve T on X is strictly positive.
Let D = π(T ) and let D ∼ aC0 + bf . Let m1, . . . ,ml be the multiplicities of D at p1, . . . , pl. Then
A·T = (2C0+mf)·D−m1−· · ·−ml. Hence we want m1+· · ·+ml < (2C0+mf)·D = 3a+2b−ae. We
first consider the case when C and D intersect properly. Since p1, . . . , pl ∈ C, m1 + · · ·+ml ≤ C ·D.
Therefore m1 + · · · +ml ≤ 2a+ 2b− ae. Then if a > 0 we are done. If a = 0, then D = f . Since we
have chosen p1, . . . , pl in different fibers in this case m1 + · · · +ml = 1 < 2 = 3a + 2b− ae, and we
are also done. Now consider the case when C and D do not intersect properly. Since both C and D
are irreducible, C = D. In this case m1 + · · · +ml = l, for C is smooth, and a = 2 and b = e + 2.
Then 3a+ 2b− ae = 10 and we are done if l < 10. The latter happens because n ≥ −1.

Example 1.17. −2 ≤ K2
X ≤ 8, A ample, −KX ·A = K2

X + 3 and KX +A not ample.

Let Y = F1, let C0 the minimal section, let f be a fiber and let C be a smooth irreducible
anticanonical curve. Let π : X −→ Y the blowing up of Y at Σ = {p1, . . . , pl}, where p1, . . . , pl
are distinct points of Y on C away from C0 and 0 ≤ l ≤ 10. Let E1, . . . , El be the exceptional
divisors lying over p1, . . . , pl respectively. Let A = π∗(3C0 + 4f) − E1 − E2 − · · · − El. We claim
that A is ample, that −KX · (KX + A) = 3 and that KX + A is not ample. The latter is clear,
since KX + A = π∗(C0 + f). From this it also follows that −KX · (KX + A) = 3. We check
finally the ampleness of A using Nakai-Moishezon’s criterion. On the one hand A2 = 15 − l ≥ 5,
since l ≤ 10. Clearly A · Ei = 1. Let T be now a nonexceptional irreducible curve on X, and
let D = π(T ). Let D ∼ aC0 + bf and let m1, . . . ,ml be the multiplicities of D at p1, . . . , pl. Then
A ·T = (3C0+4f) ·D−m1−· · ·−ml = a+3b−m1−· · ·−ml, so we want m1+m2+ · · ·+ml < a+3b.
We distinguish several cases: first we consider the case when C and D intersect properly. Then
m1 + · · · +ml ≤ C ·D = a+ 2b since every pi lies on C. We consider two subcases: b > 0 or b = 0.
If the former, a+ 2b < a+ 3b and we are done. If the latter T = C0 and m1 = · · · = ml = 0 by our
choice of p1, . . . , pl. Since 0 = m1 + · · · + ml < 1 we are also done. The only case left is when C
and D do not intersect properly. Since both C and D are irreducible, C = D. Since C is smooth,
m1 + · · · +ml = l. On the other hand a+ 3b = 11 in this case, and, since l ≤ 10, we are done.

Example 1.18. K2
X = 0, A ample, −KX · A = 1, KX + 2A not very ample.

We find a surface with K2
X = 0 with an ample line bundle A such that −KX ·A = 1 and KX +2A

is not very ample. Let Y = P2. We consider a set Σ ⊂ Y of 9 distinct points being the complete
intersection of 2 cubics, and neither 3 of them on a line nor 6 of them on a conic. LetX be the blowing
up of Y along Σ. Then −KX is base-point-free, h0(−KX) = 2, and all C ∈ | −KX | are irreducible
curves. Therefore | −KX | turns Y into an elliptic fibration ϕ : X −→ P1 with irreducible fibers and
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at least 9 sections, namely, the 9 exceptional divisors. Let E be one of the exceptional divisors and
let F be a fiber of ϕ. Then A = E + 2F is ample. Indeed, we use Nakai-Moishezon’s criterion. The
self-intersection (E + 2F )2 = E2 + 4E · F = 3. If F ′ is a fiber of ϕ, (E + 2F ) · F ′ = 1. Let C be
an irreducible curve on X, and not a fiber. Then either C = E, in which case (E + 2F ) · C = 1 or
(E+2F ) ·C = E ·C+2F ·C ≥ 2. Now we see that −KX ·A = 1 and that KX+2A is not very ample.
It is clear that −KX ·A = 1. We see now that KX + 2A is not very ample. Indeed, let C ∈ | −KX |.
Then C has arithmetic genus 1; however KX + 2A = −3KX + 2E, hence (KX + 2A) · C = 2. Since
the arithmetic genus of C is 1, KX + 2A is not very ample. Note that A′ = E + nF for some n ≥ 2
satisfies as well that −KX · A′ = 1 and KX + 2A′ is not very ample.

Example 1.19. K2
X < 0 odd, A ample, −KX · A = 1 and KX +A not ample.

Given n odd number strictly smaller than 0, we find a surface X with K2
X = n and an ample line

bundle A on X such that −KX ·A = 1. Let Y = F0, let l = 8−n. Let C be a smooth anticanonical
curve on Y and f1 and f2 be two lines each belonging to one ruling of F0. Let Σ = {p1, . . . , pl} be
l distinct points on C chosen so that not two of them belong to a line of F0. Let π : X −→ Y be
the blowing up of Y along Σ and let Ei be the exceptional divisor over pi. Let k = l−3

2 and let A =

π∗(OF0
(2f1+kf2)−E1−· · ·−El). We see that −KX ·A = (2f1+2f2)·(2f1+kf2)+E

2
1 +· · ·+E2

l = 1.
Moreover KX + A = π∗((k − 2)f2), and therefore it is not ample. Now we will see that A is ample
using Nakai–Moishezon’s criterion. First A2 = l − 6 ≥ 3. Now we see the intersection of A with
irreducible curves on X. The intersection of A with each Ei is 1. Let T be an irreducible curve
which is not an exceptional divisor and let D = π(T ). Let D ∼ af1 + bf2. Let m1, . . . ,ml be the
multiplicities of D at p1, . . . , pl. Then A · T = (2f1 + kf2) ·D −m1 − · · · −ml. Hence we want to
see that m1 + · · · +ml < ka+ 2b. Since p1, . . . , pl ∈ C, m1 + · · · +ml ≤ C ·D if C and D intersect
properly. Then m1 + · · ·+ml ≤ 2a+ 2b. Since n ≤ −1, k ≥ 3, hence if a ≥ 1, 2a+ 2b < ka+ 2b and
we are done. If a = 0, then D = f2 and by our choice of p1, . . . , pl, m1 + · · · +ml = 1 < 2 = ka+ 2b
and we are also done. Now suppose that C and D do not intersect properly. Since both C and D are
irreducible, C = D and a = b = 2. In this case m1 + · · · +ml = l, for C is smooth. Since k = l−3

2 ,
l < 2k + 4.

