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I Introduction

The purpose of this paper is two-fold. One is to study irreducible highest weight represen-
tations and g-vertex operators [[[] of the quantum affine superalgebra U,[s{(N|1)], N > 2.
Another one is to apply these results to bosonize the multi-component super t — J model
on an infinite lattice.

We shall adapt the bosonization technique initiated in [f, B], which turns out to be
very powerful in constructing highest weight representations and g-vertex operators. Re-
cently, free bosonic realizations of the level-one representations and “elementary” g-vertex
operators have been obtained for U,[sl(M|N)], M # N [ and U,[gl(N|N)] [[. However,
these free boson representations are not irreducible in general. Moreover, the elementary
q-vertex operators obtained in [f], f] were determined solely from their commutation re-
lations with the bosonized Drinfeld generators [f] of the relevant algebras, and thus one
can ask on which representations these bosonized g-vertex operators act. To construct
irreducible highest weight representations and g-vertex operators acting on them, we need
to study in details the structure of/t\he bosonic Fock space generated by the free boson
fields. This has been done for U,[sl(2|1)] [, [] and U,[gl(N|N)], N <2 [§]. In this paper

—

we treat the U,[sl(N|1)] (N > 2) case.

Irreducible highest weight representations and bosonized g-vertex operators acting on
them play an essential role in the algebraic analysis method of lattice integrable models,
which was invented by the Kyoto group and collaborators [[, [[Q]. In this approach, the
following assumption is the vital key :

“the physical space of states of the model” = (P V(\,) @ V(Aa)*® (L.1)

where V() is the level-one irreducible highest weight module of the underlying quan-
tum affine algebras and V' ()\,)*¥ is the dual module of V' ()\,). By this method, various
integrable models have been analysed such as the higher spin XXZ chains [[[1], [3, [J], the

higher rank cases [I4, [[J], the twisted AéZ) case [[[f], and the face type statistical models
7, £§].

Spin chain models with quantum superalgebra symmetries have been the focus of
recent studies in the context of strongly correlated fermion systems [[9, R0, B1, B2, BJ].
It is natural to generalize the algebraic analysis method to treat super spin chains on an
infinite lattice. In [[q], the q-deformed supersymmetric ¢ —.J model which has U[sl(2|1)] as
its non-abelian symmetry has been analysed. However, the super case is fundamentally
different from the non-super case. Unlike the latter, U,[sl(2]1)] has infinite number of
level-one irreducible highest weight representations and the bosonized g-vertex operators
act in all of them. This leads to [[]] the assumption that for the g-deformed supersymmetric
t-J model a, o in ([7]) take infinite number of integer values.

In this paper we extend the work [[] to treat the multi-component ¢ — J model with

p—

Ug[sl(N[1)] (N > 2) symmetry. As we shall see, the level-one irreducible highest weight

—

representations of U,[sl(N|1)] (N > 2) have similar structures as the N = 2 case. So we
shall make the assumption that the physical space of states of the multi-component t — J
model on an infinite lattice is of the form ([[I]) with «, o' being any integers.

This paper is organized as follows. After presenting some neccessary preliminar-
ies, we in section 3 construct the level-one irreducible highest weight representations

of U,[sl(N|1)] and calculate their (super)characters by means of the BRST resolution.
In section 4, we compute the exchange relations of the g-vertex operators and show that
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they form the graded Faddeev-Zamolodchikov algebra. In section 5, we consider the ap-
plication of these results to the multi-component super t — J model on an infinite lattice.
Generalizing the Kyoto group’s work [{], we give the bosonization of this model using

—

the bosonized vertex operators of U,[sl(/N|1)]. Finally, we compute the one-point corre-
lation functions of the local operators and give an integral expression of the correlation
functions.

II Preliminaries

—

II.1  Quantum affine superalgebra U,[s/(N|1)]

Let us introduce orthonormal basis {¢|i = 1,2,---, N+1} with the bilinear form (¢}, €;) =
v;0;5, where v; =1 for i 2 N + 1 and vy, = —1. The classical fundamental weights
are defined by A; = X'_ €; (i = 1,2,---,N), with ¢ = ¢, — 327 X "4" ¢}, Introduce the

affine weight Ay and the null root ¢ having (Ag,€;) = (d,¢;) =0 fori =1,2,--- N + 1
and (Ag, Ag) = (6,0) = 0, (Ag,0) = 1. The affine simple roots and fundamental weights
are given by

N
Q; = Vi€, — Vig1€,,q, 1=1,2,---, N, aozd—Zai,
i=1
A=Ay, AN =Ag+A;, i=1,2---, N. (IL.1)
The Cartan matrix of the affine superalgebra sl(j\f\| 1) reads as
0 -1 1
-1 2 -1
-1 2 - .
(a;;) = ‘ ‘ ‘ (1,7 =0,1,2,--- N). (I1.2)
-1 2 -1
1 -1 0

—

The Quantum affine superalgebra U,[sl(/N|1)] is a g-analogue of the universal envelop-

p—

ing algebra of sl(N|1) generated by the Chevalley generators {e;, fi, ¢"*,d|i = 0,1,2,---, N},
where d is the usual derivation operator. The Z,-grading of the generators are [eg] = [fo] =
lex] = [fn] = 1 and zero otherwise. The defining relations are

[hi, ] =0,  hid = dh;, [d,e] = diges, [d, fi] = —diofi,

qhi _ q—hi
g =q"ey, g =gy, e il = 6y g—q
[ei, €j] = [fl, fj] = 0, fOI‘ aij = 0,
[eja [6j> 6i]q’1]q = 0? [-fj’ [.fj> fi]qfl]q =0, for |a'ij| = 1’ ] 7& 0, N.

Here and throughout, [a, b], = ab— (—1)192ba and [a,b] = [a, b];. We do not write down
the extra g-Serre relations which can be obtained by using Yamane’s Dynkin diagram
procedure [P4].

