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Abstract

This paper deals with the blow-up properties of the solution to the degen-
erate and singular parabolic system with nonlocal sources, absorptions and
homogeneous Dirichlet boundary conditions. The existence of a unique clas-
sical nonnegative solution is established and the sufficient conditions for the
solution to exist globally or blow up in finite time are obtained. Furthermore,
under certain conditions it is proved that the blow-up set of the solution is
the whole domain.

Mathematics Subject Classification: 35A07, 35K57, 35K65

Keywords: Degenerate and singular parabolic system; blow up; blow-up set

1 Introduction

In this paper, we consider the following degenerate and singular nonlinear reaction-

diffusion system with nonlocal sources and absorptions
™My — (Mg )y = [ VP e — kyu?, (x,t) € (0,a) x (0,7,
L™y — (2720,), = [, uPrde — kav®, ( t)e (0
(O t) - u(a t) ( ) - U(avt) - 07 (07 T)u
u(z,0) = up(x), v(z,0) = vo(), € [0,a].
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Where ug(z), vo(z) € C**%(D) for some a € (0,1) are nonnegative nontrivial
functions. ug(0) = ug(a) = v9(0) = vo(a) = 0, up(z) > 0, vo(z) > 0, ug, vy satisfy
the compatibility condition, k; > 0, ks > 0, T'> 0, a > 0, r1,79 € [0,1), |my|+7r #
0, |ma|+ro#A0and py > 1, po>1, ¢4 > 1, o > 1.

Set D = (0,a) and €, = D x (0,t], D and Q; are their closures respectively.
Since |mq| + 11 # 0, |ma| + ro # 0, the coefficients of u;, u,, Uy, and vy, Uy, Vg
may tend to 0 or co as x tends to 0, we can regard the equations as degenerate and
singular.

Floater [7] and Chan et al. [2] investigated the blow-up properties of the following
degenerate parabolic problem

U — Uy = UP, (x,t) € (0,a) x (0,7,
u(0,t) = u(a,t) =0, te(0,7), (1.2)
u(z,0) = up(x), z € [0,a].

Where ¢ > 0 and p > 1. Under certain conditions on the initial datum wug(z), Floater
[7] proved that the solution u(x,t) of (1.2) blows up at the boundary x = 0 for the
case 1 < p < g+ 1. This contrasts with one of the results in [8], which showed
that for the case ¢ = 0, the blow-up set of the solution u(x,t) of (1.2) is a proper
compact subset of D.

In [4], Chen et al. studied the following degenerate nonlinear reaction-diffusion

problem with a nonlocal source

2y — (27uy)y = [ ulde, (x,t) € (0,a) x (0,7),
u(0,t) = u(a,t) =0, te(0,7), (1.3)
u(z,0) = ug(x), z € [0, al.

They established the local existence and uniqueness of a classical solution. Under
appropriate hypotheses, they also got some sufficient conditions for the global exis-
tence and blow-up of a positive solution. Furthermore, under certain conditions, it
is proved that the blow-up set of the solution is the whole domain.

In [5], Chen discussed the following degenerate and singular semilinear parabolic

problem

up — (2%uy), = [ flu(z,t))dz, (z,t) € (0,a) x (0,T),
u(0,t) = u(a,t) =0, te(0,7), (1.4)
u(z,0) = up(x), z € [0,a].

They established the local existence and uniqueness of a classical solution. Un-

der appropriate hypotheses, they obtained some sufficient conditions for the global

existence and the blow-up of a positive solution.
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In [12], Zhou et al. discussed the following degenerate parabolic problem with

nonlocal sources

My — (Mg ) = [ WP e, (x,t) € (0,a) x (0,7),

™y — (270,), = [y uPrd, (x,t) € (0,a) x (0,T), (1.6)
u(0,t) = u(a,t) =v(0,t) =v(a,t) =0, te€(0,T), '
u(z,0) = up(x), v(z,0) = vo(x), z € [0, al.

The existence of a unique classical nonnegative solution is established and the suf-
ficient conditions for the solution to exist globally or blow up in finite time are
obtained. Furthermore, under certain conditions, they proved that the blow-up set
of the solution is the whole domain.

In [9], Liu et al. considered the following degenerate parabolic problem with a

nonlocal source and an absorption

U — 2 (U™) gy = [y uPda — ku?,  (z,t) € (0,a) x (0, 00),
u(0,t) = u(a,t) =0, t € (0,00), (1.7)
u(z,0) = up(x), x €0, al.