Example 1.20. K2
X < 0 even, A ample, −KX · A = 1 and KX +A not ample.

Given n even number strictly smaller than 0, we find a surface X with K2
X = n and an ample line

bundle A on X such that −KX · A = 1. Let Y = F0 and let l = 8 − n. Let C be a smooth
anticanonical curve on Y and f1 and f2 be two lines each belonging to one ruling of F0. Let
Σ = {p1, . . . , pl} be l distinct points on C chosen so that not two of them belong to a line of
F0. Let π : X −→ Y be the blowing up of Y along Σ and let Ei be the exceptional divisor
over pi. Let k = l−4

2 and let A = π∗(OF0
(3f1 + kf2) − 2E1 − E2 − · · · − El. Then −KX · A =

(2f1 + 2f2) · (3f1 + kf2) + 2E2
1 +E2

2 + · · · +E2
l = 1. In addition KX +A = π∗(f1 + (k− 2)f2)−E1.

Therefore KX + A is not ample, since its intersection with the strict transform of one of the lines
passing through p1 is 0. We see now that A is ample using Nakai–Moishezon’s criterion. First
A2 = 2l − 15 ≥ 5. Now we see the intersection of A with the irreducible curves on X. The
intersection of A with E1 is 2 and with the other exceptional divisors is 1. Let T be an irreducible
curve which is not an exceptional divisor and let D = π(T ). Let D ∼ af1 + bf2. Let m1, . . . ,ml

the multiplicities of D at p1, . . . , pl. Then A · T = (3f1 + kf2) · D − 2m1 −m2 − · · · −ml. Hence
we want to see that 2m1 + m2 + · · · + ml < ka + 3b. First we suppose that C and D intersect
properly. Since p1, . . . , pl ∈ C, then m1 + · · · + ml ≤ C · D = 2a + 2b. We distinguish now two
cases. First, if m1 ≤ a, then 2m1 +m2 + · · · +ml ≤ 3a + 2b. Since n ≤ −2, k ≥ 3. Then if b ≥ 1,
3a + 2b < ka + 3b and we are done. If b = 0, then D ∼ f1 and a = 1. By the choice of p1, . . . , pl,
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2m1 +m2 + · · · +ml ≤ 2 < 3 ≤ ka+ 3b. Second, if m1 > a, then D passes through p1 and D ∼ f2.
Then, because of the choice of p1, . . . , pl, 2m1 +m2 + · · · +ml ≤ 2 < 3 = ka+ 3b. Now we suppose
that C and D do not intersect properly. Since C and D are irreducible, then C = D, and a = b = 2.
In this case 2m1+m2+ · · ·+ml = l+1, for C is smooth. Then we are done if l+1 < 2k+6 = ka+3b.
This occurs because k = l−4

2
.

The lower bounds for −KX · A obtained in Proposition 1.9 and Proposition 1.10 combined with
Theorem 1.3 yield several results. The following generalizes a well known result, namely, the equiv-
alence of the notion of ampleness and very ampleness for P2 and for Hirzebruch surfaces (cf. [Ht]
, Corollary V.2.18). The result we get is actually stronger than this classical result since we obtain
the equivalence of ampleness and certain Np property for certain anticanonical surfaces:

Theorem 1.21. Let X be a rational surface such that d = K2
X ≥ 3. Let A be a line bundle on X.

The following are equivalent:
1) A is ample;
2) A is very ample;
3) A satisfies property N0.

More precisely:
– If 3 ≤ K2

X ≤ 7, then A satisfies property Nd−3 if and only if A is ample and A satisfies property
Nd−1 if and only if A is ample different from −KX (−KX satisfies Nd−3 but not Nd−2).

– If X = Fe, then A satisfies property Ne+1 if and only if A is ample.
– If X = P2, then A satisfies property N0 if and only if A is ample.

In addition, if K2
X = 2, then A satisfies property N1 if and only if A is an ample line bundle

different form −KX .

In the next result we show that very ampleness and projective normality are equivalent for anti-
canonical surfaces:

Proposition 1.22. Let X be an anticanonical surface. A line bundle on X is very ample if and
only if it satisfies property N0.

Proof. Let L be very ample and let C be smooth curve in |L|. Since −KX ⊗ OC is effective,
−KX ·L ≥ 3, otherwise L⊗OC would not be very ample. Then L satisfies property N0 by Theorem
1.3. �

We state and show now the result already announced dealing with line bundles of the form
KX +A1 + · · · +An, with A1, . . . , An ample. It follows from Theorem 1.3 and Propositions 1.6, 1.9
and 1.10.

Theorem 1.23. Let X be an anticanonical surface. Let A1, . . . , An be ample line bundles on X. If
n ≥ p+ 4, then L = KX + A1 + · · · + An satisfies property Np. This bound is achieved for Ai = A
and (X,A) as in Example 1.15.

More precisely:
1) If X = P2 and n ≥ ⌈ p3⌉+ 4, then L satisfies property Np. The bound is achieved for Ai = OP2(1)

and p multiple of 3.
2) If K2

X = 8 and n ≥ ⌈ p+3
4

⌉ + 2, then L satisfies property Np. The bound is achieved for X = F0,

Ai = C0 + f and p ≡ 1(4). More precisely, if X = Fe and n ≥ max(3, ⌈ p+11
e+4 ⌉), then L satisfies

property Np. The bound is achieved for instance for Ai = C0 + (e+ 1)f and for p ≡ −11(e+ 4).

3) If 1 ≤ K2
X ≤ 7 and n ≥ ⌈ p+3

K2 ⌉ + 1, then L satisfies property Np. The bound is achieved for

instance for (X,Ai) as in Examples 1.13, 1.14 and 1.15, and for p ≡ −3(K2
X).
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4) If 1 ≤ K2
X ≤ 7, Ai 6= −KX , Ai 6= −2KX if K2

X = 1 and n ≥ ⌈
p+K2

X+3

K2
X

+2
⌉, then L satisfies property

Np. The bound is achieved for (X,Ai) as in Example 1.16, and for p+K2
X ≡ −3(K2

X + 2).

5) If 2 ≤ K2
X ≤ 7, Ai 6= −KX , Ai 6= −2KX when K2

X = 2, Ai 6= −2KX ,−3KX when K2
X = 1, it

does not happen that KX +Ai is base-point-free, Ai is very ample and (X,Ai) is a conic fibration

under |KX+Ai|, and n ≥ max(2, ⌈
p+K2

X+3

K2
X

+3
⌉), then L satisfies property Np. The bound is achieved

for (X,Ai) as in Example 1.17, and for p+K2
X ≡ −3(K2

X + 3).
6) If −1 ≤ K2

X ≤ 1 and n ≥ p+3+K2
X , then L satisfies property Np. The bound is sharp for (X,Ai)

as in Examples 1.15, 1.18 and 1.19.
7) If K2

X ≤ −2 and n ≥ max(2, p+ 3 +K2
X), then L satisfies property Np. The bound is sharp for

(X,Ai) as in Examples 1.19 and 1.20.