—

U,[sl(N|1)] is a Zy-graded quasi-triangular Hopf algebra endowed with the following
coproduct A, counit € and antipode S
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A(el) = ei®1+qhi®ei> A(fl):fz®q_hl+1®fz>
e(e;) = e(fi) =¢€(h) =0,
S(ei) = —q e, S(fi)=—fid", S(h)=—h, (I1.3)

wherei = 0,1,---, N. Notice that the antipode S is a Zs-graded algebra anti-homomorphism.

Namely, for any homogeneous elements a,b € Uq[sl(j\f\|1)] S(ab) = (—1)lIS(h)S(a),
which extends to inhomogeneous elements through linearity. Moreover,

S%(a) = ¢ *aq®, Vae U,sl(N|1)], (I1.4)

where p is an element in the Cartan subalgebra such that (p, ;) = (a;, a;)/2 for any
simple root «;, © =0,1,2,---, N. Explicitly,

p=(N-1)d+p=(N-1)d+ = Z —2k)e %NEEV_H, (IL.5)

which p is the half-sum of positive roots of s/(N|1) . The multiplication rule on the tensor
products is Zy-graded: (a®b)(a’@¥) = (—1)P*l(aa’ @ bb') for any homogeneous elements
a,b,a’, b € Uy[sl(N|1)].

U,[s/(N]1)] can also be realized in terms of the Drinfeld generators [{] { X7, Hi, ¢=H,
¢, dmeZ, neZ—{0}, i=1,2,---,N}. The Zs-grading of the Drinfeld generators is
given by [XEN] = 1 for m € Z and zero otherwise. The relations satisfied by the Drinfeld
generators read 24, P

p—

[Cv CL] = [d> H(Z)] = [H8>H7]z] =0, [d> H:L] = nHriw Va € Uq[Sl(NH)]

[d, X5 = nXE M X = gFos X

[Hz' Hj] = 5y O[aijn]q[nc]q
6ij £(n—m) +Z S(n—m

q— q_l (q2 - q 2 ,lvbn—l—m) )

(X X2 =0, foray =0,

[Xn-‘rl? Xi’j]qiam [Xm—i-lu Xr:zt’i]qi“ij = 07 for Qij % 07

Symym [ X7 [ X2 X59] 1), =0, for a; =0,i# N, (IL.6)

[Hi Xj:,j] :i—[a” ]qu] +|njc/2
n’ m n )

[X:’i’ X_’j] =

m

where Y, cz iz = ¢+ exp (i—(q —q H Y00 Hinzjm) , and the symbol Symy,
means symmetrization with respect to k and I. We used the standard notation [z], =

(¢ —q")/(¢—q"). The Chevalley generators are related to the Drinfeld generators by
the formulas:

N
hZIH(Z]a ei:Xg_’Zv fi:XO_’Z7 i:1727"'7N7 hOIC_ZHga
k=1

N
= (XN XN X X T gl e g 2 T
N
fo= g2 B[ (XL X, XN T X, (IL.7)
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I1.2 Free Bosonic realization of the quantum affine superalgebra

—

U,[sl(N]1)] at level one

Introduce bosonic oscillators {a’, b,, cn, Qui,Qp, Q. |n € Z,i = 1,2,--- N, } which
satisfy the commutation relations

(][l

(@ 03] = namo0iy=—="=% 4, Qu] = 0,
[n]3
[bna bm] = _6n+m,07q7 [b07 Qb] = _17
3
[Cna Cm] - n+m,07q7 [C(]v QC] = 1. (IIS>
The remaining commutation relations are zero. Define {h! [i =1,2,---. N, m € Z} :
hi = a:'nq—\m\/2 — g tgiml/2, Qn, = Qu — Quivr, i=1,2,--- N—1,

Let us introduce the notation 77 (z; k) = th+hé Inz—32, 4 %q"""‘z_". The bosonic fields
c(2;8), b(z; B) and h}(z; 3) are defined in the same way. Define the Drinfeld currents,
X+i(z2) = Spez X527t 4 = 1,2,--- N, and the qg-differential operator 9. f(z) =

f("(z)__qi]i(f;z). Then, the Drinfeld generators of U,[sl (/]\7|1)] at level one can be realized by

the free boson fields as [{]
c=1, H =h_ XNz = N (2= %) pelz:0) e—\/—_lwzj:laf)’

N-1 ;
i=1 %0

X_’N(Z) — e_hN(z;%)az{e—c(z;O)} : eﬁwz
Xi’i(z) -+ - 6:|:hi(z;3F%) . e:l:\/—ihm’é7 i = 1’27 . N 1. (HlO)

II.3 Bosonization of level-one vertex operators

—

In order to construct the vertex operators of U,[sl(N|1)], we firstly consider the level-zero
representations (i.e. the evaluation representations) of U,[sl (/]\7|1)]

Let E;; be the (N + 1) x (N + 1) matrix whose (7, j)-element is unity and zero
elsewhere. Let {v1, v, -+, vy41} be the basis vectors of the (N+1)-dimensional graded
vector space V. The Zy-grading of these basis vectors is chosen to be [v;] = (v; +1)/2.

—

The (N + 1)-dimensional level-zero representation V, of U,[sl(/N|1)] is given by

. . B i—vis1Fii1
ei = L, fi=viEi1,, t; = q T e

eo = —2Eny11, fo=2"Eing1, to=q PTENRLNEL (IL.11)

where i = 1,---, N. Let V** be the left dual module of V., defined by

—

myas(a) = my, (S(a)™,  Va € Uy[sl(N|1)], (I1.12)

where st denotes the supertansposition. -
Now, we study the level-one vertex operators [[[]] of U,[sl(N|1)]. Let V' (A) be the highest

p—

weight U,[sl(N|1)]-module with the highest weight A and the highest weight vector |\ >.