They proved that the positive solution of (1.7) blow up in finite time if uq is large
enough. Furthermore, under certain conditions, they proved that the blow-up set of
the solution is the whole domain.

we obtain our main results as follows.

Theorem 1.1 There exists some ty (< T) such that problem (1.1) has a unique
nonnegative solution (u(x,t),v(x,t)) € (C(Q,) N CH(Qy,))2.

Theorem 1.2 Let T be the supreme over to for which there is a unique nonnegative
solution (u(x,t),v(x,t)) € (C(Qy) N C*1 ()% of (1.1). Then (1.1) has a unique
nonnegative solution (u(x,t),v(z,t))e (C([0,a] x [0,T)) NC*((0,a) x (0,T)))% If
T < 400, then
lim sup max (|u(z,t)| + |v(z,t)|) = +oo.
t—T ©€[0,a]
In order to get the blow up results,we would assume my > r; — 1, mg > ry — 1.
First, the solution of the following boundary value problem

—(2"'(z)) =1, 2 € (0,a); ¥(0) =(a) =0

is given by

a?—’r‘l

(x)

R (g)l_m(l - g) (@)
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Analogously, the solution of the following boundary value problem

—(27¢ (2)) =1, 2 € (0,a); ¢(0)=p(a) =0

is given by

@2_T2

T 2- rQ(g)l_m(l N 2> ©)

o(r)

Let
a; = ab' [aP P B(py (1 — 7o) + 1,py 4+ 1)]/(2 — ra)P,
ag = a? [P B(py(1 — 1) 4+ 1, pa + 1)] /(2 — ry)P2.

Where B(l,m) is a Beta function defined by B(l,m) = [, #/='(1 — 2)™ 'dz. Then

we have the following result.

Theorem 1.3 Let (u(x,t),v(x,t)) be the solution of (1.1). If ug(x) < ayip(x),
vo(x) < agp(x), where (x), p(x) are defined as ((a), (b)), then (u(z,t),v(x,t)) exists
globally.

Theorem 1.4 Let (u(z,t),v(x,t)) be the solution of (1.1), ¥(z),(x) are defined
as ((a), (b)).

(i) If pips > q1qo, then the nonnegative solutions of (1.1) blow up in finite time for
large initial data .

(i) If pip2 = qqe 5 fy ©P (x)dx > ko™ (x) and [ P> (x)dx > kop®(x), then the
solutions blow up in finite time for large initial data.

This paper is organized as follows: in the next section, we show the existence
of a unique classical solution. In section 3, we give some criteria for the solution
(u(z,t),v(z,t)) to exist globally or blow up in finite time, and lastly, we discuss the
blow-up set.

2 Local existence

In order to prove the existence of a unique positive solution to (1.1), we start with
the following comparison principle.

Lemma 2.1 Let by(z,t), bo(x,t), c1(t,x), co(t,x) are continuous functions defined
on [0, a]x[0, 7] for anyr € (0,T). by(x,t), ba(z,t) are nonnegative, and (u(z,t),v(z,t)) €
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(C(@) N C21(Q,))? satisfy

™My — (2 ug)p > [ bi(z, t)u(, t)dx + cu, (x,t) € (0,a) x (0,7],

a2 — (270,), = [ be(a, t)u(, t)dx + cov, (z,t) € (0,a) x (0,r], (2.1)
u(0,t) >0, u(a,t) >0, v(0,t) >0, v(a,t) >0, te(0,r], '
u(z,0) >0, v(z,0) >0, x € [0,a.

Then, u(z,t) >0, v(z,t) >0 on [0,a] x [0,T).

Proof. At first, similar to the Lemma 2.1 in [11], by using Lemma 2.2.1 in [10],

we can easily obtain the following conclusion:

If W(z,t) and Z(z,t) € C(Q,) N C%(Q,) satisfy

™MWy — (a7 W,)e = [ bz, t) Z(x, t)dx + e, W, (z,t) € (0,a) x (0,r],
2™y — (27 Zy)y > [ bo(w, )W (2, t)dx + 22, (z,t) € (0,a) x (0,7],
W(0,8) >0, W(a,t) >0, Z(0,t) >0, Z(a,t) >0, te (0,r],

W(x,0) >0, Z(z,0) >0, € [0, a.
(2.2)

Then, W(x,t) > 0, Z(x,t) >0, (x,t) € (0,a) x (0,r].