The next result we will prove is Theorem 1.24, which is an Np result in the same flavor of Reider’s
theorem for base-point-freeness and very ampleness. Theorem 1.24 shows that when K2

X ≥ 1, a high
self-intersection number for L implies by itself property Np for KX + L for a large value of p. This
behavior is in contrast with the behavior that can be observed in surfaces of Kodaira dimension 0.

Theorem 1.24. Let X be a rational surface. Let L be a line bundle such that
1) L · C ≥ 3 for any curve C on X and L2 ≥ 10 or
1’) KX + L is very ample.

If K2
X ≥ 1:

2a) Let L2 ≥ (p+ 3)2 + 1.

If K2
X ≥ 1 and L is not a multiple of −KX when K2

X = 1:

2b) Let L2 ≥ (p+ 3)2 − 1.

If K2
X ≤ 0:

2c) Let −KX · L ≥ p+ 3.

Then KX + L satisfies property Np.

To prove Theorem 1.24 we will use Theorem 1.3, Proposition 1.22 and the technical lemma 1.25.
The lemma is proven by contradiction and the argument connects property Np with termination
of adjunction. In particular it shows that a failure of certain property Np to hold results in non
termination of adjunction.

Lemma 1.25 . Let X be a rational surface with K2
X > 0 and not isomorphic to P2. Let L be a

line bundle on X such that KX + L is effective. Let p ≥ 1 if K2
X ≤ 7 and p ≥ 2 if K2

X = 8. If
L2 ≥ (p+3)2−1 and L is not a positive multiple of −KX when K2

X = 1, then −KX ·L ≥ p+3+K2
X.

Proof. Assume that, L is not a positive multiple of −KX , or K2
X ≥ 2. We will prove the result

by way of contradiction. Assuming that −KX · (KX + L) ≤ p + 2, we will prove by induction that
mKX + L is effective for all m ≥ 2. This contradicts the termination of adjunction on a surface of
Kodaira dimension −∞.

If m = 1, KX + L is effective by hypothesis. Let us see now that 2KX + L is effective. Note that
L 6= −KX because L2 ≥ 15 and K2

X ≤ 8. Then, since KX +L is effective, −KX −L is not effective.
Then by Riemann-Roch

h0(2KX + L) ≥
1

2
(2KX + L)(KX + L) + 1 .
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Therefore we need to see that (2KX + L)(KX + L) > −2. This inequality is equivalent to

L2 + 2K2
X + 1 ≥ 3(−KX · L) .

Since by assumption −KX ·L ≤ p+2+K2
X , it suffices to check that L2 ≥ 3(p+2)+K2

X−1. Then it is
enough to see that (p+3)2 ≥ 3p+6+K2

X . This last inequality is equivalent to p2 +3p+3−K2
X ≥ 0,

which holds for all p ≥ 1 if K2
X ≤ 7 and for all p ≥ 2 if K2

X = 8.
Let m ≥ 2. Now we assume mKX + L is effective, and we will show (m+ 1)KX + L is effective.

First consider the case when K2
X = 1 and L is not multiple of −KX . Since mKX + L is effective,

h0(−mKX − L) = 0. Then by Riemann–Roch

h0((m+ 1)KX + L) ≥
1

2
((m+ 1)KX + L)(mKX + L) + 1 .

Thus we need to see that ((m+ 1)KX + L)(mKX + L) ≥ −1. This is equivalent to

L2 +m(m+ 1)K2
X + 1 ≥ (2m+ 1)(−KX · L) .

Since by assumption −KX · L ≤ p+ 2 +K2
X , it suffices to check that

L2 ≥ (2m+ 1)(p+ 2) + (−m2 +m+ 1)K2
X − 1 . (1.25.1)

Recall that K2
X = 1. Then, in order to check (1.25.1) it is enough to show that

(p+ 3)2 − 1 ≥ (2m+ 1)(p+ 2) −m2 +m .

This last inequality is equivalent to

(p−m)2 + 5(p−m) + 6 ≥ 0 .

This holds for all integers p and m.
Now we assume that K2

X ≥ 2. Since mKX + L is effective, h0(−mKX − L) ≤ 1. Then by
Riemann–Roch

h0((m+ 1)KX + L) ≥
1

2
((m+ 1)KX + L)(mKX + L) .

Thus we need to see that ((m+ 1)KX + L)(mKX + L) > 0. This is equivalent to

L2 +m(m+ 1)K2
X > (2m+ 1)(−KX · L) .

Since by assumption −KX · L ≤ p+ 2 +K2
X , it suffices to check that

L2 > (2m+ 1)(p+ 2) + (−m2 +m+ 1)K2
X . (1.25.2)

Since m ≥ 2, −m2 +m+ 1 < 0. Then, in order to check (1.25.2) it is enough to show that

(p+ 3)2 − 1 > (2m+ 1)(p+ 2) − 2(m2 −m− 1) .

This last inequality is equivalent to

p2 + (5 − 2m)p+ (2m2 − 6m+ 4) > 0 .
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This holds for any integer p ≥ 1 and any m ≥ 2.
Summing up, we have just shown that, under the hypothesis of the proposition and with the

additional assumption that −KX · L ≤ p+ 2 +K2
X , mKX + L is effective for all m ≥ 2. As pointed

out before, this is a contradiction. Therefore −KX · L ≥ p+ 3 +K2
X , as wished. �

Remark 1.26. Lemma 1.25 follows from Hodge Index Theorem for some values of p and K2
X but

not for all.