—

Consider the following intertwiners of U,[sl(N|1)]-modules [I0]:

QY () V) —= VeV, Y (2): V) — Ve Vs
U2 V) — VL V(k), %2 : VN — Ve V(p). (IL13)
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They are intertwiners in the sense that for any = € U, [sl(j\f\|1)]

E(z) -z =Az) - E(2), E(z) =4 (2), oV (2), UV H(2), Ty H(2). (I1.14)

7j=1 7j=1
N * N *
UV (z) =D v @ U H(z), T\ H2) = vl T (z). (I1.15)
j=1 j=1
The intertwiners are even, which implies [(ID’;‘;(Z)] = [@&L‘;*(z)] = [\If;/’;(z)] = [\Iff\/]“(z)] =

[v,] = V’H According to [[T], ®4" (2) ((IDKV(Z)) is called type I (dual) vertex operator
and \I/f\/“(z) (\If;/ H(z )) type II (dual) vertex operator.
Introduce the bosonic operators ¢;(2), ¢}(z2), 1;(z) and ¥} (z) [H]:

Onyi(z) = e M N(@Vz3) pela 20)(qNZ)—2{1VV121) VL DA
Vl¢l( )( )fl}([vl]-i- [vi41]) [¢l+l( ) f[] vt

§1(2) = M@= (gN )3T L e VIIT L A
gy (2) (=)D — (g2 (2) | fon,

N2 N  1-4i

Y1 (z) = e MlEEm )(q 2) 7D RO DARE =
Yia(2) = [ 1(2) e,

Ureir(2) =0 V5D fomeld® N 50Y (N ) ot oV IIT L
—vyaq "y (2) = [¢z+1( z), l]qu, (I11.16)

where

& feymllByml, 0, o,
h;kzl — ZJ ZJ hzl ’ Q*z — Tty ij Q i, h*z — Yty ij h]
2TV — Dl @ JZI TR le N -

with a;; = min(i, j), and 8;; = N—1—max(i, j). Define the even operators ¢(z), ¢*(2), ¥(2)
and 9% (2) by ¢(z) = S ¢5(2) ®v;, ¢*(2) = T ¢5(2) @, ¥(2) = T v @;(2)
and ¥*(z) = X7 vF @ ¢7(2). Then the vertex operators DY (2), B4V (2), WYH(2) and
Y (2), if they exist, are bosonized by ¢(z), ¢*(2), 1(z) and 1*(z), respectively [f]. We
remark that our vertex operators differ from those of Kimura et al [l] by a scalar factor

(¢ z)2<11VV721) which is needed in order for the vertex operators also satisfy ([I.I4) for the
element z = d. ¢(2), ¢*(2), ¥(z) and ¥*(z) are referred to as the “elementary g-vertex
operators” of U, [sl(N|1)]

III Highest weight U,[sl(N|1)]-modules

We begin by defining the Fock module. Denote by Fj x,...ay.i1:an.. the bosonic Fock
space generated by a’,  b_,,,c_,(m > 0) over the vector | A1, A, -+, Ani1; Ania >:

F,\1,,\z,m,A,\,H;,\N+2 = C[@_p A_g,* "} b_1,b_2,-+;cq,c_9, ']\)\1, A2, AN ANy >,
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where
N
M, Az, -y AN Anga >= euimt MQui AN QrAn2Qe |

The vacuum vector |0 > is defined by a? |0 >= b,|0 >= ¢,,|0 >= 0 for i = 1,2,---, N,
and m > 0. Obviously,

afn|)\1,)\2, . '7)\N+1; )\N+2 >=0, fori=1,2,---, N and m > 0,

bl A5 A2y - ANt ANte >= Gl A1, Aay o+ A1 Avae >=0, for m > 0.

—

To obtain the highest weight vectors of U,[s{(N|1)], we impose the conditions:

eil A, ANg 1 AN >=0,1=0,1,2,--- N,
il A - ANt Avse >= N[A - Avsii Awge >, §=0,1,2,---, N. (IIL1)

Solving these equations, we obtain two classess of solutions:

1. ()\17"'a)\ia)\i—i-lf"a)\N-l-l;)\N-‘rQ):(ﬁ+1>"'>ﬁ+17 ﬁ,---,ﬁ;()),wherez':1,---,N,
—_———

i) it
and 3 is arbitrary. It follows that (A%, AL, -+ XE XL ANY=(0,0,---,0, 1, 0,---,0)
i—1,4, i+1

and we have the identification |A; >=|3+1,---, 8+ 1, §,---,(;0 >.
h‘\',l—/
1, 1+

2. (A1, AN, ANa1 Anae) = (6, -+, B, B — a; —a), where «, 3 are arbitrary. We have
AL O ANTE AN =(1 — ,0,--+,0,a) and |(1 — a)Ag + aAy >=|3,---, 3,8 —

o —a >,

Associated to the above two classes of solutions are the following Fock spaces:

mo__
fﬁ - @ Fﬁ+1+i17ﬁ+1_i1+i27”'7ﬁ+1—ivrl—1+im,ﬁ—im+im+l7"'7ﬁ_iN—1+iN75+iN§iN7
{i1,+in}€Z
f(a;ﬁ) = @ Fﬁ'”l76_7;1+i27"'76_7;N71+7;N76_Ol+7;N§_0l+7;N’
{i1,in}€Z
where m = 1,2,---, N, and it should be understood that io = 0. However, it is easily seen

that F5' = Finis), m = 1,--+, N. Thus, it is sufficient to study the Fock space F(4,p). In
the following we shall also restrict ourselves to the a € Z case.