Next let 7, € (r1,1), 75 € (ro,1) are positive constants and
W, 1) = ule,t) + (L + 2" e, Z(x,1) = vz, t) + (1 + 2™ 2)et,

where 17 > 0 is sufficiently small and c is a positive constant to be determined. Then
W(z,t) >0, Z(x,t) > 0 on the parabolic boundary of €,, and in (0,a) x (0,r|, we
have

™MW, — (2" W,) fo by(z,t)Z(x,t)de — ;W

> netlea™ + (7“1 —r)(1— rl)/xQ*T; — (aM; + Cy)(1 + a;’*?)],

" 7y — (2" Zy)p — [ Do, )W (x, t)dx — c3Z

> netlea™2 + (ry —19) (1 — r;)/xQ*T; — (aMsy + Cy)(1 + a’?*?)].

My = max  bi(x,t),My=  max  by(z,t),
(z,t)€[0,a] x[0,r] (z,t)€[0,a] x[0,r]

C, = max ¢ (x,t),Cy = max co(x,t).
(z,t)€[0,a] x[0,r] (z,t)€[0,a] x[0,r]

14+a" " = max(1 + a1, 14 a27"?)

We will prove the above inequalities are nonnegative in three cases.
Case 1. When

(aly + C)(1+a"7) < (= 1) (1 = 7)) Ja® ™,
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and B
(aMy + Co)(1+ @r/_r) < ( —1ro)(1 — r;)/a2_’“2

It is obvious that

"MWy — (2" W) —/ bi(z,t)Z(z,t)dx — c;W > 0,
0

and .
meZt—(x”Zx)x—/ bo(z, t)W (z,t)dx — coZ > 0.
0
Case 2. If )
(aMy + C)(L+a" ) > (ry =) (1 —ry) fa® T,
and

(@M + Co) (1 +a” ) > (ry — 1) (1 — 1) Ja® "

Let xq and yg be the root of the algebraic equations

(ry =) (L =) /e,

(ry = 12) (1 = 79) [y,

and Dy, Dy > 0 are sufficient large such that

(aMy + Cy)(1 + a” )
(aMy + Co)(1 + a” )

D > (aMl—l—C'l)(l—i-a’” )/ xgt, for my >0,
! (aMy + C)(1 +a” =) /a™, for my < 0.

D, > (aMy + Co)(1 + &’i"i)/y(ﬁ”?, for my >0,
(aMy + Co)(1+a""")/a™2,  for my < 0.

Set ¢ = max{ Dy, Dy}, then we have

™MWy — (2" Wy)p — foa by(z,t)Z(x,t)de — ;W
net[(ry —r) (1 —r)/a* = (aMy + C) (1 +a" )], for x < o,

> ~
— | mefea™ — (aMy + C) (1 +a" )], for @ > o,
> 0.

™27, — — [ bo(x, ) W(x t)dx — coZ
o ) ey = (1 — ) /2% — (aMy + Cy)(1 +a" ), for x <o,
— | metlea™ — (aMz + Co)(1+a” 7)), for @ >y,
> 0.
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Case 3. When

@My +CHA+a" ) < (ry — )1 —72)/a®,
and

(aMy + Cy)(1 4+ @r/_7) > (r; — 1) (1 — r;)/a2_r2,
or,

(@M +C)(1+a" ) > (ry —r) (1 — 1) /a®",
and

(@M + Co)(1 + @) < (ry — 1) (1 — 1) fa® ",

Combining Case 1 with Case 2, it is easy to prove
xleVt—(x”Wx)x—/ bi(z,t)Z(x,t)dxe — CLW >0,
0

and

meZt—(x”Zx)x—/ bo(z, )W (x,t)dx — coZ >0,
0

so we omit the proof here.
From the above three cases, we know that W (z,t) > 0, Z(x,t) > 0 on [0, a] x [0,7].
Letting n — 071, we have u(z,t) > 0, v(z,t) > 0on [0,a]x [0, r]. By the arbitrariness
of r € (0,T), we complete the proof of Lemma 2.1. O

Obviously, (u,v) = (0,0) is a subsolution of (1.1), we need to construct a super-
solution.