(1.27) Proof of Theorem 1.24 . By hypothesis 1’) or by 1) and Reider’s Theorem it follows that
KX + L is very ample. Therefore by Proposition 1.22 KX + L satisfies property N0. If X = P2,
it follows clearly from 2b) that −KX · (KX + L) ≥ p + 3 if p ≥ 2. Then by Theorem 1.3 KX + L
satisfies property Np (if L is such that L2 = 16, then one could say that KX + L satisfies N∞). We
consider now X = Fe. If p ≥ 2, by Lemma 1.25, 2b) and Theorem 1.3 L satisfies property Np. If
p = 1 the result also follows because if KX + L is very ample it can be seen that L2 ≥ 18. Now if
K2
X = 1 and L = m(−KX), then 2a) implies m ≥ p + 4. Therefore it follows by Theorem 1.3 that

KX + L satisfies Np. If L is not a multiple of −KX or if K2
X ≥ 2 and X 6= P2, then it follows from

2b) and Lemma 1.25 that −KX · (KX +L) ≥ p+ 3. Thus KX +L satisfies property Np by Theorem
1.3. Finally if K2

X ≤ 0, by 2c) −KX · (KX + L) ≥ p + 3. Thus KX + L satisfies property Np by
Theorem 1.3. �

Remark 1.28 Theorem 1.24 is optimal. To see the optimality when 2a) is assumed, take X as in
Example 1.15 and L = (p+ 4)(−KX). To see the optimality when 1’) and 2b) are assumed take A
as in Example 1.16, e = 0, l = 6 and L = −KX + A. Then KX + L satisfies property N1 but not
N2 by Theorem 1.3 and L2 = 16. On the other hand if K2

X ≤ 0, assuming only hypothesis 1) and
2a) or 1’) and 2a) do not suffice. This can be seen taking (X,A) as in Example 1.18 and L = 3A.
Indeed KX + L satisfies property N0 but not N1; however, L2 = 27 > (2 + 3)2 + 1.

We end this section by showing the relation between the property Np satisfied by a line bundle L
and the termination of ampleness for mKX + L.

Theorem 1.29. Let X be an anticanonical surface and let L be a line bundle satisfying property Np
but not property Np+1.
a) If X = P2 and m > p

K2
X

;

b) if X = Fe and m > p−e−1
K2

X

;

c) if 1 ≤ K2
X ≤ 7, and m > p+3

K2
X

− 1;

d) if 1 ≤ K2
X ≤ 7, L is not a multiple of −KX and m > p+1

K2
X

− 1;

e) if K2
X < 0, and m < p+2

K2
X

,

then mKX + L is not ample.

Proof. We outline the proof of c), d), e); a) and b) are similar. Let 1 ≤ K2
X ≤ 7 and assume mKX+L

is ample. Then −KX · (mKX +L) ≥ K2
X by Proposition 1.10. This implies −KX ·L ≥ (m+ 1)K2

X .

Now if L satisfies Np but not Np+1, −KX · L = p+ 3. Then (m+ 1)K2
X ≤ p+ 3, and m ≤ p+3

K2
X

− 1.

If L is not a multiple of −KX , then −KX · (mKX + L) ≥ K2
X + 2 and we argue similarly.

Let now K2
X < 0 and assume again that mKX + L is ample. Then −KX · (mKX + L) ≥ 1.

This implies −KX · L ≥ mK2
X + 1. Again, if L satisfies Np but not Np+1, −KX · L = p + 3. Then

mK2
X + 1 ≤ p+ 3, and m ≥ p+2

K2
X

. �
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Remark 1.30. The bounds for m in the previous theorem are sharp. That is clear for the bound
in a). For the bound in b) take L = C0 + (e+ 1)f . For the bound in c) take L = n(−KX). For the
bound in d) take L = A, where A is as in Example 1.16.

2. Fano n-folds of index greater than or equal to n − 1

In this section and in the next we prove results on syzygies of certain Fano n-folds. The first
attempt one would try to make to tackle this problem is to imitate the arguments we carried on
in Section 1. Given a Fano n-fold X and a very ample line bundle L, H1(rL) = 0 for all r ≥ 0.
Then one could try to obtain information about the free resolution of the image of X from whatever
information is available on the free resolution of its general hyperplane section X ′, which is now of
dimension n − 1. If no information is readily available on the resolution of X ′, one would iterate
the argument, and taking successive hyperplane sections one could read the Betti numbers of the
resolution of X from the resolution of a surface or even, of a curve. This worked very well in the case
of rational surfaces because we ended with a curve C and a line bundle LC on C of relatively high
degree, and because of this high degree, we knew relevant information about the resolution of the
embedding of C by |LC |, thanks to the results of Green and Lazarsfeld. However when the dimension
is higher we lose control of the hyperplane sections of X, or rather, there is much less information
available on the syzygies of the hyperplane sections.

We will look at one example to explain what we mean. Let X be Pn and let L = OPn(d). If
we consider the intersection of n − 2 general divisors of |L| we end with a surface in Pn which is
a (d, . . . , d) complete intersection. The only surfaces among those which are rational surfaces (in
fact, anticanonical) other than linear P2 are the quadric and the cubic hypersurface in P3 and a
(2, 2) complete intersection in P4. This means that, using essentially the same ideas as in Section
1, one is able to give a result as precise as Theorem 1.3 regarding the property Np for X = P3

and L = OP2(2),OP2(3) and for X = P4 and L = OP2(2). Precisely one has that OP3(2) satisfies
property N5 but not N6, OP3(3) satisfies property N6 but not N7 and OP4(2) satisfies property
N5 but not N6. These particular cases were known (cf. [JPW] and [OP]). However for other pairs
(X,L) the game turns out to be much more complicated. For instance, if (X,L) = (P3,OP3(4)) or
(P5,OP5(2)) by the above process we arrive at a K3 surface. Then knowing the syzygies of a K3
surfaces is equivalent to knowing the syzygies of its hyperplane section, a canonical curve. On this
much less information is known and moreover, this information would depend (at least conjecturally)
on the Clifford index of the hyperplane section. Finally all the other complete intersection surfaces
of type (d, . . . , d) are surfaces of general type. Then LC will be a line bundle on the hyperplane
section C of degree strictly less than 2g(C) − 2, and for those line bundles our knowledge is even
more incomplete than for the canonical line bundle.

Because of all the above we need to carry out different arguments in this and in the following
section, but before that we will state Theorem 2.1, which is based upon the work done in Section 1.
Theorem 2.1 gives a necessary and sufficient condition for the line bundle H giving the index of the
Fano n-fold of index n − 1 to satisfy property Np. Since a Fano n-fold (X,H) of index n + 1 or n
is (Pn,OPn(1)) or a quadric hypersurface, we do not consider Fano n-folds of these indices in the
theorem:

Theorem 2.1. Let X be a Fano n-fold. Assume there exists an ample and base-point-free line bundle
H such that K∗

X = (n− 1)H (e.g., if X is a Fano n-fold of index n− 1). Assume furthermore that
Hn ≥ p+ 3. Then H1(MrH ⊗ lH) = 0 for all r, l ≥ 1 and H satisfies property Np.

Proof. The result is proven by induction on the dimension n ofX, starting the induction in dimension
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2. If n = 2, the results follows from Theorem 1.3. Indeed, the only thing to be checked is that
−KX ·H ≥ p+ 3, p ≥ 0. Then −KX = H, so we have the required inequality by hypothesis.