—

It can be shown that the bosonized action of Uy[sl(N|1)] (II.I0) on Fa,p) is closed :

—

Uy[sUN[D]Fasp) = Flasp)-

—

Hence each Fack space Fio,3) constitutes a Uy[sl(N|1)]-module. However, these modules
are not irreducible in general. To obtain irreducible subspaces, we introduce a pair of
ghost fields [f]

n(z) = Z nnz—n—l —. ec®) . £(z) = Z £,2 = o) .

nez nez

The mode expansion of 7(z) and £(z) is well defined on F,,) for o € Z, and the modes
satisfy the relations

gmgn + gngm = MmN + Mnhm = 0, gmnn + nngm = 5m+n,0' (1112)
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Since 1oy and np qualify as projectors, we use them to decompose F,,3) into a direct
sum Fa5) = 7}050.7:&5 ® &onoFap) for a € Z. no&oF(aip) is referred to as Ker,, and
§onoFap) = Flasp)/M05oF (o ) as Coker,,. Since 1y commutes (or anticommutes) with
the bosonized action of U, [sl(N|1)] Ker,, and Coker,, are both U, [sl(N|1)] modules for
a € Z.

II1.1 Character and supercharacter

We want to determine the character and supercharacter formulae of the Uq[sl(/]\ﬂl)]—
modules constructed in the bosonic Fock space. We first of all bosonize the derivation
operator d as

i=-x "

m>1

Z R R+ pem) — Z hihi' 4 colco + 1)} (I11.3)

[m]qzl =1

It obeys the commutation relations
[d,hi] =0, [dh]=mh', [dXZ]=mX>" i=12--- N,

as required. Moreover, [d, ] = [d, ] = 0.
The character and supercharacter of a U,[s{(N|1)]-module M are defined by

ChM(q;xlax%"',l’N) = t',"M(q dxflllezlz‘ z?VN),
Sehar(qi e, a2, an) = Stra(g™ el b 2iy)
()Yl ), (1ILa)

respectively. The Fermi-number operaor Ny can be bosonized as

(I11.5)

N, — (N —1)bo if N even, i.e. N =2L
T=Y LEN ad — b)) +co  if Nodd, ie. N=2L+1 "

Indeed, Ny satisfies
(=DM 0(2) = (-1)CPe(z)(-1)",

where O(z) = X5(2), ¢i(2), ¢i(2), ¥i(2) and ¥ (2).
We calculate the characters and supercharacters by using the BRST resolution [[f].
Let us define the Fock spaces, for [ € Z

O]
(8) — @ Fgtiy pirtis, -, B=in—1+in,f—arini—a+iy+-

{217-"77:N}€Z

We have f((aogﬁ) = Fla;p)- It can be shown that 7y and &y intertwine these Fock spaces as
follows:

(1+1) ) (1-1)
L Flas) — Flag)r &0 Fag — Flag)-

We have the following BRST complexes:

Qzﬁ)ﬁo f((i)-ﬁ) Qz_=77>0 f(((l)—i_; Qzﬁ)ﬁo o
0 0 (IIL6)
Qi—1=mn0 0] Qi=no (1+1) Quy1=m0
— Tan — Tem
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where O is an operator such that f(((?;g) — ((25). Noting the fact that no&o + &ono = 1,
and 10&y (&mo) is the projection operator from .7-"((25) to Kerg, (Cokerg,), we get

Kerg, = Img, ,, foranyl € Z,
tr(O)\KerQl = tr(O)\Ileil = tT(O)\COkerQH- (T11.7)
By the above results, we can write the trace over Ker or Coker as the sum of trace

over ]—" () and compute the latter by using the technique introduced in [2]. The results
are

La(a—1)

' = LN 1)l g3 H2a-)
ChKeTf(a;m (21, 28) = = (1 — gn)N+1 Z
n=1
x> qQ{ZN—HN(l 20-20)} 5 A(i1, i)
{i1,in}€EZ
2i1_’i2 2’i2—i1—’i3 2iN*1_iN_7:N72 Oé—’iN
XTI 5 R SN 5 ’
Lo(a—1)
¢ 1+1 H{I2+1(1-20)}
ChCOk)eT’ (q L1,y I’N) = Z o
Fla: ’ 9 9 o~
(e8) anl(l N+1
1 S
X Z qQ{ZN-‘rZN(l 20-20)} (3 A(i1, i)
{ilv 7iN}€Z
211 —12 ,.2i0—11—13 2iN_1—iN—iN_2 a—iNn
X':Cl :,U2 . e ‘,'UN_I xN ;
) ) — N O‘ll’ﬁll’ l I
where A(iy, -+ iy) = 2lr=1 WG i Ny iy a0d
! o . .
)\ilwv,iw =20 — 91 — 41, 2<I<N-—-1 _—
)\1 — 90— )\N B . ( . )
iy ST iy - X TUN

Similary, the supercharacters of Kerg, , and Cokerg, , are given by

1. For N =2L:
. (-1~ q2a(a Y l+1 1{l2+l(2a 0}
SChKeT]:(a;ﬁ) (q7 L1y 7xN) = ;L.O:I( N+1 Z
X Z (_l)qu2{2N+7,N(1—20c—2l)}q2A(11,~~~.iN)
{i1,in}EZ
X[lf2i1 —i21,2i2—i1—i3 L. l‘%liil—iN—iN—zx?v—iN’
_ (=) qza(a Y )1 g B+ -20))
SChCOk”f(a;ﬁ) (a1, 2n) = e, (1 — gn)N+t Z
% Z (_1>1Nq2{zN+zN(1 2a+2l)}q%A(i1,m.iN)
{i1,in}EZ
Xx221 Z2x§i2_i1_i3 . x%}jil—iN—iN72x(]XV—iN’
2. For N =2L + 1:
, _ (=)EHDagzala)) & {12+1(20—1)}
SChKer}_(a;ﬁ)(q’xl’"'>$N) - Hzo:1(1 q )N—i—l Zq2

X Z (_1)1Nq2{zN+zN(1 20— 2l)}qéA(i1f"~iN)

{i1,in}EZ



—

Yang and Zhang: Level-One Highest Weight Representations of U,[sl(N|1)] 9

2i1—12 ,.,2i2—11—13 2IN_1—IN—IN_2 a—in
1
(_1)(L+1)aq§a(a—1) S
SChCoker (qxl s ZL’N) = — Zqi{l +(1-2a)}
Fo,. ) 9 ) o NI

X Z (_1)iNq%{i?\z+i1\r(1—2o¢+2l)}q%A(ih..._iN)
{1, in}€EZ
211 —12 . 210 —11—13 2’l'N71—’iN—iN72 Oé—iN

X:L’l :,Ij2 e :'UN—I xN .