Lemma 2.2 There ezists a positive constant ty (to < T') such that the problem (1.1)
has a supersolution (hy(x,t), ho(z,t)) € (C(Q,) N CHH(Qy,))2.

Proof. The proof is similar to the Lemma 2.2 in [4, 12].0

To show the existence of the classical solution (u(z,t),v(x,t)) of (1.1), let us
introduce a cut-off function p(z). By Dunford and Schwartz [6] [pp. 1640], there
exists a nondecreasing p(z) € C3(R) such that p(z) = 0 if z < 0 and p(z) = 1 if
z>1. Let 0 < § < min{="a, :="2a},

2—r1 7 2—rg

0, x <9,
ps(x) =19 p(§—1), d<x<29,
1, x > 20,
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and ugs(z) = ps(x)

Qups(x)
)

Jvps ()
96

\

uo(), vos(x) = ps()
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x <9,

vo(z). We note that

0 <x <20,
T > 20.

x <9,

0 < x <20,
T > 20.

. . . Ougs (x Ovgs (x
Since p is nondecreasing, we have %() <0, % < 0. From 0 < p(z) < 1,

we have ug(x) > ups(x), vo(z) > vos(z) and lims_o ups(x) = up(x), lims_gves(x) =

vo(x).

Let D5 =
55 = {(5, CL} X

(6,a), w

(0, to]. We consider the following regularized problem

xmluét_ T Usy ) o

2" 05 —

x"? U&z)x

us(6,t) = U5(a, t) =

us(z,0) = ugs(x), vs(,

=[5 vftde — kyud',

[5 u§?de — kov?,
vs(9,t) = vs(a,t) =

) - U05( )’

By using Schauder’s fixed point theorem, we have

Theorem 2.3 Problem (2.5) admits a unique nonnegative solution (us, vs) €

0,

(xa t) € ws,

= Ds x (0,t0], D5 and ws be their respective closures, and

(C2+oz 1+

Moreover, 0 < us < hy(x,t), 0 < wvs < ho(z,t), (z,t) € Ws, where hy(x,t), ho(z,t)

are given by Lemma 2.2.

Proof. The proof is similar to the Theorem 2.3 in [4, 12].00
Proof theorem 1.1. The proof is similar to the Theorem 2.4 in [4, 12].00

Proof theorem 1.2. By using Lemma 2.1, there exists at most one nonnegative

solution of (

3 Blow-up of solution

1.1). Similar to the Theorem 2.5 in Floater [7], we obtain the result.

In this section, we give some global existence and blow-up result of the solution of

(1.1).

2 [Ws))*.
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Proof of theorem 1.3. Let © = a1 (), 7 = agp(x), then we have

21Ty, 1) — (2" Tu(2,1))e = —(2" a1 () = @
= a}! [a® 7P B(py (1 — 1) + 1, p1 + 1) /(2 — r2)"']

= [ (agp)Prde = [P (x, t)dx > [0 (@, t)de — kyu?, (x,t) € (0,a) x (0,7),
227, (x,t) — (270, (2, 1)), = [ w2 (x, t)dx > [P (x, t)de — kv, (x,t) € (0,a) x (0,T),
u(0,t) = u(a,t) =0(0,t) =v(a,t) =0, te (0,7),
u(z,0) = a1(x) > up(x), v(x,0) = asp(z) > vo(x), z €0, al.

That is to say (u(z,t),v(z,t))=(a19(x),asp(x)) is a supersolution of (1.1). By
Theorem 2.5, T' = +o00, i.e, (u(x,t),v(z,t)) exists globally. The proof of Theorem
3.1 is complete. O

Proof of theorem 1.4. (i) Set (u,v) = ((Tf}(mt))a’ (Tf(mt)’g) where o, 3,7} > 0 are

to be determined, then we have

Liu = 2™u, — (2" u, fo vPidx + kju?

— ()T - t) (T ) = (1= 7 [} e+ (T — )00 (2)
Lyv = 2™, — (270, fo uP?dx + kov?