Let us assume the result to be true for all dimensions from 2 to n− 1, and we will prove it for X
of dimension n. We first see that H satisfies property N0. It suffices to prove that

H0(rH) ⊗H0(H)
α
−→ H0((r + 1)H)

surjects for all r ≥ 1. Let Y be a smooth irreducible member of |H|. By Kodaira Vanishing Theorem,
H1(lH) = 0 for all l ≥ 0, hence by Observation 1.1, it suffices to see that

0 −→ H0(rHY ) ⊗H0(HY )
β
−→ H0((r + 1)HY ) −→ 0

surjects for all r ≥ 1.
The variety Y is a Fano (n − 1)-fold, KY = (KX + H)Y = −(n − 2)HY and Hn−1

Y = Hn ≥ 3.
Therefore β surjects by induction.

Therefore we have just proven that H satisfies property N0. To see it does satisfies property Np,
we argue as in Theorem 1.3. Since H1(lH) = 0 for all l ≥ 0, H satisfies the same property Np as

HY . Then by induction, since Hn−1
Y = Hn ≥ p+ 3, H satisfies property Np. �

Remark 2.2. Theorem 2.1 is in fact a characterization of the property Np satisfied by H. This
follows because the same is true for the successive hyperplane section, which is a rational surface as
we explained in the proof of Theorem 2.1.

Now we want to show a result about the syzygies associated to the multiples of the line bundle
H. As pointed out at the beginning of this section we need to use different ideas than those used in
Section 1. Any result on the graded Betti numbers of the resolution of a variety can be realized in
terms of Koszul cohomology. This was shown by M. Green. For a base-point-free line bundle L we
define the vector bundle ML as

0 −→ML −→ H0(L) ⊗O −→ L −→ 0 . (∗)

Then regarding property Np Green showed the following criterion:

Theorem 2.3 ([EL], Section 1.). Let L be an ample, globally generated line bundle on a variety

X. If the group H1(
∧p′+1

ML ⊗ sL) vanishes for all 0 ≤ p′ ≤ p and all s ≥ 1, then L satisfies the
property Np. If in addition H1(rL) = 0, for all r ≥ 1, then the above is a necessary and sufficient
condition for L to satisfy property Np.

According to Theorem 2.3 the results (see for instance Theorem 1.3 ) obtained in Section 1 for the

syzygies of a rational surface X embedded by L are equivalent to the vanishing of H1(∧p
′+1ML⊗sL)

for all 0 ≤ p′ ≤ p and s ≥ 1. To carry out the arguments for Fano n-folds, we would need however
to have the vanishing of H1(M⊗p+1

L ⊗ sL), which does not follow in general from the vanishing of
H1(∧p+1ML ⊗ sL). That is the reason why we prove Theorem 2.6. Before that, we need to state
two auxiliary lemmas:

Observation 2.4. Let E and L1, . . . , Lr be coherent sheaves on a variety X. Consider the map

H0(E) ⊗H0(L1 + · · · + Lr)
ψ
−→ H0(E ⊗ L1 + · · · + Lr) and the maps

H0(E) ⊗H0(L1)
α1−→ H0(E ⊗ L1),

H0(E ⊗ L1) ⊗H0(L2)
α2−→ H0(E ⊗ L1 + L2),

. . . ,

H0(E ⊗ L1 + · · · + Lr−1) ⊗H0(Lr)
αr−→ H0(E ⊗ L1 + · · · + Lr) .



18 F.J. GALLEGO & B.P. PURNAPRAJNA

If α1, . . . , αr are surjective then ψ is also surjective.

Lemma 2.5 ([GP4], Lemma 2.9). Let X be a projective variety, let q be a nonnegative integer
and let Fi be a base-point-free line bundle on X for all 1 ≤ i ≤ q. Let Q be an effective line bundle
on X and let q be a reduced and irreducible member of |Q|. Let R be a line bundle and G a sheaf on
X such that

1. H1(Fi ⊗Q∗) = 0
2. H0(M(Fi1

⊗Oq) ⊗ · · · ⊗M(Fi
q′

⊗Oq) ⊗ R⊗Oq) ⊗ H0(G) →

→ H0(M(Fi1
⊗Oq) ⊗ · · · ⊗M(Fi

q′
⊗Oq) ⊗ R⊗G⊗Oq) surjects for all 0 ≤ q′ ≤ q.

Then, for all 0 ≤ q′′ ≤ q and any subset {jk} ⊆ {i} with #{jk} = q′′ and for all 0 ≤ k′ ≤ q′′,

H0(MFj1
⊗ · · · ⊗MFj

k′

⊗M(Fj
k′+1

⊗Oq) ⊗ · · · ⊗M(Fj
q′′

⊗Oq) ⊗R ⊗Oq) ⊗ H0(G) →

H0(MFj1
⊗ · · · ⊗MFj

k′

⊗M(Fj
k′+1

⊗Oq) ⊗ · · · ⊗M(Fj
q′′

⊗Oq) ⊗G⊗R⊗Oq)

surjects.

Now we are ready to prove

Theorem 2.6. Let X be a rational surface. Let B be an ample and base-point-free line bundle such
that −KX · B ≥ 4 or (X,B) = (P2,OP2(1)). Then H1(M⊗p+1

rB ⊗ lB) = 0 for all r ≥ 1, l ≥ p and
p ≥ 1. In particular lB satisfies property Np for all l ≥ p.

Proof. We first do the case −KX · B ≥ 4. The proof goes by induction on p. We start proving the
case p = 1. We want to show that H1(M⊗2

rB ⊗ lB) = 0 for all r ≥ 1 and all l ≥ 1. We tensor (*)
associated to rB by MrB ⊗ lB and take global sections. As a piece of the long exact sequence of
cohomology we obtain:

H0(MrB ⊗ lB) ⊗H0(rB)
α
−→ H0(MrB ⊗ (r + l)B)

−→ H1(M⊗2
rB ⊗ lB) −→ H1(MrB ⊗ lB) ⊗H0(rB) .

By Theorem 1.3, the last term of the above sequence is 0. Then the vanishing of H1(M⊗2
rB ⊗ lB)

is equivalent to the surjectivity of α. To have the surjectivity of α, by Observation 2.4 it suffices to
see the surjectivity of

H0(MrB ⊗ lB) ⊗H0(B)
β
−→ H0(MrB ⊗ (l + 1)B) .

Since B is base-point-free and ample, we can choose C smooth and irreducible in |B|. Then to
see the surjectivity of β, by Observation 1.1 and Lemma 2.5, it suffices to see the surjectivity of

H0(MrBC
⊗ lBC) ⊗H0(BC)

γ
−→ H0(MrBC

⊗ (l + 1)BC) .