Since f((jc)—(N—l);ﬁ—i-l) = Flap) and by ([II7), we have

ChCoker]:(a = ChK@TF(a;ﬁy SChCOk@Tf(a (ng)

= Sch
~(N=1);8+1) S Kerg,

—(N=1);6+1) 8’

Relations ([II.9) can also be checked by using the above explicit formulae of the (su-
per)characters.

p—

III.2  Uy[sl(N|1)]-module structure of F, 5_ 1

Q)

Set Ao = (1 — a)Ag + aAy and

‘)\Oé>:|ﬂ7”'7675_a;_a>€f(a;ﬁ), OzEZ,

|Am >= |ﬁ+1>>ﬁ+1aﬁ>>ﬁvo>€ f(m;,@)a m = 1,"',N,
The above vectors play the role of the highest weight vectors of U,[sl (7\7\| 1)]-modules. one
can check that

No| A >= 0, fora=0,—1, -
Molhm >=0,  form=1,-- N . (I11.10)
770‘)\(1 >=£ 0, fora=1,2,---

It follows that the modules

Cokerg,, 5 (a=1,2,--), Kerg, ., (=0,-1,-2,--),
Kerg, ., (m=1,2,--- N),

are highest weight U,[sl(N]1)]-modules. Denote them by V(\,) and V(A,,), respec-
tively. From ([III0) and ([I.Y), we have the following identifications of the highest

_—

weight U,[sl(N|1)]-modules:

V() = Kerg ., =Cokerg fora=0,—-1,-2,---,

(8- gty (a=(N-1);8— gtya+t1)’
~J C J—
o okerr = Kerr fora=12,--- I11.11
(:B— g (at(N=-1);8—-glya-1)’ T ’ ( )

V(A,) = Kerr

(m;B— lel m)

= Cokerr form=1,---, N. (II1.12)

(m—(N-1);8— lel m+1) ’

It is easy to see that the vertex operators ([I.16) also commute (or anti-commute) with
no- It follows from ([IL11))-([IL.12) that each Fock space F,.5_ 1) ls decomposed into
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—

a direct sum of the highest weight U,[s{(N|1)]-modules:

Ker Coker
Flon prieyty) = V- @ V(A1)
¢(2) T1 ¢7(2) ¢(2) 11 ¢*(2)
F(—N+1; B+1) = V()\—N+1) EB V(AO)
¢(2) T ¢*(2) o(2) 11 ¢*(2)
Fnszprgin = Vv @ VA
¢(2) Tl ¢*(2) o(2) 11 ¢*(2)
Fllg pranosy = VA=) & V(Av-s)
¢(2) T1 ¢*(2) o(2) 11 ¢*(2)
Fllyprnzy = V(A1) S Vidy-)
. ¢(Z)VT(£\¢)*(Z) o ¢(%)(/T\l ¢*)(Z)
0; 3) = 0 N-1
" B 116 o) 1L o) (L11.15)
F(l;ﬁ—ﬁ) = V(A1) D V(An)
¢(2) T1 ¢*(2) o(2) 11 ¢*(2)
Flopo2y = V(Az) D V(A2)
¢(2) Tl ¢%(2) o(2) 11 ¢*(2)
F(N_2 p-N-2) = V(AN—2) @ V()‘N—2)
o(2) 11 ¢*(2) o(2) 11 ¢*(2)
Fin_1;,5-1) = V(An-1) &  V(An-1)
¢(2) T1 ¢*(2) o(2) 11 ¢*(2)
Fi p-1-5lp) = (Av) @& V)
¢(2) T1 ¢*(2) o(2) 11 ¢*(2)
Fivgn po1-g2) = V(A2) &  V(Avt)

It is expected that V()\,) (o € Z) and V(A,,) (m = 1,2,---, N — 1) are irreducible
highest weight U,[s{(N|1)]-modules with the highest weights A, and A,,, respectively.
Thus we conjecture that

V(da) =V(Aa), V(Am) =V(Ay). (I1.14)

IV Exchange Relations of Vertex Operators

In this section, we derive the exchange relations of the type I and type II bosonized

—

vertex operators of U,[sl(N|1)]. As expected, these vertex operators satisfy the graded
Faddeev-Zamolodchikov algebra.
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IV.1 The R-matrix

Throughout, we use the abbreviation

(23215, T oo = I @—zapr---aim),
{nly'“7n77l}:0
def _ _
{z}oo & (2N, V). (IV.1)

Let R(z) € End(V ® V) be the R-matrix of Uq[sl(j\f\| 1)],

R(2)(v; ® vj) = Z R 2)up @ v, Yo, vj, v, 0 €V, (IV.2)
k=1

where the matrix elements of R(z) are given by

Ri(z) = =1, RPN () = 2L 1 i—12... N,

i N+1,N+1 7—q
. 2 —1 o
ng(Z): Zq_q_la Z#]a
-1
ji q9—4q il
jo(z) - Zq_q_l(_l)[”]]v 1<,
.. — -1
Ri) = Uy,
24 —4q
RY(2) =0, otherwise.
Define the R-matrices RY)(z) and RUYD(z) by
RD(2) = r(2)R(2), RID(2) = #(2)R(2), (IV.3)

where
") = e (2% VD) o (212N 2, 2N-D)
(z71¢2; 1) (2PN -2; 2ZN-1))
1 (2 NS (12N 2, 2N

r(z) = =27~ IN—4. 2 -1
(271N =4 PN (22N 2, M)