= Bz p(x)(Th — t) — (1 = )77 = (Ty = )72 [T pP2dr + ko(Th — t) " 2P ()

Since pi1ps > q1q2 we choose «, 3 satisfy

1 « +1
—,&) > — >maux(q1 p :
B’ g

3 P2’ paf3

max(p; —

hence
o < max(a+ 1,p10), ¢ < max(f + 1, pocx)

We have Liu <0, Loy < 0in (0,a) x (0,77),with 73 — ¢ small. If the initial data are
large that ug(x) > wT(a) ,vo(x) > %, then (u,v) is a blow up sub-solution to (1.1).0
1

(ii) Let «, 0 satisfies

1 _pm o« 5 +1
-2 ==
B q2 B p2 p25

Construct (u,v) = ((Tlf(ft))a, (T‘f(m)) ) with [ P (2)dx > kg (x), [ 0P (x)de >

kop®(z). By taking T} properly small, (u,v) is the sub-solution of (1.1).00

Remark: Since the system (1.1) is completely coupled, we know that if the solution
(u,v) blows up in finite time, then u and v blow up simultaneously.

Global blow-up.

We discuss the global blow-up in two special cases.
Case 1. m; >0, r, =0o0r mg >0, 15 =0.
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Chan et al. [1][3] proved that there exists Green’s function G(x,&,t — 7) asso-

ciated with the operator L = z™m 2 — 2

5 — 5,z With the first boundary condition, and

obtained the following Lemmas

Lemma 3.1 (a) Fort > 7, G(z,§,t — 1) is continuous for (z,t,§,7) € ([0,a] X
(0,T)) x ((0,a] x [0,T)).

(b) For each fized (§,7) € (0,a] x [0,T), Gi(z,&,t — 1) € C([0,a] x (7,T1]).

(c) In{(z,t,§,7) : zand & arein (0,a), T >t >71 >0}, G(x,&,t—7) is positive.

Lemma 3.2 For fized x € (0, a], given any x € (0,a) and any finite time T, there
ezist positive constants Cy (depending on x and T') and Cy (depending on T') such
that

/QG(x,f,t)d§>Cl, /aG(xo,f,t)d§<Cg for 0<t<T.
0 0

Now we give the global blow-up result

Theorem 3.3 Under the assumption of Case 1, if the solution of (1.1) blows up at
the point zq € (0,a), then the blow-up set of the solution of (1.1) is [0, a].

Proof. From the remark, we know that v and v blow up simultaneously if the
solution (u,v) blows up in finite time. Without loss of generality, we assume m; >
0, 7 = 0 and u(x,t) blows up in finite time 7". By Green’s second identity we have

a t a a

u(et) = [ emGlo&ouleic+ [ [ Glagt=nl [ o rdy — ke, rdeds,
0 0o Jo 0 (37

for any (z,t) € (0,a) x (0,7). According to the conditions, u(z,t) blows up at

x = xo, then limsup,_, u(xo,t) = +oo. By (3.7) and Lemma 3.4, we have

U(l’o, t) = foa fqu(foa Ea t)UO(é-)df + f(f f()a G(.To, Ea T) foa Pt (y7 t— T>dyd€d7
< Cra® maxepo,q Uo(r) + Co f(f foa P (y, t — 7)dydr.

Since lim sup,_,, u(xg,t) = +00, we have

t a
lim/ / VP (y, t — 7)dydT = +00. (3.8)
=T Jo Jo

On the other hand, for any x € (0,a), suppose there exist an M > 0, such that
u(z,t) < M we have

u(z,t) > foa ENG(x, &, t)ug(€)dé + Cy fg[foa v (y, t — 7)dy — kyu?] (€, T)dT
> Cy [y JovPi(y, t — 7)dydr — kiCyM®, € (0, 7).
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It follows from the above inequality and (3.8) that

lim sup u(z, t) = 4o0.
t—T

For any & € {0,a}, we can choose a sequence {(x,,t,)} such that (z,,t,) —
(z,T) (n — +o0) and

lim u(x,,t,) = 4+o00.

n—oo

Thus the blow-up set is the whole domain [0,a], and we complete the proof of
Theorem 3.5. O
Case 2. m =0, 0<ri<l,ormy=0, 0<ry, <1.

We will prove the blow-up set is the whole domain under the following assumption
(H) There exists M 0 <M <+o¢) such that (2™ ug,(x)), <M or (x"v, (), <M in
(0,a).

Theorem 3.4 Under the assumptions of (H) and Case 2, if the solution of (1.1)
blows up at the point xo € (0,a), then the blow-up set of the solution of (1.1) is
[0, a].

Proof. The proof is similar to [5, 12]. O
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