To obtain the surjectivity of γ we show that the cokernel of γ vanishes. The cokernel of γ is
H1(M⊗2

rBC
⊗ lBC). Since −KX · B ≥ 4, degBC ≥ 2g(C) + 2, then by [B], Theorem 1.12, MrBC

is

semistable, and by [Mi], Corollary 3.7 so is M⊗2
rBC

⊗ lBC . A simple calculation shows that µ(M⊗2
rBC

⊗
lBC) > 2g(C)− 2 and we get the desired vanishing.

Now we assume the result to be true for 1, . . . , p− 1 and we will prove it for p, i.e., we want to see
that H1(M⊗p+1

rB ⊗ lB) = 0. We go over the steps given to prove the case p = 1. Since by induction

H1(M⊗p
rB ⊗ lB) = 0, the vanishing we seek is equivalent to the surjectivity of
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H0(M⊗p
rB ⊗ lB) ⊗H0(rB)

α
−→ H0(M⊗p

rB ⊗ (r + l)B) .

By Observation 2.4 it suffices to see that

H0(M⊗p
rB ⊗ lB) ⊗H0(B)

β
−→ H0(M⊗p

rB ⊗ (l + 1)B)

surjects. Now choosing an irreducible and smooth curve C in |B| and using Observation 1.1 and
Lemma 2.5,

we see that it is enough to show that

H0(M⊗p
rBC

⊗ lBC) ⊗H0(BC)
γ
−→ H0(M⊗p

rBC
⊗ (l + 1)BC)

surjects.

Finally γ surjects if H1(M⊗p+1
rBC

⊗ lBC) = 0. By [B], Theorem 1.12 and [Mi], Corollary 3.7, the

bundle M⊗p+1
rBC

⊗ lBC is semistable. On the other hand its slope µ is

−(p+ 1)rB2

rB2 − g(C)
+ lB2 ,

so we will conclude our argument if we see that µ > 2g(C)−2. This follows from l ≥ p ≥ 2,−KX ·B ≥
4.

As in the case p = 1, one can alternatively deduce the surjectivity of γ from [B], Proposition 2.2.
To finish the proof we take care of the case (X,B) = (P2,OP2(1). The proof goes along the same

lines as before. We want the vanishing of H1(M⊗p+1
rB ⊗ lB) for all r ≥ 1 and all l ≥ p. This follows

from the vanishing of H1(M⊗p+1
O

P1(r)
⊗ OP1(l)), which can be easily checked as MO

P1(r)
is direct sum

of copies of OP1(−1). �

We use Theorem 2.6 to obtain the following results on Koszul cohomology and syzygies for mul-
tiples of H.

Theorem 2.7. Let X be a Fano n-fold. Assume there exists an ample and base-point-free line bundle
H such that −KX = mH, with m ≥ n− 1 (e.g., if X is a Fano n-fold of index m ≥ n− 1). Assume

furthermore that Hn ≥ 4 if m = n− 1. Then H1(M⊗p+1
rH ⊗ lH) = 0 for all r ≥ 1, l ≥ p and p ≥ 1.

Proof. To prove H1(M⊗p+1
rH ⊗ lH) = 0 we argue by induction on the dimension of X, the cornerstone

being now Theorem 2.6, and by induction on p.
Let first p = 1. We want to obtain the vanishing of H1(M⊗2

rH ⊗ lH) and, as announced, we do it
by induction on the dimension n. If n = 2 the result is a particular case of Theorem 2.6. In fact,
−KX = mH with m ≥ 1. If m = 1, −KX · H ≥ 4 follows directly by hypothesis. If m ≥ 2,
−KX ·H ≥ 2, since H is ample, and −KX ·H ≥ 4 unless (X,H) = (P2,OP2(1)).

Now we assume the result to be true for dimensions 2 to n− 1 and we will prove it for dimension
n. From (*) we obtain

H0(MrH ⊗ lH) ⊗H0(rH)
α
−→ H0(MrH ⊗ (r + l)H)

−→ H1(M⊗2
rH ⊗ lH) −→ H1(MrH ⊗ lH) ⊗H0(rH) .
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By the vanishing of the first cohomology of the multiples of H, Theorem 2.1 implies the vanishing
of the last term of the above sequence. Then the vanishing we seek is equivalent to the surjectivity
of α. By Observation 2.4 we see that it will suffice to prove that

H0(MrH ⊗ lH) ⊗H0(H)
β
−→ H0(MrH ⊗ (l + 1)H)

surjects for all r, l ≥ 1. The conditions needed to apply Observation 1.1 and Lemma 2.5 follow from
Theorem 2.1 and from the fact that H1(MrH) = 0, for H1(OX) = 0. Then it suffices to see

H0(MrHY
⊗ lHY ) ⊗H0(HY )

γ
−→ H0(MrHY

⊗ (l + 1)HY )

surjects, which follows because the result is true for p = 1 and Y of dimension n − 1, by induction
hypothesis.

Now we assume the result to be true for 1, . . . , p − 1 and we will prove it for p. We argue again
by induction on the dimension. In dimension 2 the result follows from Theorem 2.6 as in the case
p = 1. We therefore assume the result to be true for p and dimensions 2 to n− 1 and we will prove
it for p and dimension n, i.e., we will prove H1(M⊗p+1

rH ⊗ lH) = 0 for all r ≥ 1, l ≥ p. From (*) we
obtain

H0(M⊗p
rH ⊗ lH) ⊗H0(rH)

α
−→ H0(M⊗p

rH ⊗ (r + l)H)

−→ H1(M⊗p+1
rH ⊗ lH) −→ H1(M⊗p

rH ⊗ lH) ⊗H0(rH) .

By induction hypothesis on p, we have the vanishing of the last term of the above sequence.
Therefore the vanishing we seek is equivalent to the surjectivity of α. By Observation 2.4 we see
that it will suffice to prove that

H0(M⊗p
rH ⊗ lH) ⊗H0(H)

β
−→ H0(M⊗p

rH ⊗ (l + 1)H)

surjects for all r ≥ 1, l ≥ p. The conditions needed to apply Observation 1.1 and Lemma 2.5
follow from induction hypothesis on p. Then it suffices to see

H0(M⊗p
rHY

⊗ lHY ) ⊗H0(HY )
γ
−→ H0(M⊗p

rHY
⊗ (l + 1)HY )

surjects, which follows because the result is true for p and Y of dimension n − 1, by induction
hypothesis on n. �

Corollary 2.8. Let X be a Fano n-fold. Assume there exists an ample and base-point-free line
bundle H such that −KX = mH, with m ≥ n − 1 (e.g., if X is a Fano n-fold of index m ≥ 1).
Assume furthermore that Hn ≥ 4 if m = n− 1. Then lH satisfies property Np for all l ≥ p.

Proof.
Since we work in characteristic 0, then

H1(
⊗i
∧

MlH ⊗ slH) = 0, for all l ≥ p, s ≥ 1, 1 ≤ i ≤ p+ 1 .