These R-matrices satisfy the graded Yang-Baxter equation on V@ V @ V:
RS (2) Ry (zw) Rys (w) = Ry} (w) R (2w) R (), i =111,
Moreover, they enjoy (i) the initial condition R (1) = P, i = I,II, where P is the

)
graded permutatlon operator (i) the unitarity condition Rg(w)Rgl) (2)=1, i=11I,
where R21( )= PRlz( )P; (iii) the crossing-unitarity

(R(i))—l,stl (Z) ((q—% ® I)R(i)(zq2(l—N))(q2ﬁ Q 1))st1 1, i=11I,

where

q2ﬁ = dzag( 2p1 2/)27 ee q2pz\r7 q2PN+1>
= dlag( aq _4a"'>q_N>q_N)'
The various supertranspositions of the R-matrix are given by

(RStl( )) R ( )(— )[Z](HHM) (Rs”(z))ff _ Rﬁj(z)(_l)[j}([llﬂjl) 7
(Rstlz( >>w — Rkl( )(—1 )([}+[J})(H+[ﬂ+[k}+[l]) — Rg(z) )
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IV.2 The graded Faddeev-Zamolodchikov algebra

We now calculate the exchange relations of the type I and type II bosonic vertex operators
of U,[sl(N|1)]. Define

j{dzf(z) = Res(f) = f-1, for a formal series function f(z) = > f,2"

neZ

Then, the Chevalley generators of U,[sl (/]\7|1)] can be expressed by the integrals
ei:j{deJ“i(z), fi:?{de_’i(z), i=1,2,--- N.

One can also get the integral expressions of the bosonic vertex operators ¢(z), ¢*(2),
(z) and ¥*(z) . Using these integral expressions and the relations given in appendices
A and B, we find that the bosonic vertex operators defined in ([IIf) satisfy the graded
Faddeev-Zamolodchikov algebra

N+1

4 .
¢j(22)i(z1) = > R(I =) Vi bn(21) i (z2) (— 1)1V,
k=1
N41 an 21 -
Vi (2 Z R )i 1(22)??;(21)(—1)[2“]],
k=1
Vi (21)0;(22) = T(z—2>¢j<22)w:<z1><—1>””ﬂ, (IV.4)
where
- . 2(N-1) —1,2N-3. 2(N-1)
T(Z):_Z%(zqu Joo (271N ? ) o
(271q; PNV D)o (22N 735 2N 1) o
By
- o~ (2dN ) 4hT (24;3)—h1 (2¢%55) —h (2¢%;3) - —hN (N Thi3) 1,

we obtain the first invertibility relations

¢i(2)05(2) = g1 (=116, i (—D¥op(2)on(z) = g7, (IV.5)

k=1
and the second invertibility relations

N+1

0; (2" V);(2) = g~ g5y, Zq () (zq?VY) = g7, (IV.6)

V=1IrN (¢2;2(N D) . . . .
where g = e20-1) E 2 i‘)’) . Using the fact that 19§, is a projection operator, we

can make the following identifications:

D;i(2) = noéodi(2)mo, @i (2) = oo (2)n00,
Wi(2) = no&oti(2)m0o, Ui (2) = noot; (2)moéo- (IV.7)

Set

Aaa a = 0, 1, ,N
Mo = )\a—(N—l)7 fora > N . (IV.8)
Aoy for a <0
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It is easy to see that the vertex operators ¢(z), ¢*(z), ¥(2) and *(2) commute (or anti-
commute) with the BRST charge 7. It follows from ([IT.TJ) and ([II.T4) that the vertex

operators ([V27) intertwine all the level-one irreducible highest weight U, [sl(N|1)]-modules
V(pa) (o € Z) as follows

)
v

;From ([V.4), we have

(2) : V(ta) — V(tta—1) @ Vo, @(2) : V(pta) — V(tar1) ® V%,
(2) : V{ia) — Vo @ Vigamr), () 1 V(pa) — Vi @ V(ttar). (IV.9)

2)

N+1

D;()®i(z1) = Y RO()®(z1)@i(z) (- ),
k=1 2
P NN 0 2Ly ]
Ui (z2)Wj(z2) = D R (2—2)131% (22) Wi (21)(—1)"V,
k=1
Wi (20);(20) = ()P, () ¥} (21) (-1 (IV.10)
2

Moreover, we have the following invertibility relations:

D;(2)®%(2) = g~ (= 1)6;idv (),

N+1

> ()W) @i (2) = g Vidv ().

k=1

(I):(Zq2(N_1))q)j(Z) = _g_lquiéijid\/(,ua)v

N+1

Z q_2pk<1>k(z)®2(zq2(N_l)) = —g_lidv(ua). (IV.ll)
k=1

V  Multi-component super ¢-J model

In this section, we give a mathematical definition of the multi-component super ¢-J model
on an infinite lattice.

V.1 Space of states

—

By means of the R-matrix ([V.2) of U,[sl(N|1)], one defines a spin chain model, referred
to as the multi-component super ¢t — J model, on the infinte lattice --- @V QV @V .- -
Let h be the operator on V ® V' such that

,Zl

PR(Z—2)21+uh—|—~-~, u — 0,
P : the graded permutation operator, e" = z—:
The Hamiltonian H of this model is given by
H =23 huy (V.1)

lez

H acts formally on the infinite tensor product,

L VRVRV . (V.2)
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It can be easily checked that
Uy (sU(N1)), H] =0,

where Ué[sAl(N |1)] is the subalgebra of Uq[sl(j\f\| 1)] with the derivation operator d being

dropped. So U;[gl(N |1)] plays the role of infinite dimensional non-abelian symmetry of
the multi-component super t-J model on the infinite lattice.