Therefore, according to [GL], lH satisfies property Np.
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3. Fano n-folds of index n − 3.

In this last section we deal with Fano n-folds of index n− 3, n ≥ 4. We use the same ideas as in
the second part of Section 2. We start by studying under what conditions mH is very ample and
satisfies property N0:

Theorem 3.1. Let X be a Fano n-fold such that −KX = mH, H is ample and base-point-free, and
m = n− 3 ≥ 1 (for instance, if X is a Fano n-fold of index m = n− 3). Let L = kH.

(1) If k ≥ 4, then L satisfies property N0.
(2) Let k = 3; L satisfies property N0 if and only if the morphism induced by |H| does not map X 2 : 1

onto Pn.
(3) Let k = 2; if |H| does not map X onto a variety of minimal degree other than Pn nor maps X 2 : 1

onto Pn, then L satisfies property N0.

Proof. We will prove the result by induction on n. We start at n = 4. We have to deal with
several cases.

Case 1: k ≥ 4. We want to prove that L = kH satisfies property N0, or equivalently, that

H0(skH) ⊗H0(kH) −→ H0((s+ 1)kH)

surjects for all s ≥ 1. This follows from a more general result, namely,

H0(kH) ⊗H0(H)
α
−→ H0((k + 1)H)

surjects for all k ≥ 4. Indeed, the surjectivity of α follows from [Mu], p. 41, Theorem 2, since by
Kodaira Vanishing Theorem, H is 3-regular.

Case 2: k = 3. We distinguish two subcases.
Case 2.1: First let us assume that |H| does not map X onto P4. We will show

H0(kH) ⊗H0(H)
α
−→ H0((k + 1)H)

for all k ≥ 3. If k ≥ 4, we have already seen that α surjects. To show the surjectivity for k = 3, let
Y be a smooth irreducible member of |H|. By Observation 1.1, since H1(lH) = 0, for all l ≥ 0 by
Kodaira Vanishing Theorem, it will suffice to check that

H0(3HY ) ⊗H0(HY )
β
−→ H0(4HY )

surjects. By adjunction, (Y,HY ) is a polarized Calabi-Yau threefold, and, since H1(OX) = 0, |HY |
does not map Y onto P3. Then β surjects (cf. [GP3], proof of Theorem 1.4, case 1).

Case 2.2: Now assume |H| does map X onto P4. We assume first that the map induced by |H|
is not 2 : 1 and we will prove that

H0(3lH) ⊗H0(3H) −→ H0(3(l+ 1)H)

surjects for all l ≥ 1. For that, by Observation 2.4 it is enough that

H0(rH) ⊗H0(H)
α
−→ H0((r + 1)H) for all r ≥ 5

H0(3H) ⊗H0(2H)
γ
−→ H0(5H)
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surject. The map α was seen to be surjective in Case 1. For the surjectivity of γ we choose smooth
irreducible Y in |H| and we write the following commutative diagram,

H0(2H) ⊗H0(2H) →֒ H0(2H) ⊗H0(3H) ։ H0(2H) ⊗H0(3HY )




y

δ





y

γ





y

ǫ

H0(4H) →֒ H0(5H) ։ H0(5HY ) ,

obtained from the sequence
0 −→ H∗ −→ OX −→ OY −→ 0 (3.1.1) ,

having in account that H1(rH) = 0 for all r ≥ 0. To see the surjectivity of δ we construct another
diagram arising from (3.1.1):

H0(2H) ⊗H0(H) →֒ H0(2H) ⊗H0(2H) ։ H0(2H) ⊗H0(2HY )




y

η





y

δ





y

ν

H0(3H) →֒ H0(4H) ։ H0(4HY ) .

Thus we need to see that η, ǫ and ν are surjective. By Observation 1.1, for the surjectivity of η it
suffices to see the surjectivity of

H0(2HY ) ⊗H0(HY )
µ
−→ H0(3HY )

and for the surjectivity of ǫ and ν, since H1(H) = 0, it suffices to see that

H0(3HY ) ⊗H0(2HY )
π
−→ H0(5HY )

H0(2HY ) ⊗H0(2HY )
ρ
−→ H0(4HY )

both surject. (Y,HY ) is a polarized Calabi-Yau threefold such that the morphism induced by |HY |
maps Y onto to P3 but is not 2 : 1. Then the surjectivity of π and ρ is explicitly claimed (and
proved) in the proof of Theorem 1.4, [GP3] and the surjectivity of µ is also proved there, although
not explicitly said.

To end Case 2.2 assume |H| maps X 2 : 1 onto P4. If Y is a smooth and irreducible member of
|H|, then |HY | maps Y 2 : 1 onto P3, so according to [GP3], Theorem 1.4, HY is not very ample,
nor is H.

Case 3: k = 2. We want to see that if H is ample, base-point-free and |H| does not map X onto
a variety of minimal degree (different from P4), nor does it map X 2 : 1 onto P4, then

H0(2lH) ⊗H0(2H) −→ H0((2l+ 2)H)

surjects for all l ≥ 1.
Case 3.1: Assume h0(H) ≥ 6. By Observation 2.4, it suffices to prove that

H0(rH) ⊗H0(H)
α
−→ H0((r + 1)H)

surjects for all r ≥ 2. If r ≥ 3, we have seen that α surjects while proving Case 1 and Case 2.1. To
see that

H0(2H) ⊗H0(H)
α
−→ H0(3H)
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surjects let Y be as before a smooth and irreducible member of |H|. By Observation 1.1 it suffices
to see that

H0(2HY ) ⊗H0(HY )
β
−→ H0(3HY )

surjects. Now (Y,HY ) is a polarized Calabi-Yau satisfying the hypothesis of Theorem 1.7.1, [GP3].
Then the map β surjects, as seen in the proof of Theorem 1.7, [GP3].

Case 3.2: Assume now that h0(H) = 5 and that the map induced by |H| from X onto P4 is not
2 : 1. By Observation 2.4 it suffices to see that

H0(rH) ⊗H0(H) −→ H0((r + 1)H) for all r ≥ 4 and

H0(2H) ⊗H0(2H) −→ H0(4H)

surject, and this has been proved in Case 1 and Case 2.2.