i From the intertwining relation ([V.9), one have the following composition of the type
I vertex operators:

cI>(1 )®id ®zd®zd

Vita) "2V (pamr) @ V Vta)®@VRV" W, (V.3)

where W, . -®V ®V, ie the left half-infinite tensor product. We conjecture that such
a composition converges to a map :

i V() — Wi

Such a map i satisfies i(zv) = A (z)i(v), x € U, [sl(N|1)] and v € V(ua) Following [{],
we could replace the infinite tensor product (V.3) by the level-zero U, sl (N |1)]-module,

Foor = Hom(V (11a), V(ttar)) =V (fta) @ V(par)",

where V' (u4) is level-one irreducible highest weight U,[sl (/]\ﬂl)]—module and V(1) is the
dual module of V(uy). By ([IITI3), this homomorphism can be realized by applying the
type I vertex operators repeatedly. So we shall make the (hypothetical) identification:

“the space of physical states” = @ V(ua) ® V()™

a,a/ €Z

Namely, we take

F=End@ V()= @ Fu

acZ a,a'€Z

as the space of states of the multi-component super -/ model on the infinite lattice. The
left action of U,[sl(N|1)] on F is defined by

v.f =3 zayo foS(xe)(—)VF@l Vi e U[sI(N|1)], f € F,

where we have used notation A(x) = > (1)@ (9). Note that Fi, has the unique canonical
element idy,,). We call it the vacuum [[0] and denote it by |vac >,.

V.2 Local structure and local operators

Following Jimbo et al [I0], we use the type I vertex operators and their variants to
incorporate the local structure into the space of physical states F', that is to formulate
the action of local operators of the multi-component super ¢-J model on the infinite tensor
product (V.32) in terms of their actions on F,q.

Using the isomorphisms

O(1) : V(tta) — V(tta1) @V,
o (PN YY) o Ve V(ia) — V(pta), (V.4)
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were st is the supertransposition on the quantum space, we have the following identifica-
tion:

Vpta) @V (par)” = Vita—1) @V @V (ptar)* = Vtta—1) @V (thar—1)"

The resulting isomorphism can be identified with the super translation (or shift) operator
defined by

_ _gzq) *st (N_l))(—l)[i]q_2pi.
Its inverse is given by

—gZ<P 1) ® @7(1).

Thus we can define the local operators on V' as operators on F,, [[J. Let us label
the tensor components from the middle as 1,2, --- for the left half and as 0,—1,—2,---
for the right half. The operators acting on the site 1 are defined by

de % ; .
E,; Y EY = ¢0:(1)0;(1)(-1)V @ id. (V.5)

7

More generally we set

EW =T~ DE. T (ne 2). (V.6)

v

Then, from the invertibility relations of the type I vertex operators of U,[sl (7\7\| 1)], we can

(n)

show that the local operators E;;” acting on Fi satisfy the following relations:

EM™ M — OBy it m=mn
ij Okl (=) EDEHD M B0 gy £y

v

This result implies that the local operators E,(]" ) are nothing but the U,[sl(N]1)] gen-
erators acting on the n-th component of --- ® V @ V ® ---. They include all the local
operators in the multi-component super ¢ — J model [I{].

As is expected from the physical point of view, the vacuum vectors |vac >, are super-
translationally invariant and singlets (i.e. they belong to the trivial representation of

Uy[sl(N[1)}):
Tlvac >,= |vac >,_1,  x.|vac >,= €(x)|vac >,, Vx € Uq[sl(j\f\| 1)].
This is proved as follow. Let u\® (u;®) be a basis vectors of V(1a) (V(1a)*) and

lvac >ad§f idy () = Z ul(a) ® uf(a)
]

Then

T|vac >,= _gzq—2pmq>m(1) (@) ® OF st( (N—l))uzf(a)(_1)[m]+[l}[m}‘

m,l

We want to show T'|vac >,= |vac >,_;. This is equivalent to proving

g3 g7, (D)l 5 (PN ) W ) (1) = 4 Yo € V().

m,l
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l.h.s

we have

_gzq 20m @ m(1)u) (o) 7(oc) (¢;(q2(N—1))st)stv) (_1)[m]
03 (a8, (Do)
m,l

—9> g md,, (1)@r, ("N D)o = v,

®* ()1 = ®* (2)(—1)!"™) and (IV_I1]). As to the second equation,

T - |’UCLC >, = Zx(l ul(oc) ® x@)u*(a)(_l)[l][:c(z)}

= 2 “l( )®7TV(ua) (2(2)) it (1)@
- Z Tmu ® 71-V(Ma)(51(:1:(2)))lm,um(lod
= Zx(l TV (e (S (2(2)) it @

= Y 20)S(z@)ul? @ uil® = e(z)|vac >, .

This completes the proof.
For any local operator O € F', its vacuum expectation value is defined by

where

o < vac|Olvac >, =

et Uy (070) _ 1y (47 D00)
try () (a72°) trv(ua)(q—2(N—1)d—2hp—) )

2h; = Zz —1—D)h.

We shall denote the correlator ,, < vac|O|vac >, by < O >,,.

VI Correlation functions

The aim of this section is to calculate < FE,,,, >,. The generalization to the calculation
of the multi-point functions is straightforward.

Set

P (21, z2|qlor) =

then < B, >o0=

Fl9) (21, 2) =

IV (1) (q 2N =Dd=2ho @ (20) D, (22))
trv(ua)(q—2(1v—1)d—2h,;) ’

P™(z, z|q|la). By (IV.§), it is sufficient to calculate

E7 B oy (@202 0% (21) b (22)10E0)
B sy (2N~ DI=2o70 ) .

(VL1)

Using the Clavelli-Shapiro technique [2f]], we get

Fl) (21, 2) =

Omn .
R (2, 2) = Z l“F (21, 22),

Xa Xa
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where

2(N-1). ,—(N-2)

Xa = Ch’Ker]:(a;ﬁ)(q ;q_ ,"‘,C]_ o (g

@ y_InN * Yk —
Fi(z1,2) = =0 CiCH(C1)N T (Cvan)?
21 ,2(N-1) 22 2(N-1
(zﬂ)ﬁ{zzq Jo {Zlq } jlédwl j{dwN

(£ o{ 2* )

(1-¢%)
X WE—1 _
{Hl qui-1(32= 4 PV )oo (g 2 1))00}

WEg—1

1
me 1( q q2(N )>00(w$—7;1q2N_1;q2(N_1))00
x{ IJ_V[ (1-¢*) )
k=m+1 wk(wf"lq g2V - ))oo(’“—flq; q2(z\7_1))oo
X Z Iz(ﬁ’ l? (21, z|wy, -+, wy)
{ilv"'viN}eZ
22  N—1\l—a+i
X (wqu ) N
wn (g PN D)o (2N 2D )
22 N+1\l—a+i
_|_ (wjz\]q ) N
2N (2PN PN ) oo (BN PN D)o [

for m=1,---|N

Y

«a y_InN % V¥ ;{ Nl}oo{z2q2Nl}oo
Fz(vll,z(%%) = e ClcN(Cl)N(CN+1)2(z1q>N71 Z1 2N SN
{2V} oo{ 26 }oo

(1—¢%
duwy - §d
7{ o wN{k L qwi—1 (524 PNV ) oo (it 4 PV )

1
wy (2= qN+1 q2(N—1))OO(u;_12VqN—1; N1

N
Y Il(la, ) (21, 2wy, - wy)
{i1,iN}EZ

X O {

X

N\Il— ]
(Z2q") o

}.
z N. ,2(N—-1 N— 2 2N—1
wn (22N PND) oo (g N=1))

In the above equations, wy = z1q, and

190, (21, mfwn, -+ wy) = gD (5 )i =R (N ) Foroin

Xq(N—l){l2+l(1—2a)+i?\,+iN(1—2a+2l)+A(i1,--v.iN)}

% H w17k~ N i

{q2N}oo {q4N 2}
Ui {3}
Cr = (N V) (Y PN D), O = (@O 2D

Cr = Cy =

17
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We now derive the difference equations satisfied by these one-point functions. Noticing
that

P o(2at = lza), a6 (2)a~ = ¢ (),
2y (2)a™ = i (z27Y), :Edw;k(z):v_d = (227 h),

alnor=" =g, 2%a"? =&,
we get the difference equations

F (21, 20N D) = g7 37 Rz, 2o B (21, 20) (= 1) PRI,
K

Since a € Z, it is easily seen that this is a set of infinite number of difference equations.
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Appendix A

In this appendix, we give the normal ordered relations of the fundamental bosonic fields:

S LA,

Lt @B L hiwiBe) 2 W b1y W obirBetly  hiB) R wiB) L
z ¥

z

V@B L N (wiBa) . WY (28 +RY (i)

. ehi(z;ﬁl) .. eh;(WLBQ) — Z5ij(1 _ Eq51+,@2)5i]‘ . ehi(z;ﬁ1)+h;(w;62) :
V4

L M8 L T (wiB) 0y Eqﬁﬁ-ﬁz)&‘j . hE )R (i)
V4

w, Bi+Ba+2N—1. 2(N—1)
ot - e .~y GO TR TT) e gy eh (i)

(Lghrthe—l; g2AN=1)) K

w B1+B2+1. 2(N-1
(7)) |
(ﬂq51+52+2N—3. q2(N—1)) ’ *)
Z )

* (. * (0. N-2
: ehl(zvﬁl) . ehl(wvﬁz) = ZTl

w Bi+Pe+N. 2(N-1)
M@0 L hi(wiB) . wey (Zq 182N g )

_ . (EO)+Hh (wib2)

(%qﬁl+ﬁ2+N—2;q2(N_1)) ) 7

M8 L phi(wiB) . we - o (z:81) 4R (wib2)

(LghitRtN=2; 2(N-1))
- llzib) L. pe(wiBa) Z(l _ Eqﬁwﬁz) - pClZiB1)+e(wif2) .
z

—

where a;; is the Cartan-matrix of sl{(N|1) and i,j =1,2,---, N.
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Appendix B

By means of the bosonic realization ([I.10) of U,[sl (/]\7\1)], the integral expressions of the

3 . . . S

bosonized vertex operators ([I.I6) and the technique given in [I§], one can check the
following relations

e For the type I vertex operators:

R Al =00 k£ L1411, [dra(2), il = ng(z)(—1)Hldtlead)
1(2), il =0, [du(2), &1 = ¢" g (2)(—1) e+l

[br(2),e] =0if k#1, "ou(2)g™™ = ¢ "du(2),

Q" or(2)g" = gr(2) i kA LI+ 1, "o (2)g™ = ¢ i (2),

%

G0, ] = 01 kA LU+, [614(2), flor =0,
G ) = 03 k£ 14+ 1, [911(2), e = —vavisag ™16 (2) (=)D,
(), flan = =" 911 (2) (— ) g ()~ = g5 (2),
(

[
or(2) g = dp(2) i kA LI, ¢Mer () = g7 gr (7).

e For the type II vertex operators:

[wk(z>7 61] =0if k 7& lv [+ 17 [¢l+1(z>7 el]q*”Hl = 07 [wl(z>7 €l]qu = 7vbl—l-l(’z)u
[Wr(2), il =0if k £ 1+ 1, [u1(2), fi) = vg Mi(2),

"2 =g (2), " a(2)gT = ¢ (2),

() g = () if kA LT+ 1,

Wi(z)e] =0 K £LI+1, [4f(2),ellyn =0,
[Wi(2), il = 0if k£ 1, [ (2), fil = =g " (2),

[V (2), el = —vvag "W (2), Wi (2)g™ = ¢y (2),
Wi (2)gM = Yp(z) ik #£ LT+, th¢?+1(z)q_hl = q " (2).
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