To prove the result for a Fano variety of arbitrary dimension n we will argue by induction. Let
Y be smooth and irreducible member of |H|. If −KX = (n − 3)H, then −KY = (n − 2)HY and
h0(HY ) = h0(H) − 1. Moreover, if the image of X by the morphism induced by |H| is a variety
of minimal degree, so is the image of Y by the morphism induced by |HY |, and the degree of both
morphisms is the same. Going over the arguments in the case n = 4, we see that the key point was
to show the surjectivity of the maps

H0(rH) ⊗H0(H)
α
−→ H0((r + 1)H) for all k ≥ 4,

H0(3H) ⊗H0(H)
β
−→ H0(4H) if h0(H) ≥ n+ 2

H0(2H) ⊗H0(H)
γ
−→ H0(3H) if h0(H) ≥ n+ 2 and the image of X

by the map induced by |H| is not a variety of minimal degree

H0(3H) ⊗H0(2H)
δ
−→ H0(5H) if h0(H) = n+ 1 and the map induced by |H| is not 2 : 1

H0(2H) ⊗H0(2H)
ǫ
−→ H0(4H) if h0(H) = n+ 1 and the map induced by |H| is not 2 : 1

H0(2H) ⊗H0(H)
η
−→ H0(3H) if h0(H) = n+ 1 and the map induced by |H| is not 2 : 1 .

Let us assume therefore the surjectivity of all the above maps for Fano varieties (X,H) of dimension
4, . . . , n−1. Arguing as in the case n = 4, by Observation 1.1 and because H1(rH) = 0 for all r ≥ 0,
we have that all the above maps are also surjective if the dimension of X is n.

Then by Observation 2.4 the surjectivity of α implies (1), the surjectivity of α, β and δ implies
the “if” part of (2), and the surjectivity of α, β, γ and ǫ implies (3). Finally, if the morphism induced
by |H| is a double cover of Pn, so is the morphism induced on Y by |HY |, when Y is an irreducible
and smooth member of |H|. Then 3HY is not very ample (by induction hypothesis), nor is 3H. �

Theorem 3.2. Let X be a Fano n-fold of index m = n − 3. Assume that −KX = mH, and H is
ample and base-point-free. Let L = kH. Assume furthermore that h0(H) ≥ n+ 2, i.e., that |H| do
not map X onto Pn. If k ≥ p+ 2 and p ≥ 1, then L satisfies property Np.

Proof. The proof is again by induction on the dimension. The first step is n = 4. Given p ≥ 1, we
want to prove that

H1(M⊗p+1
L ⊗ sL) = 0 if L = kH, k ≥ p+ 2, l ≥ 1. (3.2.1)
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We will prove this more general fact, namely that

H1(M⊗p+1
kH ⊗ sH) = 0 for all k ≥ p+ 2, s ≥ p+ 2. (3.2.2)

We argue now by induction on p. If p = 1, we want to prove that

H1(M⊗2
kH ⊗ sH) = 0 for all k ≥ 3, s ≥ 3. (3.2.3)

Since H1(MkH ⊗ sH) = 0 by Theorem 3.1, then (3.2.3) is equivalent to the surjectivity of

H0(MkH ⊗ sH) ⊗H0(kH) −→ H0(MkH ⊗ (k + s)H) for all k ≥ 3, s ≥ 3,

and by Observation 2.4 it suffices to see that

H0(MkH ⊗H) ⊗H0(H) −→ H0(MkH ⊗ (k + 1)H) surjects for all k ≥ 3.

Choose smooth and irreducible 3-fold Y in |H|. Because of Theorem 3.1, Observation 1.1 and
Lemma 2.5 it suffices to have the surjectivity of

H0(MkHY
⊗HY ) ⊗H0(HY ) −→ H0(MkHY

⊗ (k + 1)HY )

for all k ≥ 3. By adjunction Y is a Calabi-Yau threefold and since H1(OX) = 0, h0(HY ) ≥ 5,
hence from the proof of [GP3], Theorem 1.4, the above map is surjective.

We complete now the proof of the result for n = 4. We may assume the result proved until p− 1.
Now we want to see that

H1(M⊗p+1
kH ⊗ sH) = 0 for all k ≥ p+ 2, s ≥ p+ 2. (3.2.4)

We argue similarly to the case p = 1. By induction on p we may conclude that the sought vanishing
is equivalent to the surjectivity of

H0(M⊗p
kH ⊗ sH) ⊗H0(kH) −→ H0(M⊗p

kH ⊗ (k + s)H) for all k ≥ p+ 2, s ≥ p+ 2,

and by Observation 2.4 it suffices to see that

H0(M⊗p
kH ⊗H) ⊗H0(H) −→ H0(M⊗p

kH ⊗ (k + 1)H) surjects for all k ≥ p+ 2.

Finally we choose a smooth and irreducible 3-fold Y in |H|. Because of Theorem 3.1, Observation
1.1 and Lemma 2.5 it suffices to have the surjectivity of

H0(MkHY
⊗HY ) ⊗H0(HY ) −→ H0(MkHY

⊗ (k + 1)HY )

for all k ≥ p+ 2. By adjunction Y is a Calabi-Yau threefold and since H1(OX) = 0, h0(HY ) ≥ 5,
hence according to the proof of [GP3], Theorem 1.4, the above map is surjective.

Now assume n > 4. Recall that we want to show that

H1(M⊗p+1
L ⊗ sL) = 0 if L = kH, k ≥ p+ 2, l ≥ 1, (3.2.5)

and as before we will prove this more general fact, namely that

H1(M⊗p+1
kH ⊗ sH) = 0 for all k ≥ p+ 2, s ≥ p+ 2. (3.2.6)
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We argue now by induction on p and n. If p = 1, we want to prove that

H1(M⊗2
kH ⊗ sH) = 0 for all k ≥ 3, s ≥ 3. (3.2.7)

Since H1(MkH ⊗ sH) = 0 by Theorem 3.1, then (3.2.7) is equivalent to the surjectivity of

H0(MkH ⊗ sH) ⊗H0(kH) −→ H0(MkH ⊗ (k + s)H) for all k ≥ 3, s ≥ 3,

and by Observation 2.4 it suffices to see that

H0(MkH ⊗H) ⊗H0(H)
α
−→ H0(MkH ⊗ (k + 1)H) surjects for all k ≥ 3.

The surjectivity of this map has been proven under the hypothesis of the theorem, when the
dimension n of X is 4, and we will assume it proved also if dimension of X is n− 1.

Choose smooth and irreducible (n − 1)-fold Y in |H|. Because of Theorem 3.1, Observation 1.1
and Lemma 2.5 it suffices to have the surjectivity of

H0(MkHY
⊗HY ) ⊗H0(HY ) −→ H0(MkHY

⊗ (k + 1)HY )

for all k ≥ 3. By adjunction −KY = (n− 4)HY and since H1(OX) = 0, h0(HY ) ≥ n + 1, hence
by induction hypothesis, α surjects.

The proof of the general case follows the same steps as the proof for n = 4. Recall that we want
to proof that

H1(M⊗p+1
kH ⊗ sH) = 0 for all k ≥ p+ 2, s ≥ p+ 2. (3.2.8)

Using now the induction hypothesis for n− 1 one conclude the result, exactly in the same fashion as
we have just done when p = 1. �
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